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Abstract

The U.S. equity market, also known as the National Market System (NMS), has un-
dergone significant change in recent decades as a result of technological, regulatory,
and structural shifts. These changes to the underlying organization of the market raise
the questions of whether our prior understanding of market behavior still holds and
how modern market structure affects aggregate dynamics. Uncovering how changes
at lower levels of a system’s architecture affect higher-level behavior is crucial for
improving our understanding of the system, informing interventions, and predicting
outcomes in real-world scenarios. This dissertation investigates aggregate price dy-
namics in the context of the NMS and seeks to relate these dynamics back to features
of its underlying structure.

We first test whether the statistical properties of price changes (returns) as docu-
mented in the latter half of the twentieth century still hold for stock returns observed
in the modern NMS. Despite the complex process by which markets establish an
evolving price for an asset, empirical regularities of this process have been docu-
mented across many markets and time periods. We revisit a seminal study from 2001
which summarized 11 recurring ‘stylized facts’ of returns. We test all 11 of these
properties for intraday returns measured on the individual stocks in the Dow 30, us-
ing 101 days of transaction data from October 2018–March 2019. We find evidence
in support of eight of these stylized facts and no support for the other three. To
our knowledge, this also represents the first test of these 11 stylized facts against a
consistent set of stocks. Together, our results clarify how these properties should be
interpreted in the modern NMS.

We next examine the effects of a specific feature of the modern NMS: the fragmen-
tation of trading across many venues. We independently replicate a leading agent-
based model of latency arbitrage in a fragmented market. Through this replication,
we successfully reproduce most of the qualitative behavior from the original model
while uncovering nuances to its results. We then extend the model to examine whether
and how structural changes introduced by market fragmentation drive changes in ag-
gregate price dynamics relative to a consolidated-market baseline. In both of these
computational investigations, we document how changes to the information perceived
and acted on by traders can materially affect aggregate outcomes in a market. Finally,
we conclude by discussing how this cumulative approach of replication and extension
can, over time, advance our understanding of market behavior and its relation to
underlying structure.
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Chapter 1

Introduction

If we were to make a list of the most important, the most beautiful laws

of natural science that have been discovered in the past three centuries,

we would see that the vast majority of them hold only approximately, and

only if we are willing to ignore details of microstructure.

—Simon [163, p. 25]

There was a time when wise people thought planets should revolve in

circles. When observation showed incontrovertibly that they did not, the

question was asked, ‘Why not?’ People tried to figure what kept the

planets from displaying perfect circles. In the end it was realized that, in

accordance with the laws of motion and gravitation, there never had been

any reasons to expect circles. Circles were not the norm; ellipses were.

—Schelling [155, p. 33]

Simon [165] provides a rough definition of a complex system as one in which the

properties of the system cannot be trivially inferred from the properties of its parts
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and the rules governing their interaction. Such systems are often characterized by

a hierarchical structure with partial independence between levels [163, 165]. This

allows for behavior at one level of the system to be at least partially understood

while abstracting away the detail of lower levels [163]. Simon [163] warns, however,

that such description of behavior will fall short of exactness because the influence of

the underlying subsystems will ‘show through’.

In this dissertation we investigate high-level descriptions of behavior and their

relationship to underlying structure in the context of the modern U.S. equity market,

also commonly known as the National Market System (NMS). The NMS, and finan-

cial markets more broadly, provide a rich opportunity for studying the behavior of

complex systems [111]. The system produces a wealth of high-quality, high-frequency

quantitative data observed across multiple levels of its organization. Over time, these

data have provided an extensive set of empirical observations and regularities of the

NMS and markets more broadly [41, 54, 111]. The system is also well-organized,

comprised broadly of traders, trading venues, and the regulators which establish and

maintain market rules [173]. The interaction of these agents, each with their own in-

centives and constraints [162], may collectively act as an efficient social-coordinating

mechanism [96] or yield undesirable aggregate outcomes [111, 155]. In either direction,

the resulting characteristics of the aggregate need not resemble the intentions of indi-

vidual participants but instead depend more holistically on the system of interaction

between individuals and their environment [155].

In the following chapters, we detail three works that collectively improve our

understanding of how aggregate behavior of the NMS relates to its underlying or-

ganization. In Chapter 2, we investigate whether previous descriptions of aggregate
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behavior—specifically, price changes—are still supported in empirical data following

regulatory, technological, and structural changes to the system. We then focus on

an explicit feature of the NMS whose effects on aggregate dynamics have not been

well-established—the fragmentation of trading across multiple venues. We begin in

Chapter 3 by independently replicating a leading agent-based model (ABM) on the

effects of latency arbitrage in a fragmented market. We then extend this model to

examine whether fragmented versus consolidated structure in a simulated market

changes the aggregate price dynamics.

1.1 Background

The NMS was established in 1975 to link together the individual markets at which

securities were traded in the U.S. [53]. We focus here on NMS stocks, which are a

type of security representing an ownership interest—or equity—in a company [177].

Stocks are fungible in the NMS, meaning that two shares of the same stock are

interchangeable [173]. Transactions in the market occur by matching together traders

looking to buy and sell some number of shares of a stock.

The price of an asset, perhaps the most fundamental quantity produced by a

financial market, is established through the collective actions of individual traders. It

is typically measured from transaction prices or the prices at which traders express

interest in buying or selling the asset. Relative changes in price are called returns,

and most studies focus on log-returns [55], measured as the logarithmic difference

between two prices:

r(t) = log p(t) − log p(t − 1).
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An example intraday price series and the corresponding log-returns are shown in

Fig. 1.1 for a stock from the data sample used in our analysis in Chapter 2. See

Section 2.2 for more detail on the data and our specific methodology for constructing

these series.

(a) Price (b) Log-returns

Figure 1.1: Example intraday price series and the corresponding log-returns for a Dow 30 stock from
our data sample, detailed in Section 2.2. Price is sampled at one-minute intervals, using the last
trade price from each minute as reported by the Securities Information Processor (SIP) to Thesys
Group Inc., our data provider.

Traders placing orders, the resulting transactions, and the processes that record

these actions as data must necessarily occur in specific locations and according to

the rules implemented by the particular institution performing the matching process.

The locations, rules, and mechanisms through which transactions occur in the NMS

have changed over time, alongside corresponding social, economic, and technological

changes [9, 184]. The market has become increasingly automated, with corresponding

shifts in trading volumes and speeds, regulatory rules, and market structure [9, 106,

114, 184]. Thus, the means by which price is established for a stock in the NMS has

also changed over time, raising questions about how this affects our understanding of

price dynamics.

4



1.2 Aggregate price dynamics

A particularly influential strain of market modeling has attempted to describe the

aggregate dynamics of price without reference to the market structure below. This

class of models largely utilizes the high-level assumptions of a random walk, with a

focus on the current price and the variability of its path over a future period [16, 142].

An economic rationale for such behavior is provided by the efficient market hypothesis

(EMH), under which prices reflect available information so that returns cannot be

systematically predicted [75, 154]. A random walk adds the stronger assumption that

successive returns are independent and identically distributed. The random walk

model and its related assumptions underlie some of the most prominent models in

finance, such as the Black-Scholes-Merton option pricing formula [21, 130]. These

developments helped establish the default expectations for the behavior of price in a

market.

As data on prices observed in real-world markets have become increasingly avail-

able, departures from these expectations have been repeatedly documented [41, 54,

124]. Under a multiplicative random walk, the returns at one moment are indepen-

dent of returns at the next; in its standard Gaussian form, it is further assumed that

the log-returns are normally distributed. Mandelbrot et al. [124] in 1963 reported that

large daily log-returns of cotton prices occur much more frequently than predicted

under a normal distribution. This property is referred to as the return distribution

exhibiting ‘heavy tails’.

Mandelbrot et al. [124] also noted that large changes in price tend to be followed

by large changes, while small changes tend to be followed by small changes. This
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property has come to be referred to as ‘volatility clustering’, with volatility broadly

defined as the variability of the price. Visual evidence of this phenomenon is shown in

the example log-returns in Figure 1.1, where periods of larger changes are separated

by periods of relative calm. The study and modeling of volatility has become one

of the most active branches of modern financial research [6, 23, 71, 153]. Much of

the resulting work acknowledges and seeks to correct for the shortcomings of the

aggregate, random-walk-based approach without fully abandoning it [77, 102].

In 2001, Cont [54] synthesized the empirical literature from the second half of the

1900s, producing a list of 11 ‘stylized facts’ of returns. These statistical properties—

observed across many assets, markets, and time periods—provide a description of

price behavior in markets as observed by numerous independent studies. We intro-

duce Cont’s full list of stylized facts and briefly summarize the background literature

for each property in Section 2.1.2. The emergence of common properties across many

different market contexts is in keeping with Simon’s hypothesis that common aggre-

gate behavior of a system can arise primarily from the organization of its parts rather

than its specific contents [165]. Cont’s review is now widely cited, with numerous

modelers using these statistical properties as empirical benchmarks1.

These empirical findings were documented under particular market conditions—

markets as they existed in the latter half of the twentieth century. As noted above,

markets—and the NMS in particular—have undergone marked evolution in organiza-

tion in the decades since Cont’s review [8, 9, 54, 106, 173]. We provide more detail on

the recent evolution of the NMS in Section 2.1.3. This evolution raises the question

of whether the properties described by Cont are robust to modern markets. Also, no
1See Chen, Chang, and Du [44] and Chakraborti et al. [41] for reviews of agent-based models

targeting these and other empirical regularities.
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study surveyed by Cont examined the full set of 11 properties for a consistent set of

assets, leaving it unclear whether the returns for a single asset or set of assets will

express all of these properties at once. Answering these open questions is important

in order to develop an understanding of empirical behavior in the system as it exists

today and helps establish the empirical benchmarks that should inform the next gen-

eration of market models. Chapter 2 examines these questions in the context of the

modern NMS, testing whether we can find evidence of Cont’s 11 stylized facts for a

consistent set of stocks circa 2018–2019.

1.2.1 Generative models of aggregate behavior

The previous section detailed systematic departures from a class of models built on

assumptions of random determinants of price, abstracting away the microstructure

and behavior of individual participants in the market. Another limitation of this

approach is that, as it ignores the underlying organization of the market as a de-

terminant of aggregate dynamics, it cannot tell us how changes to the market may

alter those dynamics. An alternative is to take a ‘generative’ approach: grow the

aggregate regularity from the ground up beginning with the local interactions of in-

dividual agents [74]. In his ‘motto of generative social science’, Epstein contends:

“If you didn’t grow it, you didn’t explain its emergence” [74, p. 43]. A theoretical

grounding for this approach comes from Simon [162], who proposed that agents in a

market or economy are boundedly rational. Under this view, agents use heuristics,

respond to local information, and operate under constraints imposed by other levels

of the system (e.g., exchange rules, regulations) [165]. The particulars of the agents

and the rules and market structure governing their interactions therefore become the
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fundamental determinants of aggregate behavior.

A common approach to generative social science is to build agent-based models

(ABMs). These are computational models in which individual agents are instantiated

in software with specified states and rules of behavior [15]. Their interactions can then

be simulated and observed, providing a computational laboratory in which controlled

experiments can be run under the modeled scenarios [15, 74]. An ABM provides a

‘sufficiency theorem’ by demonstrating that its assumptions are sufficient to produce

a given result [74]. Generating an empirical regularity is a necessary condition for

the model to be a candidate explanation of that regularity. If there are multiple

candidate explanations, their agreement with empirical observation at other levels of

the system’s structure can help determine which is more tenable empirically [74].

ABMs of financial markets have been around for decades, with a primary empha-

sis on generating the empirical regularities of markets from the interaction of het-

erogeneous, boundedly-rational agents [57, 99, 120, 144, 150]. Despite the increased

flexibility and granularity available to this modeling approach, the models necessarily

still must simplify and aggregate components of the referent system. Many of the

early financial ABM efforts emphasized the ecology of trading agents and how spe-

cific strategies, or mixtures of strategies, can give rise to the empirical regularities

of price dynamics in a stylized trading environment [57, 101, 119]. LeBaron’s 2001

guide to building agent-based financial markets [111] argues that the representation

and structure of trading agents is the most important design decision, ahead of the

specific trading mechanism.

Most early agent-based market models addressed price formation via aggregate

excess demand or through an entity that computes a market-clearing price [57, 111,
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118, 150]. An alternative route is to explicitly model a trading mechanism that mirrors

real markets [45, 76, 149]. However, even the models that represent an explicit trading

mechanism generally assume a single, consolidated exchange. Trading in the NMS

is meanwhile highly fragmented, split across 18 stock exchanges and hundreds of off-

exchange trading venues at the start of 2026 [40]. A model that explicitly represents a

market as a consolidated exchange therefore increases the fidelity of its microstructure

relative to stochastic process models or models calculating price from excess demand,

but it still significantly simplifies market structure. The effects of this simplification

on aggregate dynamics are largely unexplored in the literature.

A handful of models have attempted to fill this gap by introducing multiple ex-

changes and other structural features related to market fragmentation from the refer-

ent system. To our knowledge, Wah and Wellman [189, 190] provided the first ABM

to examine the effects of latency arbitrage in a fragmented market. They began with a

consolidated exchange before adding an additional exchange, communication latency,

and a latency arbitrage agent. A major contribution of Wah and Wellman’s work

was therefore the introduction of these specific, lower-level structural realities from

the referent system to the field of financial ABMs. As a result, their studies have

served as a cornerstone of subsequent models that have sought to incorporate simi-

lar features of the fragmented, latency-sensitive modern market. Subsequent models

have introduced additional exchanges [66, 183], isolated the effects of latency [38], or

incorporated other features of market structure from the real-world market [174, 175,

183].

These are important steps for developing an understanding of market dynam-

ics generated from microspecifications, but there are still large gaps between market
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models and markets in the wild. The primary regulator of the NMS, the Securities

and Exchange Commission (SEC), has noted a current lack of market simulation

frameworks representing the structural features they are focused on, while also ex-

pressing concerns about how trustworthy these tools are at producing robust insights

for real-world markets [159]. We can address these gaps by rigorously verifying and

empirically benchmarking the existing forefront of financial ABMs before then ex-

tending these models to incorporate greater complexity and fidelity to the referent

system. Towards these ends, we undertook a multi-stage effort to replicate, empiri-

cally benchmark, and extend Wah and Wellman’s 2016 model [189]. Chapter 3 details

our effort to independently replicate the model, revealing previously undisclosed nu-

ances of the model and takeaways for the general process of replicating ABMs. In

Chapter 4, we then extend the replicated model to test whether and how the rep-

resented features of fragmentation affect aggregate price dynamics. In both of these

computational investigations, we document how changes to the information perceived

and acted on by traders can materially affect aggregate outcomes in a market.

1.2.2 Synthesis

Cont argues that the return properties described by his stylized facts are “model free

in the sense that they do not result from a parametric hypothesis on the return process

but rather from general hypotheses of qualitative nature” [54, p. 233]. However, the

history above shows that these properties were identified in the context of the domi-

nant models that have been created to describe price behavior. The assumptions of

those models produced predictions that could then be compared to behavior observed

in the wild. Most of Cont’s stylized facts are departures from the dominant models,
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and their prominence may owe in part to their anomalous nature relative to widely

accepted theory. As in Schelling’s account of planetary orbits [155], quoted earlier in

this introduction, what is labeled as anomalous may instead reflect an inappropriate

default that was never implied by underlying structure.

These developments, along with advances in computational power and data avail-

ability, have motivated new approaches to modeling [112]. ABMs provide a computa-

tional laboratory from which we can incrementally discover candidate mechanisms for

the regularities exhibited by complex systems [74]. These computational laboratories

do not replace observation in the wild or other forms of experiments, but they provide

a complementary tool that allows us to grow macroscopic behavior from microspec-

ifications [74]. A robust and rigorous understanding of the regularities exhibited by

a system are fundamental to this process. Microspecifications that represent realis-

tic structure from the system can then push us further towards understanding the

mechanisms underlying these regularities.

Models, by necessity, abstract and simplify the referent system and will therefore

at best explain the empirical phenomena only approximately [165]. The robustness of

our understanding of empirical regularities and their sensitivity to the specifics of the

market’s fragmented structure are the focus of the chapters that follow: we first test

which of the canonical regularities of price returns are supported in data from the

modern NMS; then we replicate, extend, and analyze a model capable of generating

aggregate behavior from fragmented structure.
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Chapter 2

Revisiting Cont’s Stylized Facts

for Modern Stock Markets

Abstract

In 2001, Rama Cont introduced a now-widely used set of ‘stylized facts’ to synthe-

size empirical studies of financial price changes (returns), resulting in 11 statistical

properties common to a large set of assets and markets. These properties are viewed

as constraints a model should be able to reproduce in order to accurately represent

returns in a market. It has not been established whether the characteristics Cont

noted in 2001 still hold for modern markets following significant regulatory shifts and

technological advances. It is also not clear whether a given time series of financial

returns for an asset will express all 11 stylized facts. We test both of these proposi-

tions by attempting to replicate each of Cont’s 11 stylized facts for intraday returns

of the individual stocks in the Dow 30, using the same authoritative data as that used

by the U.S. regulator from October 2018–March 2019. We find conclusive evidence
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for eight of Cont’s original facts and no support for the remaining three. Fact #10

(volume/volatility correlation) is only supported when returns are measured in clock-

time (based on timestamps) and not when returns are measured in event-time (with

trades as the events). Our study represents the first test of Cont’s 11 stylized facts

against a consistent set of stocks, therefore providing insight into how these stylized

facts should be viewed in the context of modern stock markets.

2.1 Introduction

Financial markets feature numerous agents collectively establishing an evolving price

for an asset. Despite the complex nature of this process over time and the specific de-

tails of the asset in question, scientists for decades have noted seeming commonalities

that emerge across markets. These high-level characterizations are referred to as styl-

ized facts, which are then used to inform and evaluate models of markets. One of the

most, if not the most, widely attributed set of stylized facts of financial markets was

written by Rama Cont and published in 2001 [54]. Cont’s review summarized research

ranging over the decades prior, noting 11 seemingly common statistical properties of

price changes (returns) across different markets and time frames. Cont argued these

properties ‘should be viewed as constraints that a stochastic process has to verify in

order to reproduce the statistical properties of returns accurately’ [54, p. 233].

Markets in the 21st century have experienced a marked shift through increasing

automation and responding regulatory changes [8, 33, 106, 109, 173, 184]. It has not

been established whether the characteristics Cont [54] noted still describe modern

markets, nor whether the full set of stylized facts should be expected to hold for
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individual securities for a given time period. In this study, we examine the most

granular stock trading data publicly available over the time period of 18 Oct. 2018–

19 Mar. 2019, testing whether intraday stock returns in the modern U.S. stock market

express each of Cont’s 11 stylized facts. Our earlier conference paper [152] provided

preliminary results for a convenience sample of 10 stocks. This study extends and

supersedes that work, testing an expanded set of analyses for the full set of stocks

in the Dow 30. As summarized in Table 2.1, we find clear support for eight of the

stylized facts and no support for the other three from the measures tested. Fact #10

(volume/volatility correlation) is only supported when returns are measured in clock-

time (based on timestamps) and not when returns are measured in event-time (with

trades as the events). Section 2.1.1 provides further motivation and background for

the study. Section 2.2 details our data and general methodology, and Section 2.3 gives

our specific analyses and results for each of the stylized facts. Section 2.4 discusses

our findings, possible future work, and takeaways from our results.

2.1.1 Background

Cont’s stylized facts [54] drew from numerous past results of Cont and others over

the second-half of the 1900s into the early 2000s. Some of the facts were demon-

strated through results in the paper, others cited past results, and a couple (detailed

in Section 2.1.2) do not appear to have been directly cited or reproduced in the paper.

Cont [54] argued for these properties to be used as constraints a model should be able

to reproduce, and in the years since they have been frequently used to benchmark

the empirical relevance of agent-based models (ABMs) to real-world financial mar-

kets [12]. Cont himself was involved in these efforts [85], and numerous ABMs have
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similarly replicated multiple stylized facts [25, 106, 127, 149, 175]. More recently,

Katahira et al. [108] gave a ‘speculation game’ model with results reproducing 10 of

the 11 facts (all except Fact #3: Gain/Loss Asymmetry). In Bookstaber, Foley, and

Tivnan [24] and Tivnan et al. [175], the stylized facts were used to determine which

parameters produce realistic return series. As Cont noted in 2001, ‘most currently

existing models fail to reproduce all these statistical features at once’ [54, p. 233]. An

implicit assumption is therefore that the stylized facts should each hold for a given

return series.

Since Cont’s set of stylized facts drew from a variety of results and research groups,

no single asset (exchange rate, stock, index, etc.) was used for all 11 facts [54]. The

most facts tested by a single study that we have found is eight, done by Chakraborti

et al. [41] in their review on econophysics. In their summary of stylized facts, they

provided example results using the French stock BNPP.PA from 2007–2008, with

evidence supporting Facts #1, 2, 4, 5, 6, 7, 8, and 10. Determining the extent

each of the stylized facts should be expected to hold for a given asset is important

to understand how the facts should be used in practice. If a given asset’s returns

over some time period cannot reliably be expected to exhibit all 11 facts, alternative

interpretations should be considered. Perhaps stocks on average will exhibit all 11

properties, in which case comparing the expected value of a model’s results to the

expected value from empirical data could be more appropriate1.

How the stylized facts are exhibited under different constructions of time is also im-

portant to establish. Clock-time, meaning time as measured by a timestamp or date,

is most widely represented in the stylized facts literature. As noted by Chakraborti
1This is the approach taken by Farmer, Patelli, and Zovko [76] to validate their ‘Zero-Intelligence’

model.
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et al. [41], this view inherently involves sampling, and the number of trades in a unit

of time can vary widely period-to-period and stock-to-stock (Table 2.2). Event-time,

using trades as the event in our case, smooths this variability out, with one trade

occurring per unit of time. An event-based view of time is also natural in the con-

text of market simulations, making any differentiation between the stylized facts in

clock-time versus event-time crucial to understand when benchmarking these models.

2.1.2 Cont’s Stylized Facts

Below are the stylized facts as given in Cont [54]:

(1) Absence of autocorrelations: ‘(Linear) autocorrelations of asset returns are

often insignificant, except for very small intraday timescales (≃ 20 minutes) for

which microstructure effects come into play.’

(2) Heavy tails: ‘The (unconditional) distribution of returns seems to display a

power-law or Pareto-like tail, with a tail index which is finite, higher than two

and less than five for most data sets studied. In particular this excludes stable

laws with infinite variance and the normal distribution. However the precise

form of the tails is difficult to determine.’

(3) Gain/loss asymmetry: ‘One observes large drawdowns in stock prices and

stock index values but not equally large upward movements.’

(4) Aggregational Gaussianity: ‘As one increases the timescale ∆t over which

returns are calculated, their distribution looks more and more like the normal

distribution. In particular, the shape of the distribution is not the same at

different timescales.’
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(5) Intermittency: ‘Returns display, at any time scale, a high degree of variability.

This is quantified by the presence of irregular bursts in time series of a wide

variety of volatility estimators.’

(6) Volatility clustering: ‘Different measures of volatility display a positive au-

tocorrelation over several days, which quantifies the fact that high-volatility

events tend to cluster in time.’

(7) Conditional heavy tails: ‘Even after correcting returns for volatility cluster-

ing (e.g., via GARCH-type models), the residual time series still exhibit heavy

tails. However, the tails are less heavy than in the unconditional distribution

of returns.’

(8) Slow decay of autocorrelation in absolute returns: ‘The autocorrelation

function of absolute returns decays slowly as a function of the time lag, roughly

as a power law with an exponent β ∈ [0.2, 0.4]. This is sometimes interpreted

as a sign of long-range dependence.’

(9) Leverage effect: ‘Most measures of volatility of an asset are negatively corre-

lated with the returns of that asset.’

(10) Volume/volatility correlation: ‘Trading volume is correlated with all mea-

sures of volatility.’

(11) Asymmetry in timescales: ‘Coarse-grained measures of volatility predict

fine-scale volatility better than the other way around.’

As framed by Cont’s facts, financial returns overall are heavy-tailed, not indepen-

dent and identically distributed (iid), and characterized by correlations and clustering
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in behavior. Price changes themselves are not predicted by any of the stylized facts.

Magnitudes of changes, seen as measures of volatility, are found to have nontrivial

correlations and relationships with previous behavior. The lack of clear persisting

signal on the raw returns is detailed in Fact #1, measured as a lack of linear autocor-

relation in returns. This fact is reproduced in Cont [54] for event-time returns of the

stock KLM and for the USD/Yen exchange rate. Nonzero autocorrelation function

(ACF) values at the first lag are found in these and many other intraday results in

general, with possible explanations proposed such as the ‘bid-ask bounce’, nonsyn-

chronous trading effects, and partial price adjustment [7]. The effect has been found

to decay to roughly zero within 15 minutes by Cont and others [10, 55, 176].

Some nonlinear transformations of returns, such as taking their absolute or squared

values, provide measures of the magnitude of price changes. These volatility measures

are found to exhibit persistent positive autocorrelation, in contrast to the linear ACF

just discussed. Cont, Potters, and Bouchaud [58] and Cont [55] found the absolute

5-minute returns of S&P 500 futures had ACF values starting above 0.1 and not go-

ing below zero for at least 100 lags. Similar results were found in Chakraborti et al.

[41], Cont [56], Liu et al. [116], Liu, Gopikrishnan, Stanley, et al. [115],Mikosch and

Stărică [131], and Müller et al. [137]. Explicit power-law fits are given for the decay

of autocorrelation in squared and absolute returns in Cont, Potters, and Bouchaud

[58], Liu et al. [116], and Liu, Gopikrishnan, Stanley, et al. [115]. Power-law decay

of absolute autocorrelation implies volatility exhibits long memory, or is ‘long-range

correlated’, and we would in that case expect the correlation to asymptotically go to

zero as the lags increase [125].

The variability of returns is well-documented and leads to the second stylized
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fact: return distributions’ heavy tails. The main measures of this feature discussed

by Cont [54] are the kurtosis and tail index. Kurtosis is the fourth standardized

moment of a distribution. Positive, or ‘excess’, kurtosis indicates a distribution has a

sharper peak and heavier tails than the normal distribution. Empirical price returns

have exhibited excess kurtosis for timescales up to multiple days [5, 23, 54, 145, 148],

decreasing slowly as timescale increases [4, 28, 41, 55, 58, 123, 137, 148]. The ability

to produce excess kurtosis has frequently been used in the financial ABM literature

since 2001 as evidence of the empirical relevance of market models [24, 85, 108, 127,

174, 175].

While kurtosis gives a comparison of a distribution against the normal distribu-

tion, it does not give a pure measure of tailedness and does not necessarily give a

useful comparison of non-normal distributions with respect to one another [63]. Fur-

thermore, depending on the actual shape of the distribution’s tails, it may not be

well-defined. Cont [54] defines the tail index as the highest moment that is finite

for a distribution. A number of studies have characterized return distribution tails

as exhibiting asymptotic power-law behavior, estimating a tail index between two

and five [28, 54, 78, 88, 95, 100]. If the tail index is less than or equal to four, the

kurtosis will tend to infinity as sample size grows. However, the prevalence of scale-

free behavior in empirical systems is controversial and can be difficult to definitively

establish [30]. Alternative distributional descriptions of returns’ tail behavior (e.g.,

lognormal, stretched-exponential) have been proposed where all moments of the dis-

tribution would be finite, and in general it can be difficult to distinguish across these

classes of distributions [3, 123].

The fourth stylized fact (aggregational Gaussianity) describes the shape of the
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return distribution changing and becoming more like the normal distribution as the

timescale increases. With the caveats given above, decreasing kurtosis and increasing

tail index as timescale increases provide indications of this fact [4, 28, 41, 58, 55, 148,

123, 137]. Chakraborti et al. [41] demonstrated aggregational Gaussianity visually

and showed the distribution of returns converging towards the normal distribution

more quickly in event-time than in clock-time. They explained this as event-time

correcting for some amount of volatility versus clock-time returns. Tail-heaviness

decreasing but not necessarily disappearing through methods of volatility correction

is summarized in Fact #7, ‘conditional heavy tails’. Bollerslev, Chou, and Kroner

[23] detail the ‘kurtosis problem’ of fat tails remaining in the residuals after applying

autoregressive conditional heteroskedasticity (ARCH)-type models to stock returns.

Andersen and Bollerslev [4] normalized 5-minute DEM/USD FX returns by an es-

timate of the average daily volatility pattern and reduced the kurtosis from 21.5 to

15.8. In Andersen et al. [5], the realized standard deviation of 5-minute returns was

used to normalize daily returns of Dow 30 stocks, resulting in nearly normal kurtosis

for the resulting distributions.

Taken together, returns’ heavy tails and volatility clustering lead to the charac-

teristic that returns irregularly display periods of high volatility separated by long

periods of relative calm. This ‘intermittency’ is Fact #5, and in much of the literature

it is discussed as being visibly apparent in the returns series [54, 108] or following di-

rectly from these other facts. Cont [54] discusses the multifractal model as a possible

explanation of intermittency, suggesting possible multiplicative processes operating

across multiple timescales. Arneodo, Muzy, and Sornette [10] provide evidence of

this, arguing for a multiplicative cascade of information from coarse timescales to
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finer timescales. Müller et al. [138] and Zumbach and Lynch [198] presented evidence

of this ‘asymmetry in timescales’ effect2 (Fact #11) by measuring the correlation

between fine volatility and lagged coarse volatility. These studies used different mea-

sures of volatility, but similarly found the coarse volatility predicted fine volatility

better than the other way around. In similar analysis, Gencay, Selcuk, and Whitcher

[84] found low volatility at a long timescale was likely followed by low volatility at a

shorter timescale whereas high volatility did not necessarily show this same ‘vertical

dependence’.

Fact #9, the ‘leverage effect’, expects a negative relationship between volatility

and returns. Citing results from Bouchaud, Matacz, and Potters [27] and Pagan

[143], Cont [54] specifically describes this effect as showing a negative correlation

between returns and subsequent volatility, suggesting negative returns lead to in-

creased volatility. Correlation of volatility with subsequent returns was negligible,

meanwhile. Taken with Fact #11, the leverage effect and asymmetry in timescales

have motivated the search for statistical models [22] that can capture ‘time-reversal

asymmetry’ (TRA): financial time series do not behave the same forwards as they

would if played in reverse [198]. Chicheportiche and Bouchaud [47] provided empirical

evidence of asymmetry in timescales and the leverage effect using the daily prices of

280 stocks from 2000–2009. They showed general quadratic autoregressive (QARCH)

models were able to capture TRA but overestimated the effect. Blanc, Donier, and

Bouchaud [22] introduced Quadratic Hawkes models that displayed TRA, calibrating

their model on 5-minute returns of 133 stocks from 2000–2009. They found evidence

for the Zumbach effect in the empirical data but did not find a significant leverage
2Asymmetry in timescales (Fact #11) has also been referred to as the Zumbach effect [70] for

the findings in Zumbach and Lynch [198].
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effect at this timescale. Variations of the leverage effect have also been noted else-

where in the literature, and negative (or even nonzero) correlation between returns

and observed volatility is not always found [2].

According to Fact #10, volatility is positively correlated with trading volume.

Clark [48] noted this relationship as far back as the 1970s when examining cotton

prices. The relationship has been measured over the years through various means,

including taking the correlation between the number of shares traded and absolute

returns over a period of time [103] and measuring return variance as a function of the

number of trades [41, 110, 145, 161]. If orders were arriving independently and at a

constant rate in a market, the number of trades for a given time period should follow

a Poisson process [41, 161]. Instead, trading volume overall has been shown to share

a number of properties with the behavior of volatility. Financial markets notably

have a daily pattern of trading and volatility characterized by high activity towards

the ends of the day and relatively low activity in the middle of the day [1, 4, 60,

72, 123, 197]. Trading volume has been shown to exhibit heavy-tails and clustering

similar to that found for volatility [103, 145]. Plerou et al. [145] proposed that the

long-range autocorrelation of trading volume leads to volatility clustering (Fact #6).

These and related results identifying strong autocorrelation in inter-trade durations

have spurred the adoption of non-Poissonian point processes, notably Autoregressive

Conditional Duration (ACD) models [72, 73] and self-exciting Hawkes processes [17,

29], to model the time-clustering nature of financial activity.

Finally, ‘gain/loss asymmetry’, the 3rd stylized fact, is perhaps the least clear to

interpret from the detail given by Cont [54]. This was summarized as larger draw-

downs being seen than upward movements for stock prices and index values. It is
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possible this is referring to results given in Cont [54] showing negative skewness in

the return distributions for S&P 500 futures, Dollar/DM Futures, and Dollar/Swiss

Franc futures, each at 5-minute timescales. The skew of a distribution implies some-

thing slightly different from the fact as summarized by Cont, however, as it does

not necessarily tell you anything about which tail has larger values. Other studies

have also found positive skew rather than negative [160]. Some of the literature since

Cont [54] has examined ‘gain/loss asymmetry’ from another direction, looking at the

amount of time it takes to see a gain versus a loss above a certain magnitude. This

‘inverse statistic’ has been used to show that a stock index will typically achieve a loss

more quickly than a gain of the same magnitude [104], but the same property was not

found for individual stocks [105], with correlated downward movements across stocks

proposed as an explanation for why the phenomenon could arise in indices [166].

2.1.3 The Modern U.S. Stock Market

It is possible that some of the stylized facts no longer hold much descriptive power

due to structural changes to modern markets. The U.S. stock market, known as

the National Market System (NMS), has had numerous regulatory and technological

changes this century. Trades in the NMS occur through the matching of buyers and

sellers of a stock at a given price point. This can occur on stock exchanges or off-

exchange through brokers, peer-to-peer trading, or at Alternative Trading Systems

(ATSs). Each step in this process is increasingly automated, from order submission

by the trader to matching and execution on the trading venue. In response to this

development, the Securities and Exchange Commission (SEC) in 2005 adopted Reg-

ulation NMS, a new set of rules aimed at modernizing the U.S. stock market and
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providing increased protections for automated orders. As a result, the market has

become more connected and more fragmented, with much higher trading volumes

overall but a smaller portion of trades being executed by the stock exchanges than at

the turn of the century.

As of 2018, there were 13 stock exchanges split across four geographic locations in

northern New Jersey, and five more exchanges have been added by July 2026 [40]. If

we include ATSs and over-the-counter (OTC) firms, the number of venues totals in the

hundreds [80, 82]. Per data reporting requirements from Regulation NMS, messages

and trades from this array of venues are consolidated by the three Security Information

Processor (SIP) ‘tapes’. Exchanges and off-exchange venues must report trades to the

SIP tape corresponding to the traded security based on its listing exchange. This is

diagrammed at a high level in Figure 2.1. Roughly 30% of trades in our data occurred

off-exchange, a portion that has increased to roughly 45% today [40]. Tivnan et al.

[173] give a more detailed summary of the market’s infrastructure circa 2016, with

evidence of impact from market fragmentation on the prices acted on by traders.

Each type of trading venue has its own specific rules and data-reporting require-

ments, and each venue reports trades with some (small but nonnegligible) allowed

latency3. Systems executing automated orders are required to sync their clocks to

within 50ms of the time maintained by the National Institute of Standards and Tech-

nology (NIST) in the US [117]. This may seem like a short amount of time, except

the NMS is increasingly operating at speeds approaching the speed of light, with reac-

tion times measured in microseconds or even nanoseconds [8]. Driven by algorithmic
3Bartlett III and McCrary [19] found trades of Dow 30 stocks were processed by the SIPs 24ms

on average after they were recorded by exchange matching-engines over the period of 6 Aug. 2015–
30 Jun. 2016. Off-exchange trades, meanwhile, are allowed up to 10 seconds to report to Trade
Reporting Facilities (TRFs) which then report the trades to the SIPs [81].
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trading, a stock price can have an extreme rise or drop and rebound back to nearly its

original level in less than a blink of the eye [106]. Andersen et al. [5] noted the median

time between trades was 23.1 seconds on average for Dow 30 stocks in 1993–1998.

For contrast, in our sample, the median inter-trade duration for Dow 30 stocks was

694.03µs on average4, a reduction of more than four orders of magnitude.

Mechanisms have also been implemented in the decades since Cont’s study [54]

to constrain the magnitude of price movements. The SEC introduced Limit Up-

Limit Down (LULD) rules in 2013 to limit rapid price fluctuations for individual

stocks [136]. At a high level, LULD bands prevent trades in NMS stocks outside a

specified percentage level above or below a reference price calculated for each stock.

For the most liquid (Tier 1) stocks priced above $3.00, these bands are set at 5% above

and below the previous 5-minute average price, except during the last 25 minutes of

the trading day when the bands move to 10%5. In prior eras of the stock market, much

larger swings were possible, as evidenced by the ‘Flash Crash’ of May 6, 2010, that

prompted the LULD policy change. During that event, hundreds of securities over

a 20-minute period executed trades at prices more than 60% below their respective

prices at the start of the period [136]6. Thus, the tails of intraday return distributions

are constrained now in ways they were not in the era studied in Cont [54]. Given these

modern developments, it is vital to understand whether the high-level characteristics

of the market observed by Cont and others circa 2001 still hold in the market we have

today.
4Inter-trade durations are broken down in Table A.2 in our supplementary material.
5See www.luldplan.com for more detail.
6These trades were subsequently rolled back by the exchanges [136].
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Figure 2.1: The U.S. National Market System (NMS) circa 2018. The
data collected here was collected from the SIP feeds by Thesys, the ‘ob-
server’ in Carteret. Image recreated from Van Oort et al. [184] and
reproduced from Ratliff-Crain et al. [152] with permission from IEEE.

2.2 Methodology

We test each of Cont’s 11 stylized facts on U.S. stock data from 18 Oct. 2018–

19 Mar. 2019. We removed two dates where the stock market closed early, Black

Friday (23 Nov. 2018) and Christmas Eve (24 Dec. 2018), in order to have trading

days of consistent length across our sample. This leaves us with 101 trading days

for each stock. We specifically looked at the individual stocks included in the Dow

Jones Industrial Average as of October 20187 [65]. The Dow Jones Industrial Average,

commonly referred to as the Dow 30, is a well-known index dating back more than

100 years. The index consists of an evolving set of 30 stocks claimed to represent all

industries in the U.S. stock market except for transportation and utilities. The Dow
7The list of symbols is: AAPL, AXP, BA, CAT, CSCO, CVX, DIS, DWDP, GS, HD, IBM, INTC,

JNJ, JPM, KO, MCD, MMM, MRK, MSFT, NKE, PFE, PG, TRV, UNH, UTX, V, VZ, WBA,
WMT, XOM.
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30 is widely used as an indicator of the economy’s performance more broadly, and the

index and its underlying stocks are frequently used in studies of the stock market [5,

19, 104, 123, 173]. Thus, while this group of stocks is somewhat arbitrary, it gives an

established cross-section of highly-traded stocks in the NMS.

Our data contain all trades reported for these symbols over the date range. The

data were provided by Thesys Group Inc., which acted as a tape consolidator in the

NMS and was the sole data provider for the SEC’s MIDAS in this time period [173].

The Thesys data were collected in the Nasdaq data center in Carteret, NJ (Fig-

ure 2.1). Due to the latency and limitations on clock synchronization mentioned in

Section 2.1.3, the exact order of trades in the data is not definitive8, but our time

series provide the perspective of an observer located in Carteret, NJ, viewing the

events of the market as reported by the SIPs.

We consider two different views of time when constructing our return time series:

clock-time based on timestamp and event-time, with trades as the event. In either

view, in order to aggregate to any level that is less granular than a single trade per unit

of time, we define P (t, ∆t) as the price of the last trade to occur in that time period.

In clock-time, time points with no trades will be assumed to have the same price as

the previous time point that had at least one trade, as no new price information has

been received since then. Let X (t, ∆t) = log P (t, ∆t), the log-price. The log-return

at time t and timescale ∆t is defined as r (t, ∆t) = X (t, ∆t) − X (t − 1, ∆t). Any

reference to returns going forward should be interpreted as meaning log-returns. Note

that time points with no trades will have a return of 0. We measure volatility as the

absolute returns |r (t, ∆t) |.
8And, in fact, a definitive ordering is not possible due to special relativity [8, 69, 173].
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We limit our time series to the trading day (9:30am–4:00pm ET), filtering out

‘after-hours’ trading activity. We also filter out the batch auctions that start and end

each day. In our price time series then, the last price before the close from one trading

day will be followed immediately by the first price after the open of the next trading

day. Due to this construction, an overnight return between t1 = 16:00 on a given day

and t2 = 9:30 the following day is characteristically different from a return between

two sequential prices within the same trading day. Therefore, we only consider returns

r(t, ∆t) such that t and t − ∆t are within the range 9:30–16:00 of the same trading

day. If the last period of any day is incomplete (e.g., ∆t = 50 min would result in a

40-minute period at the end of the day), we remove that return from our series. It

is worth noting that the number of data points in a day will vary inversely with the

timescale. Most stocks will have tens if not hundreds of thousands of trades per day,

whereas there are 390 minutes in a 6.5-hour trading day.

As noted in Section 2.1.2, financial markets are commonly characterized by a daily

‘u-shaped’ pattern of relatively high activity at the beginning and end of the trading

day [4, 60, 123, 197]. Consistent with many of the results cited here (e.g., Blanc,

Donier, and Bouchaud [22], Malevergne, Pisarenko, and Sornette [123], Müller et al.

[138], Muzy, Delour, and Bacry [139], and Zumbach and Lynch [198]), we correct our

returns to account for this intraday seasonality before assessing the stylized facts. We

focus on two methods of normalization. Event-time fixes the number of trades per

unit of time, therefore correcting for varying activity levels [41]. In clock-time, we can

normalize a return at time t by the average volatility at that time across the sample.

More specifically, say that rT (t, ∆t) indicates a return is from time-point t on day

T . We first center and standardize rT (t, ∆t) by the mean and standard deviation of
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returns on that day at the given timescale:

r′
T (t, ∆t) = rT (t, ∆t) − ⟨rT (·, ∆t)⟩

σ (T, ∆t) .

We do this standardization for both the event-time and clock-time returns. Next, for

a clock-timescale ∆t, let

v (t, ∆t) = ⟨|r′
T (t, ∆t) |⟩T =1,2,...101,

the average absolute return at time t across the 101-day sample for the stock, and let

r̂T (t, ∆t) = r′
T (t, ∆t)
v (t, ∆t) .

We do not do this latter normalization in event-time, since event-time is already

correcting for different activity levels at different times of day by fixing the number

of trades in a bucket. In other words, for an event-timescale N , r̂ is simply:

r̂T (t, N) = r′
T (t, N) .

We use these two views of normalized returns for most of the results in this study. The

exception is our discussion of heavy tails (Section 2.3.2), which explicitly compares the

raw (unnormalized) and normalized return distributions. The high-level takeaways

for the other facts were largely consistent when looking at the raw returns, however,

and we report those results in our supplementary materials (Appendix A.1).

Consistent with many of the results and references given by Cont [54], the main

tools used in our analysis are correlation, the calculation of moments, and describ-
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ing the distributions of events. We utilize Pearson sample correlation, denoted as

corr (x, y) going forward, to calculate the correlation values. Please note, we do not

allow lagged correlations to cross day boundaries; for example, corr(r̂T (t, ∆t), r̂T (t +

τ, ∆t)) does not consider pairs where t + τ goes past the end of trading day T 9.

In order to judge what is a clear, nontrivial feature of the returns in our sample,

we look at the extent a result shows a consistent signal across symbols and the

range of possibilities in 95% confidence intervals of the measure. We utilize mov-

ing block bootstrapping (MBB) methodology to construct the confidence intervals

in order to account for the heavy-tailed, time-dependent structure of the data (as

expected by many of the stylized facts). Our specific bootstrapping methodology is

as follows: Let ni denote the number of returns on date i for a given symbol and

timescale. We calculate the block length as Li = ⌊n
1/3
i ⌋ for this date. A block is then

Bj = [ri (tj, ∆t) , ri (tj + 1, ∆t) , . . . , ri (tj + L, ∆t)] for j ∈ [1, ni − Li]. To construct

a bootstrap sample, we randomly select, with replacement, ⌈ni/Li⌉ blocks for each

date i in our sample. The 95% confidence interval for a given measure is then the

2.5-percentile and 97.5-percentile values of the measure calculated on 1,000 of these

samples.

2.3 Results

Before getting into the specific results for each fact, Table 2.1 gives a high-level

summary of our findings. We overall find strong evidence for 8 of the 11 stylized
9Going forward, we resume denoting returns generically as r (t, ∆t) when detailing various met-

rics. We specifically note which results are from the raw versus normalized returns.
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Fact # Fact Name Clock-time Event-time
1 Lack of linear ACF X X
2 Heavy tails X X
3 Gain/Loss asymmetry
4 Aggregational Gaussianity X X
5 Intermittency X X
6 Volatility Clustering X X
7 Conditional heavy tails X X
8 Slow decay of abs. ACF X X
9 Leverage effect
10 Volume/volatility corr. X
11 Asymmetry in timescales

Table 2.1: Breakdown of which facts we found evidence for in clock-time and event-time. ‘X’ marks
indicate strong evidence found for a fact in the respective timescale.

facts. However, when viewing the returns in event-time we only find evidence for 7

of the 11 facts, with no support found for Fact #10, volume/volatility correlation.

Nuances to these results are unpacked in detail in the below subsections.

2.3.1 Linear Autocorrelation of Returns

Stylized Fact #1 expects that linear autocorrelations of returns are ‘often insignifi-

cant, except for very small intraday timescales (≃ 20 minutes) for which microstruc-

ture effects come into play’ [54, p. 224]. The linear autocorrelation function (ACF)

is

C(τ, ∆t) = corr(r(t, ∆t), r(t + τ, ∆t)).

Figure 2.2 shows our linear autocorrelation results for the 1-minute and trade-level

normalized returns. ACF is negative at the first lag in each set of results. The

negative first-lag ACF for the normalized trade-level returns, ranging between -0.35
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Figure 2.2: Linear autocorrelation of the normalized returns. Solid lines show the ACF for a
symbol’s full sample of intraday returns. Shaded regions show the 95% confidence interval from
bootstrapping. Please note, the color legend shown here is used for all result plots.

and -0.5, is characteristic of the so-called ‘bid-ask bounce’ [7, 54]. Autocorrelation

decreases towards zero in magnitude past the first lag. The sign of the ACF varies by

symbol starting at lag τ = 2 in clock-time and τ = 3 in the trade-level results. The

95% bootstrap confidence intervals include zero for at least some symbols starting

at these lags as well. We therefore argue these results show linear dependence is

unpredictable and weak past the first couple lags.

2.3.2 Heavy Tails and Aggregational Gaussian-

ity

Cont’s 2nd fact expects return distributions to exhibit heavy tails. Cont [54] specifi-

cally compares the heavy tails of the ‘unconditional’ distribution of returns (Fact #2)

to returns corrected for volatility clustering (Fact #7). We therefore present results

for both the raw clock-time returns along with our two sets of normalized returns

here. As in Cont [54], we first look at the fourth central moment of returns, kurtosis,

before discussing distributional fits and tail index.
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symbol mean min max total
AAPL 253,830.06 117,999 721,853 25,636,836
AXP 33,788.66 19,789 73,697 3,412,655
BA 62,931.61 25,188 413,938 6,356,093
CAT 50,951.89 24,837 182,012 5,146,141
CSCO 121,011.00 68,021 263,445 12,222,111
CVX 52,289.07 32,564 94,161 5,281,196
DIS 63,146.17 35,996 193,100 6,377,763
DWDP 71,755.24 41,153 167,513 7,247,279
GS 40,314.43 16,930 118,901 4,071,757
HD 51,800.75 27,976 126,587 5,231,876
IBM 48,499.73 23,467 160,827 4,898,473
INTC 139,519.63 75,423 393,166 14,091,483
JNJ 66,037.43 36,204 412,483 6,669,780
JPM 111,506.73 66,703 253,560 11,262,180
KO 75,112.89 45,001 242,201 7,586,402
MCD 36,653.29 18,526 102,455 3,701,982
MMM 27,448.69 17,108 78,667 2,772,318
MRK 74,534.65 46,322 129,195 7,528,000
MSFT 235,902.65 117,100 539,691 23,826,168
NKE 48,406.32 26,397 154,043 4,889,038
PFE 105,805.89 62,119 200,288 10,686,395
PG 69,804.29 36,867 164,793 7,050,233
TRV 17,153.75 10,601 29,834 1,732,529
UNH 43,087.90 23,567 101,063 4,351,878
UTX 42,593.85 21,438 129,023 4,301,979
V 76,776.05 46,552 150,305 7,754,381
VZ 87,286.66 43,486 186,526 8,815,953
WBA 46,180.90 21,109 105,880 4,664,271
WMT 62,920.26 35,367 127,323 6,354,946
XOM 83,677.95 51,635 166,697 8,451,473
all 76,690.95 10,601 721,853 232,373,569

Table 2.2: Stats on the number of trades per day for Dow 30 stocks in our sample.
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Kurtosis

The kurtosis of a distribution is defined as:

K(∆t) = ⟨(r(t, ∆t) − ⟨r(t, ∆t)⟩)4⟩
σ(∆t)4 − 3,

where σ(∆t)2 is the variance of the returns. Note that this definition of kurtosis

subtracts three in order for the normal distribution to have a kurtosis of zero. Positive,

or ‘excess’, kurtosis means a distribution displays a sharper peak and heavier tails

than a normal distribution.

Similar to Cont and collaborators in Cont, Potters, and Bouchaud [58] and Potters,

Cont, and Bouchaud [148], we plot the kurtosis as a function of j∆t, expecting

positive K(j∆t) that decreases as j increases. Our results for the raw clock-time

returns, normalized clock-time returns, and normalized event-time returns are shown

in Figure 2.3. As expected, we find excess kurtosis that decreases as a function

of timescale in each set of results. The raw return kurtosis values for ∆t = 1 min

vary by multiple orders of magnitude depending on the symbol. We see very wide

confidence intervals for the raw returns relative to the normalized returns, likely

due to heteroskedasticity and intraday seasonality effects that are removed by our

normalization methods. All symbols have

K(∆t = 1 min) > K(∆t = 60 min) > 0

for the raw returns. This is as expected by Fact #4, ‘aggregational Gaussianity’, with

past results finding return kurtosis decreased with timescale but stayed positive for
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timescales up to multiple days [58, 137, 148].

Fact #7 expects that tail heaviness is reduced but not necessarily removed af-

ter correcting returns for volatility clustering. As expected, each symbol’s returns

still exhibit excess kurtosis after both our methods of normalization, at least for

the smallest timescales. Correcting the 1-minute returns for the average intraday

volatility pattern greatly reduces the kurtosis and narrows the confidence intervals.

The normalized trade-time returns meanwhile have very large kurtosis, ranging from

roughly 103 to 104. Note, however, that there are many trades per minute on average,

ranging from approximately 44 for TRV to 651 for AAPL (Table 2.2).

Normalized return kurtosis decreases nearly monotonically as a function of timescale,

demonstrating aggregational Gaussianity more consistently and clearly than the raw

clock-time returns. In event-time, K(N = 2500) < 1 for all symbols. Note that the

raw clock-time returns have excess kurtosis at ∆t = 60 min. There are more than

2,500 trades in an hour on average for our lowest-traded stock (TRV, Table 2.2), and

most other symbols have many times that. The average kurtosis of the normalized

clock-time returns is below zero for ∆t ≥ 25 min.

Kurtosis therefore gives us evidence in support of Facts #2, 4, and 7: heavy tails,

aggregational Gaussianity, and conditional heavy tails. However, some caution is

necessary when using kurtosis as a measure of heavy tails, as discussed in Section 2.1.2.

In particular, it does not give a pure measure of tailedness, it might not be useful

in comparing two non-normal distributions to each other, and it may tend towards

infinity if the distribution has a tail index of four or smaller [63]. As possible evidence

of this latter point, we found very large kurtosis with wide bootstrap error ranges in

the raw returns at the smallest timescales. Sample size effects might also come into

35



(a) Raw clock-time returns. (b) Normalized clock-time returns.

(c) Normalized event-time returns.

Figure 2.3: Kurtosis as a function of timescale. Solid lines show the kurtosis for a symbol’s full
sample of intraday returns. Shaded regions show the 95% confidence interval from bootstrapping.

play as the number of observations we have decreases as a function of timescale.

Tail index

We next try to estimate the tail index and test distributional fits to shed more light

on how heavy the return distribution tails actually are. Cont proposes that ‘the (un-

conditional) distribution of returns seems to display a power-law or Pareto-like tail,

with a tail index which is finite, higher than two and less than five for most data

sets studied’ [54, p. 224]. To test this, we employ the well-established methodology

introduced by Clauset, Shalizi, and Newman [49] to fit power laws for the tail distri-

butions, estimate the tail exponent, and compare distributional fits. The probability

density function for a continuous power law is:

p(x) = α − 1
x

−(α−1)
min

x−α,
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where α > 1 and xmin > 0 is a lower bound. The complementary cumulative distri-

bution function (CCDF) is then:

P (x) = Pr(X ≥ x) =
∫︂ ∞

x
p (x′) dx′ =

(︃
x

xmin

)︃−(α−1)

Clauset et al. utilize the below maximum likelihood estimator (MLE), equivalent to

the estimator introduced by Hill [98]:

α̂ = 1 + n

[︄
n∑︂

i=1
ln xi

xmin

]︄−1

,

for xi∈[1,n] ≥ xmin. Iteratively calculating α̂ for different values of xmin, the best

fit is the {xmin, α̂} pair that minimizes the Kolmogorov-Smirnov (KS) statistic—

the maximum distance between CCDFs of the empirical distribution and the fitted

model. Assuming a good fit, the estimated tail index is then k = α̂ − 1. Alternative

distributional fits (e.g., exponential, lognormal) can also be tested against the power-

law model in case they are more appropriate for the selected range x ≥ xmin, with

implications for the tail index.

To determine the best power-law fit for each return distribution tail and com-

pare alternative distributions, we utilize the powerlaw python library from Alstott,

Bullmore, and Plenz [3], which implements the Clauset, Shalizi, and Newman [49]

framework. We fit up to one million10 of the largest positive returns for a given

timescale to evaluate the right tail. We employ the same procedure to look at the

left tail, except we first multiply the returns by -1. Distributional comparisons are

based on the relative likelihoods of the data under two candidate distributions, as
10This cutoff only affects the smallest event-timescales, as the clock-timescales do not have more

than 1,000,000 data points per symbol.
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detailed in Alstott, Bullmore, and Plenz [3] and Clauset, Shalizi, and Newman [49].

We choose one distribution over another if the log likelihood ratio favors it and the

p-value is below 0.05; otherwise we say the test is inconclusive11.

The estimated α̂ fits are plotted as a function of timescale in Figure 2.4. The raw

1-minute return tails each have α̂ ∈ [3, 5]. This is consistent with prior estimates of a

tail index k = α − 1 in the 2–5 range [28, 54, 78, 88, 95, 100]. The range of α̂ values

increases with timescale, as does the uncertainty of the estimate due to less data12.

Many of the tail-ranges selected for ∆t = 60 min include fewer than 100 returns,

making the fits rather uncertain (e.g., symbol UTX’s left tail has just 11 extreme

returns included, with α̂ = 5.65 ± 2.75). Even so, most α̂ values fall in the 3–6 range

across timescales for the raw clock-time returns.

Normalizing the clock-time returns by the daily volatility pattern increases α̂

on average, ranging from 4.58–6.03 at the 1-minute timescale. Aggregation greatly

increases the range of α̂ values. Some larger-timescale tails have fits with α̂ lower than

their respective exponent at ∆t = 1 min, while others have α̂ > 10, suggesting light

tails and a poor fit for the power law. Increased timescale again comes with increased

uncertainty, though, due to fewer returns in the tails. The normalized event-time

tails have a tighter range of α̂ values for N < 1000. At trade level, the range of α̂

values is between 2 and 4, increasing to 4–6.5 for N = 100. At N = 1000, we again

see some evidence of poor fits for the power-law model.

Based on the estimated α̂ values, moments greater than two, including skew and
11Please note, the 0.05 p-value cutoff is somewhat arbitrary (Clauset, Shalizi, and Newman [49]

use a cutoff of 0.1). The raw log likelihood ratio metrics r and p are reported in our appendix.
12The α̂, error margin, xmin, and tail size values are reported at the timescale+symbol+tail-level

in Appendix A.9. We do not use bootstrapping for the tail-fitting metrics. The error margin for α̂
is the 95th-percentile based on the theoretical standard error σ from Clauset, Shalizi, and Newman
[49] and Alstott, Bullmore, and Plenz [3].
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(a) Raw clock-time returns. (b) Normalized clock-time returns.

(c) Normalized event-time returns.

Figure 2.4: Box-and-whisker plot showing the range of power-law tail exponent α̂ = k + 1 values
estimated for the return distribution tails. Left versus right tails are plotted separately. Detailed
metrics are provided for each power-law fit at the timescale+symbol+tail-level in Appendix A.9.

kurtosis, may need to be treated with caution for the raw clock-time returns. Even

variance might not be finite for some of the normalized trade-level return distribu-

tions, assuming the power-law fit is appropriate. However, we must consider whether

alternative distributions fit the data as well or better than the power law while hav-

ing all their moments defined. The distributional comparisons are summarized in

Figure 2.5. The log likelihood ratio test between the power-law and lognormal distri-

butions was inconclusive or favored the lognormal in most cases for the raw 1-minute

returns and for all raw clock-time returns when ∆t > 1 min. Comparing between the

power-law and exponential distributions favored the power law or was inconclusive in

every case at ∆t = 1 min. As timescale increases, we become more inconclusive when

comparing against either distribution and even favor the exponential in some cases

(albeit based on much fewer returns).
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Normalizing the clock-time returns by the daily volatility pattern notably increases

the portion of tails where we favor the exponential distribution when ∆t > 1 min. The

exponential distribution is preferred over the power law for almost half the tails at the

40-minute and 60-minute timescales. This makes sense, as excess kurtosis is largely

removed for the normalized returns at these timescales (Figure 2.3). We find more

evidence in support of the power law over the alternative distributions at the smaller

event-time timescales. The power law is favored over the exponential distribution

for every tail for N ≤ 10. Most comparisons against the lognormal distribution

are inconclusive at each event-time timescale. At N = 1000, some tails favor the

exponential distribution over the power law. Excess kurtosis is greatly reduced by

N = 1000 for the normalized event-time returns, although not as completely as the

normalized clock-time returns.

To summarize, we have strong evidence of heavy tails at our base timescales. The

raw and normalized 1-minute returns and the normalized trade-level returns each

exhibit large positive kurtosis values, and we prefer the power law over the exponential

distribution for almost every tail. The estimated tail exponents α̂ suggest a tail

index between 2 and 5 for the 1-minute returns (raw and normalized) and between 1

and 3 for the normalized trade-level returns. However, the tail index interpretation

depends on the tails behaving asymptotically like a power law. We do not rule out

the lognormal distribution as a plausible fit compared to the power law for most

tails in both timescales. Based on this and constraints on rapid price movements

imposed in the empirical system (see Section 2.1.3), we cannot rule out all moments

being finite. Aggregation and normalization both reduce kurtosis and increase α̂,

consistent with the expectations of aggregational Gaussianity and conditional heavy
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(a) Raw clock-time returns. (b) Normalized clock-time returns.

(c) Normalized event-time returns.

Figure 2.5: Stacked bar chart comparing distributional fits for return distribution tails across
timescales. Each comparison evaluates the power-law fit versus alternative distributions over the
tail range x ≥ xmin, following the methodology in Alstott, Bullmore, and Plenz [3] and Clauset,
Shalizi, and Newman [49]. We choose one distribution over another if the log likelihood ratio favors
it and the p-value is below 0.05; otherwise we say the test is inconclusive. Note that each tail is
tested separately, thereby giving us 60 results for each timescale (30 symbols, 2 tails per symbol).
The log likelihood ratio and p-value for each comparison are provided in Appendix A.9.

41



tails. Diminishing data size as a function of timescale should be kept in mind for each

of these coarse-time findings, however.

2.3.3 Gain/Loss Asymmetry

Cont details his 3rd stylized fact (gain/loss asymmetry) as prices experiencing larger

drawdowns than upward movements. As mentioned in Section 2.1.1, it is not exactly

clear what results were being referenced for this fact. Under some interpretations,

returns should be expected to show negative skews, with skew measured as:

S (∆t) = ⟨(r (t, ∆t) − ⟨r (t, ∆t)⟩)3⟩
σ (∆t)3 .

We do not see this property consistently across symbols for the normalized returns

in clock- nor event-time, as shown in Figure 2.6. We see a full range from negative

to positive return distribution skewness for each timescale in either clock.

A more literal read of Cont’s description of this fact might imply it applies to tail

events, in which case we would expect to see larger losses than we do gains. If the

tails of the return distribution behave asymptotically like a power-law, a smaller tail

exponent could indicate larger price movements. Note, however, that our estimation

of the tail exponents in the previous section (Figure 2.4) did not reveal any consistent

or obvious trends to whether the left or right tails had smaller α̂ on average. We

tested this further by examining the percentage of extreme returns that are negative

versus positive for different cutoffs. For a given timescale and quantile q, the cutoff is

that quantile of a symbol’s absolute returns in the timescale. The expectation is for

most extreme returns to be losses and for this to be more true as the quantile-cutoff

42



Figure 2.6: Skew of the normalized return distributions in clock- and event-time. Solid lines show
the skew for a symbol’s full sample of intraday returns. Shaded regions show the 95% confidence
interval from bootstrapping.

gets closer to the 100th percentile. We instead found the symbols split between having

more extreme gains versus losses in each quantile and timescale13. We therefore do

not find evidence of a gain/loss asymmetry effect.

2.3.4 Volatility Clustering

Cont’s 6th stylized fact expects volatility to cluster in time. We calculate volatility

clustering by looking at the autocorrelation of absolute returns. Similar to linear

ACF, C (τ, ∆t), let

C0 (τ, ∆t) = corr (|r (t, ∆t) |, |r (t + τ, ∆t) |) .

The expectation is for C0 (τ, ∆t) to be positive and asymptotically go to zero. More

specifically, Cont’s 8th stylized fact expects a power-law decay:

C0 (τ, ∆t) ∝ τ−β,

with β ∈ [0.2, 0.4].
13Shown in our supplementary material, Figure A.12.
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Figure 2.7: Autocorrelation of absolute normalized returns. Solid lines show the absolute autocor-
relation for a symbol’s full sample of intraday returns. Shaded regions show the 95% confidence
interval from bootstrapping. Dashed lines give upper and lower bounds of the power-law exponents
β fit to the decay trajectories, starting at lag τ = 5. These lines are offset above and below the
empirical results for clarity.

As shown in Figure 2.7, absolute ACF of the normalized 1-minute returns start

positive and decay roughly linearly in log-log scale over the more than 100 lags tested.

Some symbols have drop offs in the later lags, with negative C0 for some lags. The

normalized trade-time returns show absolute ACF starting above 0.1 with a roughly

linear decay in log-log scale past the first few lags. We show guidelines starting at

τ = 5 with power-law fits for the smallest and largest β values obtained using log-log

regression against the empirical C0 results. While we find support for the power-law

fit over the range tested, we find a wider range of β values than expected (roughly β ∈

[0.2, 0.6] for our one-minute returns and β ∈ [0.1, 0.4] for trade level). Since we only

consider intraday returns in this study, we do not look at the correlation of a return

from one trading day with a return from the following day. This imposes a natural

constraint on how many lags the power-law can hold for under our construction.

The ranges where the effect drops off to zero are worth further exploration to better

understand the exact shape of decay, the mechanisms behind this shape, and whether

alternative descriptions such as a power-law with exponential cutoff might be more

appropriate.
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2.3.5 Intermittency

As detailed in Section 2.1.2, the property of intermittency arises from and is closely

linked in the literature to the properties of heavy tails and volatility clustering. In

particular, large returns occur more frequently than expected under a normal or ex-

ponential distribution, and returns of similar magnitude tend to cluster over time. We

attempt one additional measure of intermittency through examining the distribution

of interarrival times of extreme price moves. Specifically, consider the 99th-percentile

largest absolute returns14 for a given symbol at timescale ∆t, with cutoff selected from

the symbol’s entire 101-day sample. We can count the number of returns N0.99,∆t of

at least this magnitude in a given period of time, with the degree of variability of

N0.99,∆t providing a measure of intermittency. We show these extreme returns occur

more variably than they would if arising from a Poisson distribution by measuring

their Fano factor. The Fano factor is defined as

F (∆t) =
σ2

N0.99,∆t

⟨N0.99,∆t⟩
,

the ratio of the variance to the mean for the number of extreme returns in a period.

We expect this ratio to be greater than one, indicating extreme returns are overdis-

persed relative to a Poisson distribution. Please note, the Fano factor depends on the

dispersion of extreme returns and is therefore sensitive to volatility clustering. We

just showed that volatility clustering exhibits long memory and remains positive for

well over the MBB block length we use in the other metrics. We thus use a slightly
14We also tested the Fano factor for 95th-percentile and 97.5th-percentile cutoffs, with similar

results. These results are shown in Appendix A.5.
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Symbol 1-min Returns Trade Return
AAPL 1.58 (1.24–1.96) 56.15 (48.47–60.98)
AXP 1.61 (1.35–1.94) 45.69 (41.08–50.37)
BA 1.92 (1.47–2.47) 56.57 (51.52–61.65)
CAT 1.76 (1.39–2.27) 53.72 (48.78–58.57)
CSCO 1.48 (1.22–1.76) 44.58 (36.19–49.50)
CVX 1.33 (1.18–1.48) 49.51 (41.92–55.25)
DIS 1.52 (1.27–1.78) 54.90 (49.02–60.48)
DWDP 1.43 (1.22–1.62) 49.58 (33.58–65.70)
GS 1.49 (1.26–1.74) 45.46 (41.36–49.37)
HD 1.51 (1.31–1.74) 56.43 (49.60–61.52)
IBM 1.59 (1.35–1.86) 54.77 (46.05–62.94)
INTC 1.37 (1.22–1.52) 47.86 (38.31–53.99)
JNJ 1.75 (1.41–2.21) 72.08 (62.82–79.99)
JPM 1.48 (1.29–1.68) 44.75 (38.85–50.92)
KO 1.46 (1.28–1.66) 40.52 (33.29–45.28)
MCD 1.49 (1.23–1.83) 58.78 (53.95–63.43)
MMM 1.60 (1.36–1.84) 48.42 (44.27–52.31)
MRK 1.35 (1.21–1.49) 32.92 (28.24–38.21)
MSFT 1.61 (1.35–1.87) 53.62 (45.23–61.16)
NKE 1.45 (1.14–1.82) 38.50 (33.80–43.66)
PFE 1.28 (1.12–1.46) 34.85 (29.85–38.19)
PG 1.46 (1.23–1.73) 48.17 (43.14–52.78)
TRV 1.46 (1.19–1.79) 42.27 (38.19–46.16)
UNH 1.46 (1.30–1.63) 56.17 (49.76–62.28)
UTX 1.72 (1.36–2.08) 56.86 (51.74–61.56)
V 1.58 (1.28–1.94) 54.63 (48.77–60.55)
VZ 1.35 (1.22–1.47) 42.74 (32.13–50.55)
WBA 1.38 (1.21–1.53) 41.90 (37.34–46.59)
WMT 1.58 (1.28–1.93) 48.18 (42.81–52.96)
XOM 1.35 (1.16–1.56) 44.79 (28.57–57.67)

Table 2.3: Fano factor of the number of extreme (99th-quantile) returns that arrive within a coarse
period of time. The coarse period for normalized 1-minute returns is 30-minutes, and the coarse
period for trade-level returns is 1000 trades. Values in parentheses give the 95% bootstrap confidence
interval for the metric.
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different bootstrap method to calculate 95% bootstrap confidence intervals for the

Fano factor. We use each trading day as a block, selecting (with replacement) 101

trading days for each bootstrap sample. We construct 1,000 bootstrap samples in

this way to estimate a 95% confidence interval for the metric.

The Fano factor and confidence intervals are summarized in Table 2.3. We observe

that the Fano factor for extreme trade-level returns in blocks of 1000 trades is well

above one, indicating strong overdispersion relative to a Poisson benchmark. For

extreme 1-minute returns in 30-minute windows, the Fano factor is closer to (but

still above) one, suggesting overdispersion with somewhat less ‘burstiness.’ Part of

this difference may be due to smaller sample sizes at the 1-minute scale—there are

only 390 observations per day, implying roughly 3.9 extreme returns on average at the

99th-percentile threshold. In both trade-time and clock-time data, the distributions of

intraday interarrival times for extreme returns are heavy-tailed, with excess kurtosis

of approximately 2–6 for 1-minute intervals and even larger values for trade-level

events15. Together with prior evidence of heavy tails and volatility clustering, these

findings point to clear signs of intermittency in both clock-time and event-time.

2.3.6 Leverage Effect

Cont’s 9th stylized fact asserts that volatility is negatively correlated with the returns

for an asset. We measure this ‘leverage effect’ as Cont [54] laid out, drawing from

the results of Bouchaud, Matacz, and Potters [27] and Pagan [143]. This approach

looks simply at the correlation between returns and lagged volatility, with volatility
15Kurtosis values for the distribution of extreme intraday interarrival times are shown in our

supplementary material, Table A.1.
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Figure 2.8: Leverage effect L (τ, ∆t) = corr (r (t, ∆t) , |r (t + τ, ∆t) |) for the normalized returns.
Solid lines show the correlation for a symbol’s full sample of intraday returns. Shaded regions show
the 95% confidence interval from bootstrapping.

measured as the absolute returns16:

L (τ, ∆t) = corr (r (t, ∆t) , |r (t + τ, ∆t) |) .

The expectation is for L (τ) < 0 when τ = 1 and for L (τ) < L (−τ) when τ > 0.

We find no clear trend to the correlation values across symbols. There are varying

strengths and signs to the correlations at each lag, suggesting they might arise from

specific variation in the path of a given symbol’s price over our observation period. For

some symbols, there is an interesting symmetry where L (−1) ≈ −L (1), particularly

for the normalized trade-level results. This also goes against the descriptions from

Cont [54] and Bouchaud, Matacz, and Potters [27], who described the relationship

between returns and negatively lagged volatility as being largely insignificant. Overall,

we do not see the expected direction of the leverage effect relationship, nor do we see

any clear trend in this relationship across the symbols in either timescale.
16We also looked at the squared returns for the volatility, as used by Bouchaud, Matacz, and

Potters [27]. There was no material effect to our results, as shown in our supplemental material
(Figure A.15), and we therefore use the absolute returns to be consistent with the rest of our analysis.
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(a) Trades versus volatility, ∆t = 1 min (b) Shares versus volatility, ∆t = 1 min

(c) Shares versus volatility, N = 1 trades (d) Shares versus volatility, N = 100
trades

Figure 2.9: Volume versus lagged volatility: V (τ, ∆t) = corr (volume (t, ∆ (t)) , |r (t + τ, ∆t) |).
Solid lines show the correlation for a symbol’s full sample of intraday returns and volume. Shaded
regions show the 95% confidence interval from bootstrapping.

2.3.7 Volume/Volatility Correlation

The relationship between volume and volatility is Cont’s 10th stylized fact and asserts

a positive correlation between volume and volatility. Let volume (t, ∆t) denote the

volume for period [t − ∆t, t], where volume is either the number of trades or shares in

that period. We examine the correlation between volume and lagged volatility, with

volatility again measured as the absolute returns:

V (τ, ∆t) = corr (volume (t, ∆t) , |r (t + τ, ∆t) |) .

Volume has an intraday u-shaped activity pattern in clock-time similar to the volatil-

ity pattern that we correct for when normalizing our clock-time returns (Section 2.2).
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For the clock-time metric, we therefore similarly normalize for this pattern by divid-

ing volume (t, ∆t) by the average volume in that period across the 101-day sample

for a given symbol17. We look at both trades and shares as possible volume metrics

in clock-time, with similar results (Figures 2.9a and 2.9b). We see a strong contem-

poraneous positive correlation between volume traded and volatility for each symbol.

This relationship is slightly stronger on average between trade volume and volatility

than for share volume. The effect decays quickly for both volume measures versus

past or future volatility, with some symbols going to approximately zero in fewer than

10 lags. Other symbols show positive correlation for each of the 20 lags we tested in

either direction.

In event-time, the number of trades in a period is fixed, but the volume of shares

can vary across different sets of N trades. We first tested the relationship between

share volume and volatility for the normalized trade-level returns. There is a slight

(<0.05) positive correlation across the symbols for τ ∈ {0, 1}, and the bootstrap con-

fidence intervals stay above zero for these lags as well. However, the effect is so weak,

we also looked at N = 100 in case the effects of varying share volume need multiple

trades to accumulate. Instead, we find weak correlation of varying sign at this level

of aggregation. Taken together, these results do not show a clear correlation between

share volume and volatility in event-time. The presence of volume-volatility correla-

tion in clock-time but not event-time gives some explanation towards differences in

how trade-level and clock-time returns behave18.
17The raw 1-minute returns show stronger correlation with the raw volume (Appendix A.1) than

the normalized relationship shown here. The correlation stays positive for more than 50 lags in both
directions for the raw returns and volume as well. Normalization by the daily activity patterns thus
corrects for much of this relationship.

18Indeed, we see a slow decay in the autocorrelation of trade volume in clock-time, similar to the
volatility clustering discussed in Facts #6 and 8. This is shown in Appendix A.3.
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2.3.8 Asymmetry in Timescales

The final stylized fact (Fact #11) examines the asymmetry of the flow of information

across timescales. For our base timescale ∆t of 1-minute, we consider the coarse-

grained timescale ∆T = 30 min. In event-time, we use a base timescale of trade-time

and N = 1000 as our coarse timescale ∆T . We calculate

A (τ, ∆t, ∆T ) = corr
(︂
|r (t ∈ T, ∆t) |, |r (T + τ, ∆T ) |

)︂
,

as done by Müller et al. [138]. The fine- and coarse-grained returns are each normal-

ized at their respective timescales prior to calculation of A (τ, ∆t, ∆T ). We measure

the asymmetry by differencing the correlation at the corresponding positive and neg-

ative lags τ :

D (τ, ∆t, ∆T ) = A (τ, ∆t, ∆T ) − A (−τ, ∆t, ∆T ) .

The expectation is for negative lags to have a larger correlation than the corresponding

positive lags for at least a few steps.

We plot A (τ, ∆t, ∆T ) in Figure 2.10 and D (τ, ∆t, ∆T ) in Figure 2.11. First, note

that there is clear contemporaneous correlation between the fine and coarse volatility.

This correlation stays positive for each of the symbols at τ = −1, while some symbols

drop below zero for τ = 1. The correlation is weaker and has varying sign across the

symbols for each lag |τ | > 1 in the clock-time results. In event-time, at least one

symbol has bootstrap confidence intervals that include zero for τ = 0. The nonzero

correlations that are seen decrease with τ in either direction, similar to the clock-time

results. These results are already contrary to the expected effect, which would expect
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(a) 1-minute versus lagged 30-minute
volatility for the normalized clock-time re-
turns.

(b) Trade versus lagged 1000-trade volatil-
ity for the normalized event-time returns.

Figure 2.10: Average fine versus coarse volatility, A (τ, ∆t, ∆T ) =
corr

(︂
|r (t ∈ T, ∆t) |, |r (T + τ, ∆T ) |

)︂
. Solid lines show the correlation for a symbol’s full

sample of intraday returns. Shaded regions show the 95% confidence interval from bootstrapping.

a strong correlation between coarse- and fine-grained volatility [138].

We find little evidence of the expected asymmetry when we look at D (τ, ∆t, ∆T )

(Figure 2.11), which we would expect to be negative for at least a few lags. Each

of the symbols have D (τ, ∆t, ∆T ) < 0 at the first-lag difference in clock-time, but

there is varying strength to this difference. The smallest difference is less than 0.05

in magnitude. Beyond the first lag, symbols are more evenly split, and we know from

Figure 2.10 that some of those differences are between values of A that are roughly

zero or even negative. For contrast, Müller et al. [138] found the correlation between

fine- and coarse-volatility stayed positive for more than 20 lags in either direction,

the first-lag difference was ≈ 0.1, and the differences stayed negative for more than 10

lags. It is possible the asymmetry effect is more plausible when considered for symbols

on average, at least in clock-time. We discuss this possibility more in the next section.

However, aside from a slight negative difference at the first-lag in clock-time, we do

not find a consistent negative difference for individual securities to indicate a clear

asymmetry of volatility prediction across timescales.
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(a) 1-minute versus lagged 30-minute
volatility for the normalized clock-time re-
turns.

(b) Trade versus lagged 1000-trade volatil-
ity for the normalized event-time returns.

Figure 2.11: Asymmetry effect—The difference between positive and negative lags for the correlation
between the average fine volatility and lagged coarse volatility.

2.4 Discussion

Cont’s original set of stylized facts [54] emerged from a synthesis of empirical stud-

ies, each study focused on a market which existed prior to 2001. As demonstrated

elsewhere, the technological arms race and resulting market fragmentation in the in-

tervening decades since Cont’s study fundamentally changed the dynamics of the U.S.

stock market [106, 173, 184]. Motivated by these market changes to revisit Cont’s

original study, we find strong evidence for eight of Cont’s 11 stylized facts when

looking at intraday returns for each of the Dow 30 stocks in our sample.

As summarized in Table 2.1, how we construct our timeseries of returns matters

in how (or whether) the facts manifested. We find positive correlation between vol-

ume and volatility (Fact #10) in clock-time but not in general for the event-time

returns. Meanwhile, aggregational Gaussianity (Fact #4) is more clearly expressed

after normalizing the returns by activity level. These nuances have implications for

our understanding of stock markets and how we should evaluate models thereof. Most

agent-based models of markets are evaluated on their simulated price series, which
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are frequently more analogous to event-time in the empirical market than to clock-

time [41]. The developer of such a model can take confidence in using at least seven

of Cont’s stylized facts to evaluate their model’s relevance to the empirical market,

while caution should be taken if expecting a strong volume/volatility relationship

depending on how time is being evaluated.

The measures we examine for Facts #3, #9, and #11 do not provide evidence

of gain/loss asymmetry, the leverage effect, or asymmetry in timescales, respectively,

being consistently present for intraday returns of individual stocks. Instead, the mea-

sures vary in sign and strength depending on the symbol and timescale. Alternative

approaches looking at longer timescales (e.g., daily) or grouping stocks together might

yield different results for these facts. An example is the analysis done by Chichepor-

tiche and Bouchaud [47], who looked at daily data from 280 stocks from 2000–2009.

They standardized the returns such that they could measure the leverage effect and

asymmetry in timescales for all stocks together, finding evidence of both effects.

Blanc, Donier, and Bouchaud [22] took a similar approach using 5-minute returns

of 133 stocks from 2000–2009. They found evidence of asymmetry in timescales but

noted that the leverage effect is insignificant for intraday returns. Another approach

taken in the literature is to look at the motion of multiple stocks together (such as an

index or the average price over multiple stocks). Bouchaud, Matacz, and Potters [27]

found the average leverage effect for daily index prices was stronger than for daily

stock prices. Studies measuring gain/loss asymmetry through investment horizons

found the effect to appear for indices but not for individual stocks [104, 105, 166].

Future research could therefore examine the full set of Cont’s stylized facts for groups

of stocks collectively or using daily prices.
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Our results provide an improved understanding of how Cont’s stylized facts should

be interpreted in modern markets. In particular, eight of the stylized facts appear to

be well supported for intraday returns of individual stocks, while the remaining three

were not present for the measures examined. Cont’s stylized facts are not exhaustive

in capturing characteristics of financial markets. Examining the commonality of other

features of financial markets such as daily volatility patterns [4, 197], extreme price

events [106, 127], and order book characteristics [89] can help widen our understanding

of stylized facts and provide additional benchmarks for market models to hit. A robust

set of stylized facts serves at least two distinct communities. For the community

of financial regulators, the set of stylized facts provides guideposts against which

to assess both the intended and unintended impacts of regulatory reform. For the

scientific community, the set of stylized facts provides the guideposts for the design,

development, testing, and calibration of the next generation of market models.
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Chapter 3

Testing Replication for an Agent-

Based Model of Market Fragmen-

tation and Latency Arbitrage

Abstract

This study strengthens the foundations of multi-venue market modeling by attempt-

ing an independent replication of Wah and Wellman’s 2016 model of latency arbitrage

in a fragmented market. We find that faithful replication is hindered by missing im-

plementation details in the original paper and limited quantitative reporting. We

demonstrate that increasing the number of simulation runs beyond the original de-

sign allows for the creation of bootstrap confidence intervals to support rigorous tests

of quantitative alignment, compensating for lacking distributional information (e.g.,

variance). We also demonstrate that increased complexity across the modeled sce-
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narios corresponds with increased difficulty aligning to the original results. We draw

on a codebase released by the original authors in connection with a later paper to

recover additional implementation details; however, we reject quantitative alignment

between that codebase and the published results. Combining information from the

paper and the released code, we achieve relational equivalence for most metrics but

reject quantitative alignment for model settings where latency is nonzero. We show

that many of the qualitative takeaways from the original paper on the effects of mar-

ket fragmentation and latency arbitrage are sensitive to the specifics of a ‘greedy

strategy’ extension given to the zero-intelligence (ZI) trader agents. Under an alter-

native interpretation of this strategy, we find that market fragmentation decreases

execution times in all experiments and increases trader welfare in most experiments.

Finally, to facilitate future replication, critique, and extension, we provide an ODD

(Overview, Design concepts, Details) protocol for our implementations of the model.

3.1 Introduction

The main regulator of U.S. financial markets, the Securities and Exchange Commis-

sion (SEC), has recently stated that existing market-simulation frameworks are not

sufficiently mature to guide its policymaking [180]. They point to a lack of existing

frameworks for studying the structural considerations they are trying to address, and

they warn:

Challenges associated with simulations include model accuracy and com-

plexity, data quality, computational limitations, uncertainty and sensi-

tivity, validation and verification, scalability, and the challenges associ-
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ated with applying simulations to human behavior which is inherently

unpredictable, and the challenges associated with modeling dynamic and

evolving systems like financial markets. (p. 328)

Essential steps towards addressing these concerns are the development of computa-

tional models that better capture the complexity of real-world markets and indepen-

dent replication to establish the rigor of insights from such models.

Towards these ends, we present here the results from our attempt to replicate

Wah and Wellman’s influential agent-based model (ABM) of latency arbitrage in a

fragmented market [189, 190]. To our knowledge, their simulation framework was

the first to include multiple exchanges and communication latency—defining features

of the modern U.S. stock market, which comprises 18 exchanges as of July 2026

[40]. Under this framework, Wah and Wellman report that market fragmentation

and latency arbitrage negatively impact market liquidity and efficient allocation of

value to traders. The model is an important building block for empirically-relevant

market models [66, 175, 183], and it has been cited in a number of studies and policy

briefs discussing alternative market designs (e.g., Baldauf and Mollner [18], Brolley

and Cimon [31], Budish, Cramton, and Shim [32], Chicago Stock Exchange, Inc. [46],

and Securities and Exchange Commission [158, 157]).

Our motivation was to use a successful replication of the model as a rigorous

baseline for planned extensions targeting specific aspects of fragmentation in the

modern U.S. stock market. We found, however, that full replication is hampered by

undocumented implementation choices and sparse statistical reporting. Our main

results are the following:

1. Increasing the number of simulation runs an order of magnitude above the
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original experimental design helps rigorously test quantitative alignment, com-

pensating for lacking distributional information (e.g., variance).

2. Increased complexity across the modeled scenarios corresponds with increased

difficulty aligning to the original results.

3. Qualitative alignment (i.e., relational equivalence) across liquidity and efficiency

metrics can be achieved only after consulting with a codebase released by the

original authors connected to a later study.

4. The top-level takeaways from the model are sensitive to the specifics of a ‘greedy

strategy’ extension given to the zero-intelligence (ZI) traders; under an alter-

native implementation, we find that market fragmentation overall decreases

execution times and increases trader welfare.

Taken together, these findings highlight the value of independent replication in the

modeling process while underscoring the need for more computational study of market

fragmentation and improved reporting of market model assumptions and results.

The rest of the paper is organized as follows. In the next section, we give back-

ground on the role of replication in the agent-based modeling and agent-based market

modeling literature. We then provide an overview of Wah and Wellman’s model. We

introduce our quantitative alignment methodology and use this methodology to test

three implementations of the model against the canonical results. We then compare

the qualitative behavior of these implementations to the original results before sum-

marizing our results and concluding. We also provide an ODD (Overview, Design

concepts, Details) protocol [90, 91] for the model in our appendix, to facilitate future

replication, critique, and extension.
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3.2 Background

Independent replication is a cornerstone of scientific practice. It verifies whether the

methods described by the original study are sufficient to produce the results claimed

and allows for the extension of these methods for further study [11, 185]. While still

relatively rare in the agent-based modeling literature [11, 97], its value to the practice

has been demonstrated numerous times. Unsuccessful replication highlights where

the documented description is not sufficient to reproduce the original findings [195],

ideally leading to clarification and further analysis [122, 194]. Successful replication

efforts often identify sensitivity of the original findings to certain implementation

details, thereby refining our understanding of the model’s assumptions and scope

[67, 129, 171]. The replicated model can be checked for robustness to additional

experiments, analysis, and extensions [34, 94, 171]. More broadly, the practices of

replication, extension, and alignment allow for the cumulative development of more

complex models built on robust foundations [11, 13].

In their seminal study on aligning computational models, Axtell et al. [13] in-

troduce a comparison framework with three different levels of ‘equivalence’ between

models. The strongest level of equivalence is numerical identity, where both models

produce identical outputs given the same settings. This will generally not be feasi-

ble for models with stochastic components unless the replication shares roughly the

same code (including pseudorandom number generators and seeds). The next level

is distributional equivalence, where the distributions of the two sets of results cannot

be distinguished statistically from one another. Axtell et al. highlight that distribu-

tional detail of the reported measurements is needed in order for equivalence to be
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statistically tested in a replication effort. The weakest level is relational equivalence,

under which the models produce the same qualitative relationships between inputs

and outputs.

Axtell et al. [13] also note that a precise, detailed description of the model is

vital to replication. Major effort has been undertaken to encourage rigorous and

standardized model descriptions to aid in this process [52, 67, 90, 186]. A prevailing

format is the Overview, Design concepts and Details (ODD) protocol introduced and

refined by Grimm et al. [90, 91]. Szangolies et al. [169] propose a standardized visual

ODD (vODD) format to provide a quick overview of the model to supplement the

more detailed written description. Grimm et al. [93] recently demonstrated how the

ODD protocol can be used to aid in the replication process, ambitiously aiming to

replicate 18 models and succeeding to at least some degree for 15 of them.

3.2.1 Replication of agent-based market

models

Independent replication is particularly rare for agent-based market models, and pub-

lished claims have generally not exceeded relational equivalence. Preis et al. [149]

assert that the Farmer et al. ‘zero-intelligence’ model (ZIM) [61, 167] is a special

case of their more complex market model, claiming reproduction of the ZIM results

without providing evidence in the paper. Tivnan et al. [172] integrate the ZIM mar-

ket environment with a richer trader ecology from Ghoulmie, Cont, and Nadal [85].

Tivnan et al. note that they lacked the code and quantitative results from the original

models and therefore could not test distributional equivalence. They claim success
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in establishing relational equivalence but do not display the results of that exercise

in the paper due to space constraints. Bookstaber, Foley, and Tivnan [24] assert

replication and extension of the Preis et al. model, showing their base replication

produces similar stylized facts to the Preis et al. model but not providing evidence

of equivalence in the paper. Duffin and Cartlidge [66] replicate and extend Wah and

Wellman’s 2013 two-market model [190], demonstrating relational equivalence for a

single metric. Similar to Tivnan et al., they could not test distributional equivalence

due to lack of quantitative results from the original paper.

Another route in developing cumulative progress in the agent-based market mod-

eling space has been through sharing model code as open-source. An early success

in this vein was the Artificial Stock Market (ASM) [113, 144], which was built in

the 1990s by researchers at the Santa Fe Institute, released online by the original

team, and reimplemented in different coding languages by others [68, 107, 146]. Mul-

tiple versions allowed for comparison between implementations, including analysis by

Polhill et al. [146, 147] on how differences in floating point arithmetic can produce

divergent behavior. A number of open-source financial ABM platforms have been

released in recent years [20, 36, 50, 62, 126]. This allows for the development of

computational experiments upon common frameworks, but it does not mean that

subsequent works are necessarily replicating and verifying the results of studies that

came before. Also, while multiple of these open-source platforms tout the ability to

implement multiple exchanges in a market [36, 126], they have not generally been

used to model such a scenario.
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3.3 The model

The Wah and Wellman model [189, 190] examines the effects of fragmentation, la-

tency, and latency arbitrage in a financial market. The model features a single asset

traded by investor (‘background’) agents in a market with one or more exchanges.

A consolidated market with a single exchange is simulated first, after which an ad-

ditional exchange, communication latency, and an arbitrage agent are incrementally

added to examine their respective effects. The specific type of arbitrage examined is

an idealized form of latency arbitrage, in which a trader agent with faster access to

information in the market takes advantage of price discrepancies to earn a risk-free

profit. The slower background traders get cross-market information at a lag from the

Security Information Processor (SIP), a data consolidator for the market. The hy-

pothesis is that fragmentation and unequal access to cross-market information impact

the efficient allocation of value to investors and the liquidity of the market overall.

Wah and Wellman’s original 2013 model [190] features zero-intelligence (ZI) traders

that each act exactly once per simulation according to a fixed, uniform trading strat-

egy based on Gode and Sunder [86]. The following features were varied: the number

of exchanges, the amount of SIP latency, and the absence or presence of a latency

arbitrage (LA) agent. All other parameters were fixed across the experiments. Wah

and Wellman [190] ran 200 simulations for each experiment and reported that la-

tency arbitrage in fragmented markets reduces total surplus and has mixed effects

on liquidity. Duffin and Cartlidge [66] replicated and extended the 2013 model in

2018, demonstrating relational equivalence for one metric (trader surplus) but not

numerical agreement. They show sensitivity of the model results to the ZI shading
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parameter and obtain qualitatively different results when the background traders are

updated to use ‘zero-intelligence plus’ (ZIP) [51] strategies.

Wah and Wellman substantially expanded the model in 2016 [189]. In the updated

version, ZI traders participate multiple times per simulation, shade orders using more

sophisticated surplus-seeking logic, and have heterogeneous strategy parameters. For

each experiment, Wah and Wellman [189] compute an equilibrium distribution of ZI

trader strategies, where each agent aims to maximize its expected payoff (surplus).

They ran the model for three sets of environment parameters, varying market config-

urations for each environment and running 50,000 simulations for each experiment.

They found latency arbitrage reduces surplus and liquidity in the updated model,

while fragmentation has mixed effects.

We focus on replicating the 2016 version [189] of the model here. This decision is

based on the 2016 study’s more advanced ZI trader behavior and richer experimental

design relative to the original 2013 study [190]. The 2013 study features only a single

set of environment parameters and presents results only graphically, without quan-

titative summary measures. Duffin and Cartlidge [66] similarly only report results

visually rather than quantitatively. Wah and Wellman [189] ran the model for three

environments and reported mean surplus values for each experiment, providing more

information to benchmark our replication against. The 2016 study’s results are also

based on 50,000 simulations for each experiment, orders of magnitude more than the

200 simulations run per experiment in the 2013 study. Finally, the extended ZI agent

strategy and mixture of strategy parameters used in the 2016 model differ from the

basic ZI agents critiqued by Duffin and Cartlidge [66], making it unclear how their

critique applies to the updated model.
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We refer to the 2016 study [189] simply as WW going forward. We detail the

high-level logic of the WW model in the following sections. We follow an abbrevi-

ated version of the ODD (Overview, Design concepts, Details) protocol [90, 91] here,

highlighting ambiguities from the original text and corresponding design choices we

made. We also provide a high-level visualization of the model following the vODD

format [169] in Fig. 3.1. We give a more complete accounting of the model following

the ODD protocol in our appendix.

3.3.1 Entities, state variables, and scales

Entities, state variables, and scales are summarized in Table 3.1, Table 3.2, and

Table 3.3, respectively.

Entities Scheduler: schedules and kicks off events in the simulation
Exchange: market operating a continuous double auction
(CDA)
Security: fungible asset traded on each exchange
Security Information Processor (SIP): data consolida-
tor for the market; maintains and publishes the National
Best Bid and Offer (NBBO)
Traders:
Zero Intelligence (ZI) background traders
Latency Arbitrage (LA) trader

Table 3.1: ODD protocol entities for WW.
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Figure 3.1: Visualization of WW following the vODD format [169]. The model examines the effects
of fragmentation and latency arbitrage in financial markets by varying the number of exchanges,
SIP latency, and presence of a latency arbitrage (LA) trader in the market. At initialization, a
market is set up according to the experimental settings. Then, NZI zero-intelligence (ZI) traders
are created. Each is assigned a primary exchange, private strategy features, and an initial arrival
time. ZI arrivals drive the events of the model. Upon arrival, a ZI trader will submit an order to an
exchange, resulting in BBO feed updates, possible arbitrage action by the LA agent (if it is present),
and updates to the SIP NBBO feed at some latency δ ≥ 0. Metrics of market efficiency and liquidity
are averaged over many runs of the model for each experiment and then compared across the different
scenarios.
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State variables Scheduler
Current time t

List of scheduled events (ZI arrivals and SIP updates)
Exchange
Limit order book (LOB): all resting orders with prices,
quantities, and timestamps
Best bid and offer (BBO): highest buy price and lowest sell
price on the exchange
BBO subscribers
SIP
Exchange BBO(s): Current BBO feeds from the ex-
change(s)
National Best Bid and Offer (NBBO)
NBBO subscribers
Security
Fundamental value rt

ZI trader
Valuation vector Θi: marginal private benefits for buying
and selling the asset
Strategy parameters {Rmin, Rmax, η}
Primary exchange
Primary exchange BBO
Current holdings: quantity qi the trader is long or short
Outstanding orders
Profits from trading
LA trader (if present)
Exchange BBOs
Profits from trading

Table 3.2: ODD protocol state variables for WW.
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Scales T : Simulation length
Ntype: Number of background traders of a given type
Nexch ∈ {1, 2}: Number of exchanges
δ ≥ 0: SIP latency
NLA ∈ {0, 1}: Presence or absence of the LA trader
λ: ZI arrival rate
qmax: maximum shares ZI trader can be long or short the
asset

Table 3.3: ODD protocol scales for WW.

3.3.2 Process overview and scheduling

Time is discrete, with steps t ∈ {1, . . . , T}. A scheduler maintains a queue of events,

ordered by time and then by insertion order (first-in, first-out). Only two types

of events go through the scheduler queue: ZI trader arrivals and SIP NBBO update

events (scheduled with latency δ after a quote change). All other actions in the model

are triggered immediately (with zero modeled latency) as consequences of scheduled

events. Non-scheduled actions include order submissions and cancellations, exchange

matching and trade execution, exchange BBO updates, LA trader responses, and

notifications of trades.

3.3.3 Exchanges

The market can be configured with one or two exchanges. Each exchange in the

model operates a continuous double auction (CDA)1 for the asset. A CDA is a

two-sided market where traders submit orders to buy and sell the asset. A high-
1Wah and Wellman [189, 190] also examined an alternative clearing mechanism, periodic call

auctions, as a possible remedy to latency arbitrage. All national exchanges in the U.S. stock market
currently use CDAs, however, and we leave the periodic call auction models out of scope for now.
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level visualization of a CDA is given in Fig. 3.2. The market is ‘continuous’ in the

sense that orders and trades occur as soon as they are received and processed by

the exchange’s matching engine2. A limit order3 to buy (sell) the stock specifies a

maximum (minimum) price the agent is willing to trade at and a quantity to buy

(sell). In the model, all orders are for a single unit of the stock. Each exchange

maintains a limit order book (LOB), constructed with the following elements:

1. Orders: map from order IDs to their respective orders

2. Bids: map from price to the queue of buy order IDs at that price

3. Asks: map from price to the queue of sell order IDs at that price

The exchange publishes a BBO feed to its subscribers, containing the best bid and

offer prices in the LOB at that moment. LOBs are initialized with no bids or asks at

the start. The BBO has null prices for its best available bid and ask whenever the

respective side of the LOB is empty (including at initialization).

When an exchange receives an add message for order Oi with limit price p, it

does the following. First, it checks whether the added price can be matched against

existing orders in the book. More explicitly, if order Oi is a buy order, the exchange

checks whether there is a resting sell order Oj with price q ≤ p. Similarly, if Oi is

a sell order, the exchange checks whether there is a resting buy order Oj with price

q ≥ p. In either of these cases, the orders are matched at price q, resulting in a

transaction. If multiple resting orders exist on the LOB that could match with the
2There is a time resolution below which the time of two different messages cannot be differ-

entiated, but for modern exchanges this is on the order of microseconds or even nanoseconds [8,
183].

3A market order is an alternative type of order which executes immediately at the best available
price. All agents in the model exclusively submit limit orders, however, and so market orders are
out of scope.
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incoming order, the oldest order is given priority (i.e., price-time priority). In this

model, all orders are for a single quantity of the asset, and so each trade is always

for a single unit. Receipts are sent to the traders associated with Oi and Oj, and

Oj is removed from the LOB. If Oi instead does not immediately match, it is added

to the LOB. A trader can request to withdraw a resting order from the LOB. Upon

receiving a withdraw request, the exchange removes the corresponding order from the

LOB.

After any change to the exchange’s LOB due to a withdraw, add, or trade, the

exchange publishes its updated best bid and ask prices to its subscribers. This is

published regardless of whether the best bid or ask prices were changed by the LOB

update. The exchange loops over its subscribers in the order they subscribed to the

exchange’s BBO feed, directly calling the subscriber’s update_bbo() function.

Spread

𝐵𝐼𝐷

𝐴𝑆𝐾
Incoming sell order that 
crosses the spread results 
in a trade at price 𝐵𝐼𝐷

Incoming sell order that 
does not cross the spread 
is placed in priority queue 
behind any existing sell 
orders at that price

Figure 3.2: High-level logic for a simple continuous double auction (CDA) market. Buy and sell limit
orders are shown as blue and yellow boxes, respectively. Example logic for incoming sell limit orders
is shown, with one order resulting in a trade and the other resulting in a new resting order, queued
behind an existing sell order at the same price. Note that in this example the spread (ASK − BID)
is of width three and will increase to four after the trade. Logic for incoming buy limit orders is
analogous. Each of the 18 national exchanges in the U.S. stock market currently operates a CDA.
The Wah and Wellman [189, 190] model is one of only a few agent-based market models to feature
a fragmented market with multiple exchanges operating CDAs.
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3.3.4 Security Information Processor (SIP)

The SIP consolidates information for the market. It subscribes to the BBO feed from

each exchange, publishing the following information in its National Best Bid and

Offer (NBBO) feed: the overall highest bid, the exchange holding the highest bid, the

overall lowest ask, and the exchange holding the lowest ask. Any time an exchange

publishes a BBO update, the SIP schedules an NBBO update event with the new

information to occur at t + δ, where t is the time the BBO was received and δ is

the SIP latency parameter. When the scheduled NBBO update occurs, the updated

feed is instantaneously communicated to all SIP subscribers. We assume that when

latency δ = 0 the SIP should update and publish its NBBO without going through

the scheduler.

3.3.5 Security

The security being traded in the market is mostly abstract, except it possesses an

evolving ‘common fundamental value’ known by the traders. The fundamental time

series follows a mean-reverting random walk:

rt = max{0, κrmean + (1 − κ)rt−1 + ut}, (3.1)

where parameter κ ∈ [0, 1] specifies the strength of reversion to the mean rmean, and

ut ∼ N(0, σ2
shock) is a Gaussian random shock at each time step. WW do not specify

what the initial conditions are for the process, so we assume r0 = rmean, and we then

calculate ri for each i ∈ [1, T ].
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The ZI traders use the estimated terminal fundamental value of the security in

their trading strategy. We model the fundamental value logic as a function of the

security, which the ZI agents call. The estimate is based on the fundamental value

rt at the time t the trader looks it up. The estimated terminal value rest
t is then the

expected fundamental value at time T , accounting for the mean-reversion process.

WW do not specify how rest
t is made to be an integer, nor whether each component to

the price should be converted to int or just the final price. We assume the estimated

terminal value should be rounded after the calculation of rest
t . In other words,

rest
t = round

(︂(︂
1 − (1 − κ)T −t

)︂
rmean + (1 − κ)T −trt

)︂
. (3.2)

3.3.6 Latency arbitrageur (LA) trader

The latency arbitrageur (LA) agent enacts a cross-market arbitrage strategy, taking

advantage of disparities in price arising from fragmentation of orders across multiple

exchanges. At initialization, the LA agent subscribes to the BBO feeds from both

exchanges. Over time, it tracks the overall best prices available in the market with

zero latency. Each time the LA agent receives a new BBO update from an exchange,

it evaluates whether to act. Let BIDi and ASKi denote the best bid and ask at

exchange i at a given point in time. Then let BID∗ = max{BID1, BID2} and

ASK∗ = min{ASK1, ASK2}. The LA agent has a threshold parameter α that

determines whether an arbitrage opportunity is worth acting on. If BID∗ > (1 +

α)ASK∗, the LA agent submits an order to buy at the floor of the midpoint price

m_floor:

m_floor =
⌊︃

BID∗ + ASK∗

2

⌋︃
(3.3)
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at the exchange holding the best ask and an order to sell at the ceiling of the midpoint

price m_ceil:

m_ceil =
⌈︃

BID∗ + ASK∗

2

⌉︃
(3.4)

at the exchange holding the best bid.

3.3.7 Zero-intelligence (ZI) traders

The zero-intelligence (ZI) traders in the model enact a strategy in the family of

trader strategies introduced by Gode and Sunder [86]. A ZI trader in the model

acts according to its private valuation of the asset at time t based on the common

fundamental value rt and the private marginal benefit for trading with its current

net position. WW cite Goettler, Parlour, and Rajan [87] as introducing a similar

trading strategy based on marginal private benefits. The trader ‘shades’ its order

price by some amount, aiming to achieve surplus value from buying (selling) at a

lower (higher) price than its internal valuation of the asset.

Initialization

Each ZI trader agent is assigned a ‘primary’ exchange. We assume the ZI traders are

evenly split across the exchanges for a given market configuration. Each ZI trader

subscribes to the SIP NBBO and to the BBO feed from its primary exchange. Its

holdings, profits, and number of transactions are all initialized to zero. Next, for a

given trader ZIi, we construct Θi, the vector of marginal private benefits for changes

to the trader’s net position:

Θi =
(︂
θ−qmax+1

i , . . . , θ0
i , θ+1

i , . . . , θqmax
i

)︂
, (3.5)
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where qmax is the maximum number of shares the trader can be long or short the

asset. The vector Θi is generated from 2qmax independent draws from N(0, σ2
P V ),

sorted such that θq ≥ θq+1 ∀q. If ZIi has position q, buying an additional share yields

a marginal private benefit θq+1
i , while selling a share yields a marginal private benefit

θq
i .

The initial ZI arrival times {ai} are each drawn independently from an exponential

distribution,

ai ∼ ⌈Exponential(1/λ)⌉. (3.6)

WW do not specify how to make the Poisson process discrete. We choose to take the

ceiling in order for individual trader interarrival times to be greater than zero.

Arrival and base trading strategy

Upon arrival at time t, the first thing trader ZIi does is schedules its next arrival for

t + bi, where again,

bi ∼ ⌈Exponential(1/λ)⌉. (3.7)

Next, the trader cancels any unfilled orders it submitted previously. Then, it ran-

domly decides whether to buy or sell (with equal probability). If the trading decision

would result in ZIi’s net position exceeding qmax shares long or short, it exits and

does not submit an order on this turn. Otherwise, the trader calculates its current

private valuation vi(t) of the asset:

vi(t) = rest
t +

⎧⎪⎪⎪⎨⎪⎪⎪⎩
θqt+1

i if buying one unit

θqt
i if selling one unit

. (3.8)
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WW do not specify how the price should be made to be discrete. We choose to round

vi(t) to the nearest integer. The trader then determines its order price p as:

p ∼

⎧⎪⎪⎪⎨⎪⎪⎪⎩
max (0, U [vi(t) − Rmax, vi(t) − Rmin]) if buying

max (0, U [vi(t) + Rmin, vi(t) + Rmax]) if selling
, (3.9)

where U here denotes an integer uniformly chosen at random within the specified

range. The requested surplus for ZIi is then si(t) = |vi(t) − pi(t)|.

Greedy strategy extension

WW introduce an additional strategy extension, which we refer to as the ‘greedy

strategy’4 going forward. Below is the entirety of the detail given in the paper about

this strategy:

We extend ZI by including a threshold parameter η ∈ [0, 1], whereby if

the agent could achieve a fraction η of its requested surplus at the current

price quote, it would simply take that quote rather than posting a limit

order to the book. Setting η = 1 is equivalent to the strategy without

employing the threshold. [189, p. 75]

Note also that WW separately say,

Background traders have direct access to the quotes on their primary

market and the NBBO, but not to those on the alternate market. [189,

p. 76]
4The ‘greedy’ terminology is taken from the MarketSim codebase and not from the original paper.
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Thus, in our ‘best guess’ (BestGuess) implementation of the model, we implement this

strategy as the following: based on both the BBO feed from their primary exchange

and the NBBO feed from the SIP, let max_bid and min_ask be the best market prices

observed by ZIi. The trader then evaluates whether there is a greedy opportunity,

updating its price if so:
1 requested_surplus = |v_i(t) - p|
2 if side == 'BUY':
3 if requested_surplus * eta <= v_i(t) - min_ask:
4 p = min_ask
5 else: // 'SELL'
6 if requested_surplus * eta <= max_bid - v_i(t):
7 p = max_bid

Routing strategy

Trader ZIi will submit its order to its primary exchange unless the NBBO indicates

the order would immediately execute at a better price at the alternate exchange.

Specifically, let BBO refer to the primary exchange BBO, and assume order.exchange

is originally set to the ZIi’s primary exchange. Then the order routing logic is as

follows:
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1 route_order(order):
2 NBBO_price_better = False
3 will_transact = False
4 if order.type == "BUY":
5 if NBBO.ask.price != Null:
6 if (BBO.ask == Null) or (NBBO.ask.price < BBO.ask):
7 NBBO_price_better = True
8 if order.price >= NBBO.ask.price:
9 will_transact = True

10 alt_ex = NBBO.ask.exchange
11 elif order.type == "SELL":
12 if NBBO.bid.price != Null:
13 if (BBO.bid == Null) or (NBBO.bid.price > BBO.bid):
14 NBBO_price_better = True
15 if order.price <= NBBO.bid.price:
16 will_transact = True
17 alt_ex = NBBO.bid.exchange
18

19 if NBBO_price_better and will_transact:
20 order.exchange = alt_ex
21

22 order.exchange.submit_order(order)

3.3.8 Model experiments

Environment NZI λ κ T

1 24 0.05 0.05 15000
2 238 0.005 0.02 10000
3 58 0.005 0.02 5000

Table 3.4: Parameter settings for the three market environments from WW.
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Parameter Default Description
rmean 100,000 Mean fundamental value of security.
σ2

shock 5,000,000 Variance of the random shock to the security’s fun-
damental value.

σ2
P V 5,000,000 Variance of ZI private valuations; used to draw pri-

vate marginal utility of the agent’s net position.
α 0.001 Threshold from which the LA agent determines

whether an opportunity is worth pursuing.
qmax 10 Maximum position (long or short) for ZI traders

Table 3.5: Default parameters used across model configurations. These were specified by WW except
for α, which is based on the 2013 paper [190] and MarketSim.

WW conduct experiments across three environments. The parameters varied across

these environments are shown in Table 3.4. The parameter NZI is the number of ZI

traders, λ is the arrival rate of ZI traders, κ is the strength of mean reversion of the

security’s fundamental value, and T is the simulation length. The fixed parameters

across environments are shown in Table 3.5. Within an environment, there are three

possible configurations of the market: single exchange (CDA); two exchanges with

no LA agent (2M no LA); and two exchanges with LA agent (2M LA). In the two-

market configurations, latency δ is also varied, over a different set of values for each

environment. Specifically:

Environment 1: δ ∈ {0, 100, 200, 300, 400, 600, 700, 900}

Environment 2: δ ∈ {0, 50, 100}

Environment 3: δ ∈ {0, 25, 50, 75, 100}

An experiment in the model is therefore defined by the environment, market config-

uration, and latency setting.
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ID Rmin Rmax η

ZI1 0 125 1
ZI2 0 250 1
ZI3 0 500 1
ZI4 250 500 1
ZI5 0 1000 1
ZI6 500 1000 0.4
ZI7 500 1000 1
ZI8 0 1500 0.6
ZI9 1000 2000 0.4
ZI10 0 2500 0.4
ZI11 0 2500 1

Table 3.6: ZI strategy combinations, taken from WW [189, p. 80].

The allowed ZI strategies considered by WW are given in Table 3.6. In a run of

the model, each ZI agent has a fixed strategy from this set of options. To narrow down

the space of possible ZI strategy assignments, WW use an approach called ‘empirical

game-theoretic analysis’ (EGTA) [39, 192]. They assume a given experimental setting

is a game in which the ZI agents aim to maximize their expected payoff (surplus) based

on the strategies of other players. A ‘strategy profile’ specifies a probability vector

over the ZI strategies. WW approximate the full game with fewer players to find

the Nash equilibria strategy profiles for the game. Then, they simulate the full game

by independently sampling a ‘mixture’ of ZI strategies from the equilibrium strategy

profile that maximizes total ZI surplus. A mixture is a draw of strategy assignments

for all NZI agents from the equilibrium profile; for each mixture, 100 independent

simulation runs are conducted. For a given experiment, they sample 500 mixtures,

thus running the model 50,000 times for each experiment.

WW note that limiting their main analysis to these selected profiles allows them

to “focus on trader behavior in equilibrium, when all market participants are best
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responding to each others’ strategies in order to optimize their own gains from trade”

[189, p. 77]. We focus on these same ‘equilibrium’ scenarios in order to assess the

fidelity of our replication to the results presented by WW. We therefore do not repeat

WW’s EGTA here and instead take their selected strategy profiles as specified. We

summarize these strategy profiles for each experiment in our supplemental material

in Table B.10. We sample mixtures from these profiles and run simulations similar

to the main results presented by WW. We sample 5,000 mixtures and simulate 100

runs per mixture for each experiment, as discussed further in Section 3.4.1.

To summarize, the model experiments are run as follows, with

{M = 500, R = 100} for WW and {M = 5000, R = 100} for our replication attempts:
1 For each experiment (environment+configuration+latency):
2 Sample M strategy mixtures from equilibrium strategy profile
3 For each mixture m:
4 Run R independent simulations

3.3.9 Output metrics

WW calculate the mean value for each metric taken across 50,000 simulations (500

mixtures, 100 runs per mixture) for each experiment. The metrics are calculated and

saved at the end of each simulation. The means are calculated on the saved values

across simulations (i.e., averaged over all 50,000 runs). WW report the quantitative

value for the mean ZI trader surplus and LA surplus (if any) for each experiment. All

other metrics are reported visually.

80



Surplus

At the end of the simulation, a ZI agent ZIi will have a net terminal position qT
i ∈

[−qmax, qmax]. The terminal surplus Si for ZIi is the sum of the public and private

value of its net position. Let rT be the fundamental value of the asset at time T , and

let Θi = {θj} be the marginal private benefits vector for ZIi constructed in Eq. 3.5.

Also, let ci be the net cash flow of ZIi from its trades over the course of the simulation.

Terminal surplus Si is then calculated at the end of the simulation as:

Si = cT
i + qT

i rT +

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑︁qT
i

j=1 θj
i if qT

i > 0

0 if qT
i = 0

∑︁0
j=qT

i +1 −θj
i if qT

i < 0

. (3.10)

The surplus for the LA agent is simply its net cash flow from trading. This is because

the LA agent never has a nonzero net position after it is done executing its strategy;

it buys and sells one unit of the asset each time it acts.

Spread

The spread is the amount by which the best ask price (ASK) exceeds the best bid

price (BID); in other words, spread = ASK − BID. WW take the median spread

over the course of the simulation, then take the mean over all simulations. The median

NBBO spread is the median amount the NBBO ask exceeds the NBBO bid over the

simulation. The BBO spread is the median spread from the exchange BBO. When

there are two exchanges, this is the mean of the median spreads from the individual

exchange BBOs.
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WW do not address how to handle a locked or crossed NBBO (i.e., where ASK ≤

BID) when calculating spread, nor what to do when there are no quotes on one side

of the book. WW also do not clarify whether the median is calculated on the spread

for each quote update or if the spread should be calculated once per time step. We

assume it should be calculated for each update (i.e., tick time, rather than clock time).

The NBBO median spread is thus taken on the spreads calculated for each NBBO

update where the BID and ASK are both non-empty and BID ≤ ASK. Similarly,

we calculate the exchange-level BBO median spread as the median of all spreads on

BBO updates where the BID and ASK are both non-empty (BID < ASK at the

exchange-level by definition of the CDA), and the medians are averaged across all

exchanges in the market.

Execution time

WW describe execution time as ‘the interval between order submission and trans-

action for orders that eventually trade’ [189, p. 79]. We assume the execution time

should be calculated for both legs of the trade, therefore meaning at least one leg of

each trade will have an execution time of zero. The mean execution time is then the

average of the execution times minus submission times for all orders that resulted in

trades.

Transactions

Finally, WW present the number of transactions from the model but do not elaborate

on how they calculate this. Based on Fig. 11 in the original study [189, p. 90] and

the behavior of the model, we infer the transactions reported by WW are the total

82



number of orders that resulted in trades throughout the simulation, separated by the

type of trader that submitted the order. A trade between two ZI traders thus results

in two ZI transactions, while a trade between a ZI trader and the LA agent is logged

as one ZI transaction and one LA transaction.

3.4 Quantitative alignment

A critical piece of the replication process is having a clear and robust replication

standard—the criteria used to determine whether replication has been achieved to the

desired level [13, 193]. This requires a reliable measure to assess alignment between

two sets of results. As discussed in Section 3.2, Axtell et al. [13] provide a framework

to evaluate the extent two model implementations produce equivalent behavior. The

amount and type of information provided by the original study determines what tests

of equivalence can be employed by the replicator [151].

We do not have the random seeds used by WW for their simulation runs and

thus inherently rule out achieving numerical identity of results. The next level of

equivalence in the Axtell et al. [13] framework is distributional equivalence. This

requires distributional information about the reported measurements. In our case,

the only quantitative information reported by WW are the mean ZI surplus values

and the mean LA surplus (if any) from the 50,000 simulations (500 mixtures, 100 runs

per mixture) for each experiment. Other results in the paper are reported graphically,

allowing us to test relational equivalence but not quantitative alignment.

The mean surplus values provide quantitative information we can test alignment

against beyond just relational equivalence, however. For example, two sets of results
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could be relationally equivalent while being an order of magnitude different quantita-

tively from one another. The amount of information provided by WW falls somewhere

between the level of detail needed for relational and distributional equivalence. In

theory, two models could produce sample means indistinguishable from one another

while having statistically distinguishable distributional details (e.g., variance) if that

information was known. We will refer to such checks simply as quantitative alignment

going forward, with the understanding that what we are able to test here falls short

of distributional equivalence. We develop our quantitative alignment methodology

in the next section before applying it to test different implementations of the model

against the canonical results.

3.4.1 Methodology

In order to make as complete a use of the source information provided as possible,

we seek to determine a meaningful test of quantitative alignment against the mean

surplus values before moving on to assessing relational equivalence. We have the

sample mean values from WW, while we have the full set of results from running our

implementations of the model. A naive approach to test quantitative alignment in

this circumstance is to repeat their analysis and run our code for 500 agent mixtures

(100 runs per mixture) and then test our distribution of values against the reported

mean from WW. One possibility is to apply a one-sample t-test to test the hypothesis

that our mean surplus value differs from the WW mean. This is a strong assumption:

it treats the sample mean reported by WW as if it is approximately the population

mean for surplus values generated by the model for the specified experimental setting.

Our criteria could then be to reject quantitative alignment for a given experimental
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setting if the t-test p-value is below a selected threshold ρ.

We validate our alignment methodology by testing our implementation of the

model against itself before comparing it to WW. As we do not have the random

seeds used by WW, our measure of alignment should ideally not fail due to sim-

ply using a different random seed if all other logic is the same. In order to have

confidence in our measure of quantitative alignment, our expectation is the follow-

ing: if we apply the test to two sets of results produced by the exact same code

but with different random seeds, we should reject quantitative alignment approxi-

mately 100ρ% of the time. To test this expectation, we ran our BestGuess model

for 5,000 mixtures, 100 runs per mixture (500,000 runs in total) for each experiment

(environment+configuration+latency).
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env model latency t-test rej. % bootstrap rej. %
ρ = 0.05 ρ = 0.01 95% CI 99% CI

1 CDA 0 24.70 13.00 5.60 1.80
1 2M no LA 0 19.80 7.10 6.40 2.50
1 2M no LA 100 36.10 22.60 6.70 2.10
1 2M no LA 200 38.50 25.00 7.70 2.10
1 2M no LA 300 27.10 13.40 7.80 2.40
1 2M no LA 400 39.30 27.70 5.90 1.70
1 2M no LA 600 24.00 12.90 6.70 1.70
1 2M no LA 700 22.20 12.20 6.70 1.60
1 2M no LA 900 19.20 8.10 7.10 1.80
1 2M LA 100 38.00 23.20 6.30 1.30
1 2M LA 200 41.40 26.10 7.80 1.80
1 2M LA 300 35.90 22.50 5.40 1.10
1 2M LA 400 31.40 18.30 5.90 1.70
1 2M LA 600 17.80 8.40 5.70 0.90
1 2M LA 700 48.80 35.90 7.00 1.60
1 2M LA 900 17.70 6.90 6.90 1.80
2 CDA 0 17.80 7.70 5.40 1.60
2 2M no LA 0 18.00 9.30 6.80 1.70
2 2M no LA 50 17.50 7.60 5.80 1.40
2 2M no LA 100 19.00 7.80 6.70 1.80
2 2M LA 50 18.40 8.00 7.50 1.30
2 2M LA 100 30.00 15.40 5.80 1.80
3 CDA 0 31.10 18.00 5.50 1.20
3 2M no LA 0 18.30 8.50 6.50 1.30
3 2M no LA 25 17.00 7.60 6.80 1.60
3 2M no LA 50 18.00 6.30 6.60 0.90
3 2M no LA 75 20.80 9.00 6.60 1.70
3 2M no LA 100 21.10 8.10 6.10 1.80
3 2M LA 25 32.40 18.90 4.70 1.30
3 2M LA 50 21.00 10.40 6.20 1.60
3 2M LA 75 29.70 15.70 7.70 1.70
3 2M LA 100 33.20 18.70 5.30 1.70

Table 3.7: False rejection rates from testing whether our BestGuess model is quantitatively aligned
to itself based on the ZI surplus values, using two different quantitative alignment methodolo-
gies. We ran our model for 5,000 mixtures, 100 runs per mixture, for each experiment (envi-
ronment+configuration+latency). Rejection rates are from 1,000 self-tests. We reject quantitative
alignment under the one-sample t-test methodology if the t-test p-value is below the selected threshold
ρ. Under the bootstrap confidence interval (CI) methodology, we reject quantitative alignment if the
target mean falls outside the selected CI (95% or 99%).
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For a test, we randomly select results from 500 mixtures (100 runs per mixture)

as our target results xtarget. Let µtarget be the mean ZI surplus value from xtarget.

We then randomly select, with replacement, 500 mixtures from the remaining 4,500

mixtures and let that be our comparison sample x∗. We then check whether we would

reject quantitative alignment between the ZI surplus values from x∗ and the target

mean µtarget using the t-test criteria given above for some threshold. We repeat this

reliability test 1,000 times, each time selecting a new target mean and comparison

sample.

The results are shown in Table 3.7 for thresholds of ρ = 0.05 and ρ = 0.01. Note

that, for each experiment, the ZI surplus target mean and sample results in this test

were produced by the same code with the same parameters except for the simulation

random seeds. We nevertheless see that under this one-sample t-test methodology we

reject BestGuess being quantitatively aligned to itself 17.0–48.8% of the time for ρ =

0.05 and 6.3–35.9% of the time for ρ = 0.01. This rejection rate is quite variable and

much higher than expected for the specified significance levels. Based on these results,

we may falsely reject two sets of results from the same code being quantitatively

aligned one-quarter to almost one-half of the time. We therefore determine we need

a better measure of quantitative alignment that accounts for the variability of the

target results before we can reliably test against the original model.

We next consider an alternative quantitative alignment criteria, this time using

a bootstrap approach. Such an approach was suggested by Axtell et al. when there

is “no solid reason to assume a convenient (e.g., Gaussian) form of the underlying

distributions” [13, p. 140]. We can utilize the full set of results from running our

BestGuess implementation for 5,000 agent mixtures, 100 runs per mixture. To con-
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struct a bootstrap sample, we randomly select, with replacement, the results from

500 of these mixtures. Constructing 1,000 bootstrap samples, we can calculate a

percentile interval over the distribution of 500-mixture sample means. We can then

check whether the target mean value falls within this bootstrap confidence interval.

If the target mean falls outside this interval, we reject the hypothesis that the surplus

values produced by the two versions of the model are quantitatively aligned.

We again sanity check this approach for our BestGuess implementation against

itself for the mean ZI surplus values. For a single test, we randomly select 500

mixtures (100 runs per mixture) to calculate our target mean µtarget. We then apply

the updated bootstrap methodology, testing whether the target mean falls within

the 95% confidence interval (CI) calculated from 1,000 bootstrap samples from the

remaining 4,500 mixtures. We repeat this test 1,000 times, randomly selecting a new

target and sample population each time. The results of this test are again shown

in Table 3.7. Under the bootstrap methodology the false rejection rate (4.7–7.8%)

for the 95%-CI threshold is much lower and less variable than under the one-sample

t-test methodology, albeit still slightly higher on average than the expected 5%. This

gives us greater confidence in the bootstrap confidence interval methodology than the

t-test, as we want to minimize the risk we falsely reject quantitative alignment while

still meaningfully comparing our simulated results to the canonical values.

3.4.2 BestGuess versus WW

Having validated our bootstrap quantitative alignment methodology, we now apply it

to test our results against the canonical WW values. As mentioned in the previous sec-

tion, we ran our BestGuess replication model for 5,000 mixtures, 100 runs per mixture,
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for a total of 500,000 runs per experiment (environment+configuration+latency). We

apply our bootstrap quantitative alignment test for these results against the mean ZI

and LA surplus values reported by WW. Using the full set of results, we construct

1,000 bootstrap samples of 500 mixtures, 100 runs per mixture, each. To construct

a bootstrap sample of our results, we randomly select, with replacement, a sample

of 500 mixtures from the 5,000 total mixtures. We calculate the mean surplus value

(ZI or LA depending on which we are testing) for the selected bootstrap sample. Re-

peating this 1,000 times, we get a range of means produced by our implementation

of the model for a given experiment.

Table 3.8 reports the 500-mixture mean ZI surplus values reported by WW, the

mean of our bootstrap sample means, the bootstrap standard error (SE), and the

95% and 99% confidence intervals for the difference between our bootstrap sample

means and the reported WW mean. We highlight in bold the experiments where

the bootstrap confidence intervals contain the original mean, indicating where quan-

titative alignment is not rejected. We reject quantitative alignment for each of the

fragmented market configurations but not for the consolidated CDA experiments,

for which the target means fall within the 95% confidence intervals. The canonical

means are also further away from our range of results when latency is nonzero in the

fragmented market configurations.

Table 3.9 similarly reports the 500-mixture mean LA surplus values reported by

WW, the mean and SE of our bootstrap sample means, and the 95% and 99% con-

fidence intervals for the difference between our bootstrap sample means and the re-

ported WW mean. Note that these values are limited to the experiments where there

is an LA agent. We see further difference between our implementation and the orig-

89



inal results here. In general, our mean LA surplus values are much lower than the

values reported by WW. Note that our ZI surplus values exceed those reported by

WW in Table 3.8 for the experiments with LA, and by a larger margin than in the

experiments with nonzero latency without LA. Thus, we reject quantitative align-

ment for all but the simplest configuration of the model (CDA), and we appear to

get further away with increased environmental complexity.

3.4.3 Using an existing codebase: MarketSim

WW note that the market simulation system used in the original study “has been

extended by other members of the Strategic Reasoning Group at the University of

Michigan and employed in several other studies” [189, p. 78]. The Strategic Reasoning

Group made the codebase MarketSim5 available in 2016, and it was cited in a 2017

study by Wah, Wright, and Wellman (WWW) [191] on the effects of market making

in a CDA model. Wah’s dissertation [188] describes common modeling assumptions

for WW and WWW and does not appear to differentiate these models aside from the

following: the first examines latency arbitrage in a market with multiple exchanges,

while WWW looks at market making scenarios in a market with a single exchange.

The ZI agent strategies in particular are described with common assumptions and

logic between the two models. MarketSim also features a SIP and is configurable to

run with multiple exchanges and SIP latency. We therefore downloaded the Market-

Sim codebase to try to reproduce results from WW as well as WWW.

MarketSim is mainly coded in Java, with Python wrapper scripts to create the
5https://github.com/egtaonline/market-sim/tree/marketsim1
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env model latency WW ZI BestGuess Bootstrap ZI Surplus
mean mean SE 95% CI diff. 99% CI diff.

1 CDA 0 10383 10424.98 25.16 (-8.56, 91.70) (-19.40, 105.87)
1 2M no LA 0 11807 11646.95 20.46 (-201.47, -119.01) (-213.62, -108.64)
1 2M no LA 100 10373 12352.73 30.11 (1917.68, 2039.47) (1898.85, 2055.08)
1 2M no LA 200 10621 12432.74 28.11 (1759.90, 1865.58) (1745.67, 1883.28)
1 2M no LA 300 11244 13334.28 22.59 (2048.73, 2133.00) (2034.82, 2144.56)
1 2M no LA 400 10438 12011.45 31.21 (1514.59, 1631.01) (1494.74, 1646.98)
1 2M no LA 600 11128 13219.34 23.00 (2044.96, 2137.10) (2032.95, 2147.65)
1 2M no LA 700 11302 13416.63 21.97 (2073.08, 2158.08) (2067.02, 2174.30)
1 2M no LA 900 12358 14370.30 19.96 (1973.33, 2052.03) (1960.74, 2066.15)
1 2M LA 100 5919 11087.45 31.05 (5108.51, 5227.72) (5092.44, 5246.67)
1 2M LA 200 6358 10914.22 28.98 (4499.37, 4613.63) (4483.80, 4636.16)
1 2M LA 300 6398 11007.58 28.25 (4552.43, 4663.06) (4539.36, 4678.94)
1 2M LA 400 6130 12006.76 25.31 (5826.29, 5923.12) (5810.17, 5941.75)
1 2M LA 600 7459 13077.26 19.19 (5581.28, 5655.00) (5573.17, 5671.59)
1 2M LA 700 5256 9894.58 34.86 (4568.50, 4706.73) (4550.74, 4722.00)
1 2M LA 900 6819 13113.03 20.10 (6256.27, 6334.16) (6241.98, 6345.99)
2 CDA 0 136140 136131.59 65.51 (-132.27, 118.40) (-182.89, 152.51)
2 2M no LA 0 134339 134497.56 68.15 (30.47, 288.08) (1.55, 330.69)
2 2M no LA 50 135789 152272.08 60.61 (16359.26, 16598.50) (16321.55, 16624.47)
2 2M no LA 100 136542 150308.53 63.92 (13628.88, 13885.56) (13593.96, 13918.30)
2 2M LA 50 133177 151116.85 63.00 (17815.33, 18057.21) (17785.51, 18092.99)
2 2M LA 100 124012 139444.74 79.90 (15269.38, 15587.25) (15223.51, 15648.18)
3 CDA 0 27482 27472.00 40.48 (-92.02, 66.62) (-107.86, 90.36)
3 2M no LA 0 29424 29929.43 31.43 (442.42, 569.11) (425.19, 588.16)
3 2M no LA 25 29347 32160.12 29.81 (2758.37, 2869.43) (2738.92, 2893.16)
3 2M no LA 50 29479 32518.84 27.80 (2987.94, 3094.59) (2972.80, 3115.38)
3 2M no LA 75 29271 32020.52 30.45 (2691.58, 2810.43) (2678.22, 2821.88)
3 2M no LA 100 29277 31964.32 30.76 (2624.09, 2747.89) (2609.72, 2765.10)
3 2M LA 25 26612 29915.89 40.24 (3218.13, 3380.89) (3192.64, 3400.87)
3 2M LA 50 27953 31863.76 31.61 (3849.29, 3971.74) (3829.06, 3988.38)
3 2M LA 75 26388 30566.72 36.17 (4104.39, 4243.83) (4085.11, 4273.02)
3 2M LA 100 25070 29576.74 41.90 (4428.30, 4592.02) (4408.80, 4619.89)

Table 3.8: Test of quantitative alignment of ZI surplus results from our BestGuess replication versus
WW. Each WW ZI value is the mean ZI surplus reported by WW [189, pp. 83, 85] for 500 mixtures
(100 simulation runs each) sampled according to the welfare-maximizing strategy profile. Our results
are calculated from 5,000 mixtures (100 runs each) based on the same strategy profile. From these,
we construct 1,000 bootstrap samples of 500 mixtures each to produce confidence intervals for the
mean difference. We report the mean and standard error of the bootstrap sample means, along with
the 95% and 99% confidence intervals for the difference between our bootstrap sample means and
the reported WW mean. Confidence intervals that contain zero are shown in bold, indicating where
quantitative alignment is not rejected.
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env model latency WW LA BestGuess Bootstrap LA Surplus
mean mean SE 95% CI diff. 99% CI diff.

1 2M LA 100 3487 477.46 4.11 (-3017.45, -3001.26) (-3020.43, -2999.39)
1 2M LA 200 3164 526.96 5.02 (-2646.79, -2627.22) (-2650.33, -2624.88)
1 2M LA 300 3224 561.61 5.48 (-2673.32, -2651.84) (-2675.87, -2648.27)
1 2M LA 400 4018 552.45 4.44 (-3474.20, -3456.73) (-3476.67, -3453.40)
1 2M LA 600 4349 1194.00 3.72 (-3162.28, -3147.79) (-3164.54, -3146.08)
1 2M LA 700 2958 395.65 4.66 (-2571.55, -2552.57) (-2574.25, -2550.72)
1 2M LA 900 4825 1120.33 4.72 (-3713.31, -3695.89) (-3716.12, -3692.78)
2 2M LA 50 2417 1107.80 2.95 (-1314.93, -1303.54) (-1317.40, -1302.08)
2 2M LA 100 2888 1662.21 3.87 (-1233.64, -1218.41) (-1235.39, -1216.72)
3 2M LA 25 538 229.84 1.46 (-310.99, -305.24) (-311.72, -304.05)
3 2M LA 50 1154 448.30 2.04 (-709.58, -701.78) (-710.43, -700.34)
3 2M LA 75 1470 556.20 2.38 (-918.63, -909.38) (-920.13, -907.60)
3 2M LA 100 1763 632.59 2.62 (-1135.45, -1125.67) (-1137.51, -1123.92)

Table 3.9: Test of quantitative alignment of LA surplus results from our BestGuess replication versus
WW. Each WW LA value is the mean LA surplus reported by WW [189, pp. 83, 85] for 500 mixtures
(100 simulation runs each) sampled according to the welfare-maximizing strategy profile. Our results
are calculated from 5,000 mixtures (100 runs each) based on the same strategy profile. From these,
we construct 1,000 bootstrap samples of 500 mixtures each to produce confidence intervals for the
mean difference. We report the mean and standard error of the bootstrap sample means, along with
the 95% and 99% confidence intervals for the difference between our bootstrap sample means and
the reported WW mean. No confidence intervals contain zero, and thus quantitative alignment is
rejected for each experiment.
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JSON model configuration files and bash scripts to kick off the Java processes. The

MarketSim GitHub repo comes with a build tutorial explaining how to download,

build, and run MarketSim. The tutorial and repo include example model configura-

tions related to the WWW model experiments, but it does not include all configura-

tions needed to replicate WWW and includes none of the experiment configurations to

run the experiments from WW. We forked6 MarketSim in order to update the Python

scripts, add the WW experiment configurations, and create a processing script to for-

mat the JSON files output from runs of the model. We made no changes to the Java

code containing the MarketSim model logic.

To ensure proper implementation, we first ran MarketSim with the experimental

configurations specified in WWW for the experiments with only ZI agents (i.e., no

market maker). This exercise and evidence are detailed more fully in Appendix B.1.

Despite some uncertainty about WWW’s experimental design, we confirm quantita-

tive alignment to the original results for seven out of eight experiments using the

bootstrap quantitative alignment methodology from Section 3.4.1. We also achieve

relational equivalence on two other metrics for almost all experiments. This gives us

confidence MarketSim is as specified by WWW and that we are correctly interpreting

how to run it for a given market configuration and mixture of ZI strategy profiles.

We next ran MarketSim for the experiments specified in WW, running the model

for 5,000 mixtures, 100 runs per mixture, similar to our independent replication (Sec-

tion 3.4.2). For each experiment we sample 1,000 bootstrap samples of 500 mixtures,

100 runs per mixture, in order to create 95% and 99% bootstrap confidence intervals.

We then compare these confidence intervals to the mean ZI surplus values reported
6Our fork is available here.
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by WW, which were calculated from a sample of 500 mixtures, 100 runs per mix-

ture. Shown in Table 3.10, we reject quantitative alignment for each experiment.

We see large differences between the original ZI surplus results and our results from

MarketSim; even for the simplest configuration of the model—the consolidated CDA

settings—the MarketSim results are ∼10% greater than the results reported by WW.

The quantitative alignment tests for mean LA surplus from MarketSim versus

WW similarly show differences, shown in Table 3.11. Interestingly, the range of

LA surplus values from MarketSim are similar to those we saw from our BestGuess

implementation, with differences versus WW of similar magnitude. The MarketSim

mean LA surplus values are significantly lower than those reported by WW for all but

one experiment (2M LA with δ = 25 in Environment 3). This is despite the MarketSim

ZI surplus values being much larger than those reported by WW. As we were successful

at achieving quantitative alignment with MarketSim in most experiments from WWW

but not WW, these results suggests some difference in model logic between the current

codebase and what was used for the WW study.
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env model latency WW MarketSim Bootstrap ZI Surplus
mean mean SE 95% CI diff. 99% CI diff.

1 CDA 0 10383 12289.73 26.74 (1855.59, 1959.12) (1846.53, 1973.57)
1 2M no LA 0 11807 14019.45 19.41 (2173.89, 2250.87) (2163.41, 2263.96)
1 2M no LA 100 10373 11493.66 30.53 (1064.36, 1184.35) (1040.53, 1201.47)
1 2M no LA 200 10621 11772.13 31.48 (1090.31, 1214.70) (1070.75, 1236.44)
1 2M no LA 300 11244 12527.27 24.46 (1237.25, 1330.07) (1223.00, 1339.55)
1 2M no LA 400 10438 11612.09 32.19 (1110.35, 1234.00) (1091.75, 1259.64)
1 2M no LA 600 11128 12293.56 25.01 (1117.65, 1215.88) (1105.85, 1227.51)
1 2M no LA 700 11302 12573.54 24.60 (1222.85, 1319.70) (1213.19, 1336.33)
1 2M no LA 900 12358 13942.99 19.74 (1545.23, 1623.89) (1534.78, 1637.40)
1 2M LA 100 5919 10320.99 33.90 (4335.02, 4466.33) (4309.45, 4496.33)
1 2M LA 200 6358 10335.76 31.19 (3913.24, 4038.55) (3899.93, 4059.57)
1 2M LA 300 6398 10484.96 30.72 (4024.74, 4146.65) (4010.35, 4161.10)
1 2M LA 400 6130 11163.95 26.74 (4985.30, 5083.69) (4965.27, 5104.31)
1 2M LA 600 7459 12350.82 20.70 (4852.06, 4932.84) (4840.08, 4944.95)
1 2M LA 700 5256 9106.39 43.77 (3765.96, 3934.92) (3733.69, 3961.31)
1 2M LA 900 6819 12370.84 20.19 (5512.02, 5591.30) (5497.10, 5602.61)
2 CDA 0 136140 152444.71 60.11 (16188.98, 16419.37) (16149.99, 16452.03)
2 2M no LA 0 134339 153540.75 61.67 (19079.45, 19322.28) (19030.06, 19360.26)
2 2M no LA 50 135789 153328.55 60.02 (17420.62, 17660.11) (17377.15, 17679.95)
2 2M no LA 100 136542 152249.01 62.77 (15587.16, 15837.89) (15549.02, 15884.94)
2 2M LA 50 133177 151447.36 59.22 (18154.99, 18387.69) (18112.46, 18420.29)
2 2M LA 100 124012 138244.54 90.23 (14047.07, 14410.17) (13991.34, 14460.46)
3 CDA 0 27482 30428.98 43.63 (2859.82, 3035.40) (2838.94, 3057.55)
3 2M no LA 0 29424 32620.14 29.97 (3140.55, 3254.04) (3119.73, 3274.39)
3 2M no LA 25 29347 32249.51 30.11 (2843.98, 2959.56) (2820.94, 2976.45)
3 2M no LA 50 29479 32432.73 30.05 (2896.54, 3014.19) (2875.82, 3032.04)
3 2M no LA 75 29271 32122.41 29.37 (2793.07, 2906.29) (2780.78, 2919.21)
3 2M no LA 100 29277 32162.18 28.95 (2829.27, 2943.19) (2812.02, 2961.46)
3 2M LA 25 26612 29014.75 46.33 (2310.24, 2489.45) (2287.27, 2512.28)
3 2M LA 50 27953 31366.24 32.38 (3353.59, 3477.03) (3332.15, 3502.22)
3 2M LA 75 26388 29840.00 41.25 (3370.17, 3531.57) (3341.22, 3551.45)
3 2M LA 100 25070 28743.86 45.32 (3587.38, 3757.65) (3563.13, 3785.74)

Table 3.10: Test of quantitative alignment of ZI surplus from MarketSim’s results versus WW. Each
WW ZI value is the mean ZI surplus reported by WW [189, pp. 83, 85] for 500 mixtures (100
simulation runs each) sampled according to the welfare-maximizing strategy profile. Our results are
calculated from 5,000 mixtures (100 runs each) based on the same strategy profile. From these, we
construct 1,000 bootstrap samples of 500 mixtures each to produce confidence intervals for the mean
difference. We report the mean and standard error of the 1,000 bootstrap sample means, along with
the 95% and 99% confidence intervals for the difference between our bootstrap sample means and
the reported WW mean. No confidence intervals contain zero, and thus quantitative alignment is
rejected for each experiment.
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env model latency WW LA MarketSim Bootstrap LA Surplus
mean mean SE 95% CI diff. 99% CI diff.

1 2M LA 100 3487 582.32 6.65 (-2918.07, -2891.66) (-2922.02, -2887.51)
1 2M LA 200 3164 642.50 7.71 (-2536.68, -2506.74) (-2542.10, -2502.44)
1 2M LA 300 3224 679.99 7.46 (-2558.63, -2528.98) (-2564.73, -2525.40)
1 2M LA 400 4018 726.28 6.94 (-3305.61, -3278.20) (-3309.42, -3274.14)
1 2M LA 600 4349 1488.15 5.86 (-2871.72, -2848.81) (-2875.02, -2845.20)
1 2M LA 700 2958 437.99 6.62 (-2533.06, -2506.82) (-2536.59, -2504.53)
1 2M LA 900 4825 1382.05 6.44 (-3455.26, -3430.16) (-3459.43, -3425.37)
2 2M LA 50 2417 1842.37 3.99 (-582.45, -566.88) (-585.29, -564.66)
2 2M LA 100 2888 1552.83 3.51 (-1342.13, -1328.32) (-1343.29, -1326.44)
3 2M LA 25 538 658.55 2.94 (114.82, 126.18) (113.50, 128.41)
3 2M LA 50 1154 859.93 2.80 (-299.76, -288.58) (-300.62, -286.63)
3 2M LA 75 1470 841.49 3.10 (-634.26, -622.17) (-635.90, -620.59)
3 2M LA 100 1763 821.54 3.53 (-948.24, -934.72) (-950.18, -931.89)

Table 3.11: Test of quantitative alignment of LA surplus from MarketSim’s results versus WW.
Each WW LA value is the mean LA surplus reported by WW [189, pp. 83, 85] for 500 mixtures
(100 simulation runs each) sampled according to the welfare-maximizing strategy profile. Our results
are calculated from 5,000 mixtures (100 runs each) based on the same strategy profile. From these,
we construct 1,000 bootstrap samples of 500 mixtures each to produce confidence intervals for the
mean difference. We report the mean and standard error of the bootstrap sample means, along with
the 95% and 99% confidence intervals for the difference between our bootstrap sample means and
the reported WW mean. No confidence intervals contain zero, and thus quantitative alignment is
rejected for each experiment.

3.4.4 Differences between MarketSim and our

BestGuess implementation

Given the overlap in timing and authorship for MarketSim and the WW model, we

felt it may hold insights for the replication despite also having apparent differences.

Not knowing what differs between the two versions of the model makes it difficult

to determine what design choices from MarketSim are (1) necessary to recreate the

original results, (2) responsible for the differences in results, or (3) immaterial. We

identified two key differences between the MarketSim logic and our BestGuess imple-
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mentation. The first is a difference in the information used by the ZI traders for their

‘greedy strategy’. The second is an apparent bug in the order routing logic.

Greedy strategy

The ZI agent strategy used in the WW and WWW model is referred to as ‘ZIRP’

(zero-intelligence with re-submission plus) in MarketSim. Its base strategy7 appears

to be implemented similar to our BestGuess logic detailed in Section 3.3.7–3.3.7. A

difference is found when we examine the greedy strategy logic, however. Below is the

greedy logic from MarketSim. Let BBO again refer to the BBO for the trader ZIi’s

primary exchange, vi(t) denote private valuation of the asset, p the order price from

the base strategy, and η the trader’s greedy threshold parameter:
1 max_bid = BBO.BID
2 min_ask = BBO.ASK
3 requested_surplus = |v_i(t) - p|
4 if side == 'BUY':
5 if requested_surplus * eta <= v_i(t) - min_ask:
6 p = v_i(t)
7 else: // 'SELL'
8 if requested_surplus * eta <= max_bid - v_i(t):
9 p = v_i(t)

There are two key differences to note between the above logic and our BestGuess

interpretation (Section 3.3.7). First, in MarketSim the trader only uses the primary

exchange BBO to determine if a greedy opportunity exists; it does not look at the

NBBO. Second, if a greedy opportunity exists, the trader sets its price to be its private

valuation vi(t), rather than equal to the BBO ASK or BID. In a single-exchange

market (inherently with no latency), this logic will be equivalent to our interpretation,

as the BBO and NBBO are equivalent, and the greedy buy (sell) order will execute
7The core ZIRP strategy, including its greedy strategy logic, can be found in the MarketSim

code.
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at the ASK (BID) price. However, if there are two exchanges, greedy opportunities

at the alternative exchange will not be acted on in the MarketSim logic. If there are

two exchanges and latency is nonzero, the order may be re-routed to the alternative

exchange based on stale information, potentially resulting in the worst case scenario

where the order executes (or becomes a limit order) with price vi(t), resulting in zero

achieved surplus for the trader. Setting the order price to vi(t) is overly aggressive if

the goal is to achieve at least fraction η of its requested surplus si(t) (i.e., ηsi(t)).

WW say the ZI agents have access to quotes on their primary market and the

NBBO. It would seem strange for the ZI agents to then only use the primary market

quotes to inform their greedy order strategy, particularly if a greedy order can still be

rerouted to the alternative exchange if the NBBO specifies a better price there. WW

also say, “Setting η = 1 is equivalent to the strategy without employing the threshold”

[189, p. 75]. However, in the MarketSim implementation, a trader with η = 1 could

still end up submitting a greedy order at price vi(t) that then gets misrouted to the

other exchange due to a stale NBBO. Thus, setting η = 1 is not equivalent to not

employing the greedy strategy in this implementation.

Order routing

The other main difference we found between MarketSim and our interpretation of the

model is the logic used to route ZI orders. MarketSim has the ZI agent’s primary

exchange reroute the order based on the NBBO, rather than having the trader make

the routing decision. This makes some sense, as exchanges in the NMS are required

to reroute orders based on best-execution rules [179]. At the same time, WW’s

description of the model implies the traders do the routing. Also, if the trader does
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not use the SIP NBBO in its pricing strategy, and it does not use it to route its own

order, why does the trader need access to the NBBO? However, there is no latency

between a trader submitting an order and the exchange receiving it in the model, and

as such the exchange versus the trader doing the routing should not have any effect.

Within the exchange order routing logic in MarketSim, however, we find a possible

bug. Below (in its original Java) is the submitNMSOrder function called by the ZIRP

traders in MarketSim when they submit an order to their primary exchange:
1 public void submitNMSOrder(Agent agent, OrderType type, Price price,
2 int quantity, TimeStamp currentTime, TimeStamp duration) {
3 checkNotNull(type, "Order type");
4 checkArgument(quantity > 0, "Quantity must be positive");
5

6 BestBidAsk nbbo = sip.getNBBO();
7 Market bestMarket = this;
8

9 if (quantity > 0) { // buy
10 boolean nbboBetter = nbbo.getBestAsk() != null
11 && nbbo.getBestAsk().lessThan(quote.getAskPrice());
12 boolean willTransact = price.greaterThan(nbbo.getBestAsk());
13 if (nbboBetter && willTransact)
14 bestMarket = nbbo.getBestAskMarket();
15 } else { // sell
16 boolean nbboBetter = nbbo.getBestBid() != null
17 && nbbo.getBestBid().greaterThan(quote.getBidPrice());
18 boolean willTransact = price.lessThan(nbbo.getBestBid());
19 if (nbboBetter && willTransact)
20 bestMarket = nbbo.getBestBidMarket();
21 }
22

23 if (!bestMarket.equals(this))
24 log.log(INFO, "Routing %s %s %d @ %s from %s %s to NBBO %s %s",
25 agent, type, quantity, price, this, quote, bestMarket, nbbo);
26

27 bestMarket.submitOrder(agent, type, price, quantity, currentTime,
28 duration);
29 }

The exchange checks the NBBO and determines whether the order would execute

immediately at a better price at the alternative exchange, rerouting the order if so.
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The function contains a check asserting that the order’s quantity ‘must be positive’.

It then uses the test quantity > 0 to determine if the order is a buy order as

opposed to a sell order. Elsewhere in MarketSim, orders have a type that equals

OrderType.BUY or OrderType.SELL (see the code referenced in the ZIRP strategy

logic above for an example). It appears the submitNMSOrder function is using the

wrong criteria to determine order type, and in fact it will treat every incoming order

as a buy order when determining the routing decision. This means an incoming sell

order may be misrouted to the alternative exchange based on the ask prices at that

exchange, or it may fail to be rerouted to the alternative exchange when the order

may have executed there at a better price than at the primary exchange.

3.4.5 BestGuess+MarketSim

We next took the greedy strategy logic from MarketSim highlighted above and inte-

grated it into our BestGuess model. We will refer to this implementation of the model

as BestGuess+MS going forward. All logic in this implementation is as specified in

our ODD except for the greedy strategy logic, which now follows the above detail

from MarketSim. We again ran this model for 5,000 mixtures, 100 runs per mixture,

and employ the quantitative alignment methodology outlined in Section 3.4.1.

Our quantitative alignment tests for mean ZI surplus under the BestGuess+MS

implementation are shown in Table 3.12. We find smaller differences compared to

the original results across more experiments in these results than we saw for our

BestGuess results (Table 3.8). The 95% confidence intervals from BestGuess+MS ZI

surplus means contain the WW ZI surplus means for the consolidated CDA configura-

tions and the fragmented market configurations without latency from Environments
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2 and 3. The canonical ZI surplus mean for the fragmented market configuration

without latency in Environment 1 is within the 99% confidence intervals for this

implementation but not the 95% confidence intervals. We still reject quantitative

alignment for all configurations of the model with nonzero latency, however.

Our quantitative alignment results for mean LA surplus under the BestGuess+MS

implementation are similarly shown in Table 3.13. The differences between the boot-

strap sample LA surplus means and the canonical means are much smaller than we

saw for either of the previous sets of results from BestGuess and MarketSim. How-

ever, we still reject quantitative alignment for each experiment with LA. Note that

the LA achieves much higher surplus on average in the BestGuess+MS implementa-

tion than in our original BestGuess implementation. This shows the latency arbitrage

opportunities are more prevalent, larger, or both under the implementation of the ZI

greedy strategy taken from MarketSim versus our BestGuess greedy strategy. This

fits with our expectation, as the ZI agents use more of their available information in

the BestGuess implementation and act more strategically.

A note on the order routing bug

We also considered including the order routing bug from MarketSim’s submitNMSOrder

function, in case this was important to drive the behavior reported by WW. We ran

this alternative version of the model (call it BestGuess+MS+bug) again for 5,000

mixtures, 100 runs per mixture, and compared against the original results. We over-

all found that our hybrid version without the bug (BestGuess+MS) aligned more

closely to the original results than the version with the bug in most experimental

settings. We present these results in full in our appendix. For space considerations,
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and because it does not appear the bug helps us better replicate the canonical results,

we focus on the BestGuess, MarketSim, and BestGuess+MS implementations of the

model going forward.
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env model latency WW BestGuess+MS Bootstrap ZI Surplus
mean mean SE 95% CI diff. 99% CI diff.

1 CDA 0 10383 10425.08 25.05 (-6.59, 91.70) (-20.88, 107.22)
1 2M no LA 0 11807 11848.60 20.29 (3.85, 79.76) (-7.32, 91.41)
1 2M no LA 100 10373 10165.29 29.04 (-261.75, -151.72) (-281.56, -136.20)
1 2M no LA 200 10621 10374.49 29.28 (-304.84, -190.37) (-319.17, -174.62)
1 2M no LA 300 11244 11066.88 23.35 (-220.67, -129.55) (-229.91, -113.65)
1 2M no LA 400 10438 10215.79 31.54 (-283.98, -161.31) (-305.11, -145.09)
1 2M no LA 600 11128 10905.40 23.52 (-269.76, -178.31) (-286.20, -165.97)
1 2M no LA 700 11302 11132.93 23.40 (-212.51, -124.40) (-229.52, -110.91)
1 2M no LA 900 12358 12188.92 19.28 (-206.59, -132.95) (-217.71, -119.99)
1 2M LA 100 5919 4885.89 43.02 (-1117.64, -953.04) (-1139.36, -920.91)
1 2M LA 200 6358 5311.49 41.96 (-1124.50, -965.41) (-1161.70, -946.49)
1 2M LA 300 6398 5412.35 40.00 (-1061.06, -906.79) (-1080.34, -876.78)
1 2M LA 400 6130 5189.03 41.57 (-1022.13, -860.66) (-1045.77, -831.78)
1 2M LA 600 7459 6510.35 34.76 (-1019.09, -885.71) (-1037.37, -863.14)
1 2M LA 700 5256 4311.61 48.33 (-1033.21, -844.46) (-1061.59, -818.67)
1 2M LA 900 6819 6435.05 37.25 (-452.60, -311.27) (-478.14, -283.28)
2 CDA 0 136140 136130.24 65.87 (-136.49, 118.04) (-165.45, 156.12)
2 2M no LA 0 134339 134304.59 66.93 (-159.13, 96.80) (-202.71, 140.73)
2 2M no LA 50 135789 134176.50 67.52 (-1749.85, -1483.62) (-1784.80, -1445.79)
2 2M no LA 100 136542 134830.23 68.94 (-1847.38, -1579.04) (-1884.78, -1543.89)
2 2M LA 50 133177 131877.57 66.75 (-1429.96, -1168.87) (-1454.77, -1117.89)
2 2M LA 100 124012 121634.05 86.93 (-2550.99, -2210.60) (-2596.45, -2155.82)
3 CDA 0 27482 27473.78 41.34 (-91.20, 70.80) (-114.83, 99.48)
3 2M no LA 0 29424 29449.31 31.17 (-38.14, 80.64) (-55.39, 100.15)
3 2M no LA 25 29347 29173.53 30.08 (-232.63, -115.76) (-245.77, -96.16)
3 2M no LA 50 29479 29256.27 29.72 (-279.13, -164.12) (-299.10, -148.92)
3 2M no LA 75 29271 29052.93 30.68 (-278.61, -157.04) (-303.42, -141.71)
3 2M no LA 100 29277 29038.14 29.87 (-295.51, -174.62) (-315.24, -164.33)
3 2M LA 25 26612 26357.77 40.65 (-335.19, -173.46) (-365.85, -149.73)
3 2M LA 50 27953 27538.00 36.79 (-485.88, -342.43) (-508.52, -312.64)
3 2M LA 75 26388 25830.41 41.05 (-640.52, -474.18) (-659.90, -449.40)
3 2M LA 100 25070 24449.34 46.87 (-715.92, -530.06) (-738.23, -506.31)

Table 3.12: Test of quantitative alignment of ZI surplus from our BestGuess+MS implementation
results versus WW. Each WW ZI value is the mean ZI surplus reported by WW [189, pp. 83, 85]
for 500 mixtures (100 simulation runs each) sampled according to the welfare-maximizing strategy
profile. Our results are calculated from 5,000 mixtures (100 runs each) based on the same strategy
profile. From these, we construct 1,000 bootstrap samples of 500 mixtures each to produce confidence
intervals for the mean difference. We report the mean and standard error of the 1,000 bootstrap
sample means, along with the 95% and 99% confidence intervals for the difference between our
bootstrap sample means and the reported WW mean. Confidence intervals that contain zero are
shown in bold, indicating where quantitative alignment is not rejected.
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env model latency WW LA BestGuess+MS Bootstrap LA Surplus
mean mean SE 95% CI diff. 99% CI diff.

1 2M LA 100 3487 4279.07 27.57 (738.41, 846.33) (721.62, 865.13)
1 2M LA 200 3164 3971.93 26.61 (756.94, 855.87) (738.61, 880.99)
1 2M LA 300 3224 4010.53 27.37 (731.13, 839.26) (716.75, 853.23)
1 2M LA 400 4018 4771.45 29.85 (694.47, 810.59) (673.47, 828.50)
1 2M LA 600 4349 5115.70 25.89 (715.43, 816.48) (701.50, 834.79)
1 2M LA 700 2958 3721.58 26.71 (710.13, 816.54) (698.10, 830.06)
1 2M LA 900 4825 5113.45 26.97 (235.29, 341.54) (225.39, 363.58)
2 2M LA 50 2417 2355.86 8.93 (-78.15, -43.91) (-82.22, -38.47)
2 2M LA 100 2888 3246.52 23.37 (312.28, 404.25) (301.52, 419.73)
3 2M LA 25 538 616.55 8.17 (63.29, 94.03) (58.82, 98.98)
3 2M LA 50 1154 1337.14 14.71 (155.44, 212.36) (147.12, 225.31)
3 2M LA 75 1470 1787.98 20.78 (277.83, 357.39) (268.44, 372.37)
3 2M LA 100 1763 2173.46 26.17 (359.47, 462.56) (340.67, 474.26)

Table 3.13: Test of quantitative alignment of LA surplus results from our BestGuess+MS replication
versus WW. Each WW LA value is the mean LA surplus reported by WW [189, pp. 83, 85] for 500
mixtures (100 simulation runs each) sampled according to the welfare-maximizing strategy profile.
Our results are calculated from 5,000 mixtures (100 runs each) based on the same strategy profile.
From these, we construct 1,000 bootstrap samples of 500 mixtures each to produce confidence intervals
for the mean difference. We report the mean and standard error of the bootstrap sample means, along
with the 95% and 99% confidence intervals for the difference between our bootstrap sample means
and the reported WW mean. No confidence intervals contain zero, and thus quantitative alignment
is rejected for each experiment.

3.5 Qualitative behavior of the model

We next look at the qualitative behavior of our implementations of the model

(BestGuess, MarketSim, and BestGuess+MS), comparing against the results plotted

by WW to assess relational equivalence. WW plot the results across experimental

settings for surplus, execution time, spread (BBO and NBBO), and the number of

transactions. We present the WW results alongside the results from each of our model

implementations for easy comparison. The WW results are reproduced from Wah and

Wellman [189] by permission of Sage Publications. Each metric from our simulations

104



are averaged over all 5,000 mixtures, 100 runs per mixture, for a given experiment,

versus 500 mixtures for the WW results.

3.5.1 Surplus

We start with the average total surplus values across the different experiments (envi-

ronment+configuration+latency). As shown in Fig. 3.3, our BestGuess results exhibit

clear differences from the canonical results. The canonical (WW) results show mixed

effects on surplus from fragmentation, and the introduction of the LA agent harms

surplus in most settings. Our BestGuess results show almost every fragmented market

configuration, with or without LA, outperforms the consolidated CDA configurations.

The only exceptions are the 2M LA results with δ = 900 in Environment 1 and the

2M no LA results with δ = 0 in Environment 2. In all other cases, surplus is higher

with fragmentation, and nonzero latency results in higher surplus relative to no la-

tency. In most of the nonzero-latency settings, the presence of the LA agent reduces

surplus, but surplus is still higher in those settings than the single-CDA market.

The MarketSim results achieve relational equivalence in Environments 1 and 3

but not in Environment 2. In the Environment 2 MarketSim results, the 2M no

LA with δ = 0 surplus is greater than the CDA surplus and decreases as latency is

increased. In WW, the 2M no LA surplus with δ = 0 is lower than surplus in the con-

solidated CDA configuration and increase as latency increases. Our BestGuess+MS

implementation meanwhile achieves relational equivalence for all three environments;

the only relational difference is the 2M no LA surplus for δ = 100 in Environment

2 is slightly lower than the CDA surplus rather than slightly above. Overall, these

results add support to our previous evidence that the hybrid BestGuess+MS model
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implementation is the closest to the original model.

(a) Env. 1—BestGuess (b) Env. 2—BestGuess (c) Env. 3—BestGuess

(d) Env. 1—MarketSim (e) Env. 2—MarketSim (f) Env. 3—MarketSim

(g) Env. 1–BestGuess+MS(h) Env. 2–BestGuess+MS (i) Env. 3–BestGuess+MS

(j) Env. 1—WW (k) Env. 2—WW (l) Env. 3—WW

Figure 3.3: Mean surplus results from our implementations of the model and MarketSim versus the
figures reported by WW [189, p. 82]. Results from our simulation are averaged over 5,000 mixtures,
100 runs per mixture, for each experiment.
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3.5.2 Execution time

In Fig. 3.4, we show our mean execution time results alongside the figures shared

by WW. WW found that execution time in their model was roughly the same or

higher with LA than without LA in each experiment except δ = 50 in Environment

3. They also found that fragmentation did not generally improve execution time. In

our BestGuess implementation results, fragmentation reduces execution time in every

configuration of the model, nonzero latency generally improves execution time, and

the presence of the LA agent also improves execution time in almost every nonzero

latency setting. We therefore again have material differences in qualitative behavior

between our BestGuess implementation and the original results.
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(a) Env. 1—BestGuess (b) Env. 2—BestGuess (c) Env. 3—BestGuess

(d) Env. 1—MarketSim (e) Env. 2—MarketSim (f) Env. 3—MarketSim

(g) Env. 1–BestGuess+MS(h) Env. 2–BestGuess+MS (i) Env. 3–BestGuess+MS

(j) Env. 1—WW (k) Env. 2—WW (l) Env. 3—WW

Figure 3.4: Mean execution time results from our implementations of the model and MarketSim
versus the figures reported by WW [189, p. 86]. Results from our simulation are averaged over 5,000
mixtures, 100 runs per mixture, for each experiment.

Execution time from MarketSim has notable differences as well, but in a different

direction than our BestGuess results. In MarketSim, execution time is increased by
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fragmentation relative to the consolidated CDA configuration. The presence of the

LA agent increases execution time in most cases in Environments 1 and 2, but it

has minimal effect in Environment 3. We also see that the CDA execution times

differ quantitatively from the original results, while the CDA results from our other

implementations cannot be visually distinguished from WW.

Our BestGuess+MS results resemble the WW results in most but not all con-

figurations. In particular, we achieve relational equivalence in Environment 2; we

achieve relational equivalence for the 2M no LA results but not the 2M LA results

in Environment 1; and we achieve relational equivalence for the 2M LA results but

not the 2M no LA results in Environment 3. Thus, we do not have as consistent of

alignment for execution time as we did for surplus between BestGuess+MS and WW,

but it remains our most faithful replication.
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3.5.3 Spread

(a) Env. 1—BestGuess (b) Env. 2—BestGuess (c) Env. 3—BestGuess

(d) Env. 1—MarketSim (e) Env. 2—MarketSim (f) Env. 3—MarketSim

(g) Env. 1–BestGuess+MS(h) Env. 2–BestGuess+MS (i) Env. 3–BestGuess+MS

(j) Env. 1—WW (k) Env. 2—WW (l) Env. 3—WW

Figure 3.5: Mean median spreads from the exchange BBOs for our implementations of the model
and MarketSim versus the figures reported by WW [189, p. 87]. BBO spreads are averaged across
the different exchanges in a given simulation run. Results from our simulation are averaged over
5,000 mixtures, 100 runs per mixture, for each experiment.
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In Figs. 3.5 and 3.6, respectively, we compare the BBO and NBBO spreads gener-

ated by our simulation to the canonical results. In WW, latency arbitrage increases

spreads in most settings, while fragmentation and latency in general have mixed ef-

fects relative to the consolidated CDA market configurations. We are not able to

visually distinguish between the CDA spreads from WW and our replication results,

including for the MarketSim results. The presence of the LA agent generally exacer-

bates BBO spreads in our results, similar to WW. The BBO spreads are otherwise

relatively consistent across the three replications, and all differ from the WW results

in similar ways (e.g., δ = 0 in Environment 1 and δ = 50 in Environment 3).

The NBBO spreads for Environment 1 roughly match between each of our repli-

cations and WW. Our BestGuess results differ somewhat from WW in Environments

2 and 3, with a consistent ranking of the consolidated CDA market having the largest

NBBO spreads and the 2M no LA results having the smallest. The relative NBBO

spread movements from MarketSim and BestGuess+MS match WW in Environment

2, while in Environment 3 the with-LA results appear to match WW but the 2M no

LA results do not have the jump in spread at δ = 50 that WW report.
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(a) Env. 1—BestGuess (b) Env. 2—BestGuess (c) Env. 3—BestGuess

(d) Env. 1—MarketSim (e) Env. 2—MarketSim (f) Env. 3—MarketSim

(g) Env. 1–BestGuess+MS(h) Env. 2–BestGuess+MS (i) Env. 3–BestGuess+MS

(j) Env. 1—WW (k) Env. 2—WW (l) Env. 3—WW

Figure 3.6: Mean median SIP NBBO spread for our implementations of the model and MarketSim
versus the figures reported by WW [189, p. 87]. Results from our simulation are averaged over 5,000
mixtures, 100 runs per mixture, for each experiment.
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3.5.4 Transactions

Last, we look at the number of transactions generated by our simulation versus WW.

As highlighted earlier, it is important to note WW appear to report each trade as

two transactions, one for each trader involved in the trade. Thus, a trade between

two ZI agents is represented in Fig. 3.7 as two ‘ZI only’ transactions, while a trade

between a ZI agent and the LA agent is shown as one ‘ZI only’ transaction and one

‘LA only’ transaction.

Visual appraisal of the relative changes in transaction numbers across experiments

and between sets of results is more difficult in the bar chart format, but some differ-

ences are apparent between the BestGuess results and WW. The zero-latency results

appear similar, but, as latency increases, the number of transactions in the BestGuess

results are lower than those reported by WW. Overall, the fragmented markets with-

out latency have the highest overall levels of trading in our results, while nonzero

latency leads to fewer trades in most experiments. The effect of latency arbitrage

is mixed, similar to WW’s result. The MarketSim and BestGuess+MS transaction

results track much more closely with the WW results (and with each other). There

also appear to be fewer LA transactions in the BestGuess results relative to the WW

results, fitting with the lower LA surplus values we saw in our quantitative alignment

exercise (Table 3.9).
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(a) Env. 1—BestGuess (b) Env. 2—BestGuess (c) Env. 3—BestGuess

(d) Env. 1—MarketSim (e) Env. 2—MarketSim (f) Env. 3—MarketSim

(g) Env. 1–BestGuess+MS(h) Env. 2–BestGuess+MS (i) Env. 3–BestGuess+MS

(j) Env. 1—WW (k) Env. 2—WW (l) Env. 3—WW

Figure 3.7: Mean number of transactions from our implementations of the model and MarketSim
versus the figures reported by WW [189, p. 90]. Please note, a single trade results in two transactions
for this measurement (one per trader involved in the trade). Results from our simulation are averaged
over 5,000 mixtures, 100 runs per mixture, for each experiment.
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3.5.5 Summary of results

Feature Effect reported by WW BestGuess replication
Latency arbitrage “Generally degrades effi-

ciency, but increased bid
shading in low mean re-
version environments allevi-
ates inefficiencies caused by
LA.”

LA generally degrades ef-
ficiency relative to frag-
mented markets without
LA.

Latency arbitrage “LA exacerbates spreads,
and execution times vary by
environment based on bid
shading in equilibrium”

LA exacerbates spreads but
decreases execution times.

Market fragmenta-
tion

“Can benefit continuous
markets by admitting fewer
inefficient trades (due to
vagaries of the arrival se-
quence of orders), but LA
defeats this benefit.”

Fragmentation generally
improves surplus, with or
without LA.

Market fragmenta-
tion

“Execution times vary by
environment, with consoli-
dation improving liquidity
in the fragmented model
without LA when traders do
not shade more.”

Fragmentation reduces ex-
ecution times and NBBO
spreads, but it increases
the average BBO spread in
most settings.

Table 3.14: Qualitative summary of model behavior from WW versus our BestGuess results. WW
summary text is reproduced from Table 5 in Wah and Wellman [189, p. 81].

In the original paper, WW provide a summary of qualitative takeaways from their ex-

perimental results. We reproduce their takeaways in Table 3.14 and compare against

our BestGuess replication. WW report that latency arbitrage reduces total surplus

and has a mixed effect on liquidity, while eliminating fragmentation can improve

surplus and liquidity metrics. The conditional phrasing for these latter effects is
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important, as WW overall find mixed results on these effects depending on setting.

They attribute this at least in part to changes in bid shading strategy in equilibrium

by the ZI traders.

Our BestGuess implementation of the model meanwhile shows clear benefits of

fragmentation in the experimental scenarios. Fragmentation in this implementation

generally increases surplus, decreases execution times, and decreases NBBO spreads.

The average exchange-level BBO spread is increased, however. LA reduces surplus

and exacerbates spreads relative to the fragmented market without LA, but LA also

further reduces execution times. The fragmented market with LA outperforms the

single-CDA setting for most metrics in most settings. These effects are also more

consistent than those reported by WW, with less variation for specific experimental

settings.

Comparing the results from our BestGuess and BestGuess+MS implementations

of the model provide a clearer contrast, as we know the only difference between these

two models is the implementation of the ZI traders’ greedy strategy. The greedy

strategy taken from MarketSim has the ZI traders base their decisions only on their

primary exchange BBO and submit overly aggressive order prices to try to hit the

observed price. This results in reduced surplus and increased execution times relative

to our BestGuess implementation, where traders also utilize the NBBO and submit

their orders at the observed market price. The less strategic ZI actions taken in

the BestGuess+MS implementation also result in greater arbitrage opportunities, as

evidenced by higher LA surplus values and more LA transactions.

Overall, the implementation of the greedy strategy for the ZI agents has a marked

impact on a number of these takeaways, particularly for the effects of fragmenta-
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tion relative to a consolidated market. When the ZI agents submit less aggressive

greedy orders and factor the NBBO into their strategy, the presence of fragmentation

leads to reduced execution times in each experimental setting and generally increases

trader surplus as well. These results suggest that traders acting more strategically

helps account for information uncertainty and that market fragmentation has clearer

benefits when this is the case. This has parallels with the findings from the Duffin

and Cartlidge [66] replication of the Wah and Wellman [190] model. They found that

the background traders using the ‘minimally intelligent’ ZIP trading algorithm led to

results showing fragmented markets benefit from latency arbitrage. The sensitivity

of the qualitative takeaways to the specifics of the greedy ZI strategy in the 2016

model [189] at the very least highlights that this strategy should have been given

more than a two-sentence description in the original paper. More broadly, these re-

sults show that further exploration by the modeling community is needed to separate

the effects of fragmentation and latency arbitrage from the specifics of trader agent

implementation.

3.6 Conclusion

Wah and Wellman [189] made a valuable contribution to agent-based market modeling

by incrementally introducing elements of realistic market structure in order to assess

their effects. They note,

As with any simulation model, our results are valid only to the extent our

assumptions capture the essence of real-world markets. [189, p. 91]

Replication tests the extent the documented assumptions and results capture the
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essence of the model.

We find that the specifics of the background trader greedy strategy prove espe-

cially important for the overall behavior of the model. We cannot claim that others

would necessarily have interpreted the details given by Wah and Wellman [189] the

same as we did in our BestGuess implementation. We argue that our interpretation

better fits the spirit of their description. Specifically, as opposed to the MarketSim

implementation, the following properties hold in our BestGuess implementation of

the strategy:

1. The ZI agents use all information to which they have access.

2. The strategy with η = 1 is equivalent to not using the strategy.

Regardless, the sensitivity of the original study’s qualitative takeaways to this imple-

mentation detail limits the range of applicability for those takeaways to real-world

markets. A more comprehensive exploration of the parameter space with our imple-

mentation could yield further insights into the range of behavior resulting from our

assumptions. Further work should also be done to validate the behavior of the model

against stylized facts of empirical market behavior, test the framework with differ-

ent ecologies of traders, and extend the framework to incorporate yet more realistic

elements of fragmentation and modern market structure.

Our experience from this replication effort offers takeaways for agent-based mod-

eling and replication more broadly. The first is that the replicator should test the

reliability of their replication criteria for the model in question. Some studies have

checked this by testing the result distribution for normality in order to assess the

appropriateness of a given statistical estimator [151, 156]. An alternative approach,
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taken here, is to test the replication model against itself by taking many independent

samples of the specified size and checking alignment between samples. This comes

with computational tradeoffs, requiring many more runs than the original study. The

bootstrap confidence interval methodology we use here to test quantitative alignment

proved a useful replication guide. Our implementation of the model with the best

quantitative alignment to WW’s ZI and LA surplus metrics under this methodol-

ogy also had the best qualitative alignment to the original model across the various

metrics.

Next, increasing the complexity of the model corresponded with increased diffi-

culty replicating the results. Even in our best replication implementation, we reject

quantitative alignment for all model settings with nonzero latency, and we achieve

relationally equivalent results for most but not all metrics and settings. The existence

of a public codebase from the original study’s authors helped uncover important im-

plementation details of the model, but the codebase failed to replicate the original

model. The complexity of the model and codebase made it challenging to determine

what is driving the divergence. As the model becomes more complex, the number of

design choices increases and the sensitivity of the model to certain choices may also

increase. More complex models thereby need even more thorough documentation

(and more acutely need to be independently replicated).

Edmonds and Hales provocatively said, “An unreplicated simulation is an untrust-

worthy simulation” [67, p. 12.2]. This would render most agent-based market models

untrustworthy, in line with the SEC’s expressed sentiment [180]. By encouraging a

culture of replication [171], market modelers can build more trustworthy models that

can then be extended to better capture the complexity of the financial system.
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Chapter 4

How Does Market Fragmentation

Affect Price Dynamics? Evidence

from an Agent-Based Model

Abstract

The U.S. equity market is fragmented and has become more so over recent decades.

The Securities and Exchange Commission (SEC) has warned that increased frag-

mentation could decrease price competition among orders, in turn impairing price

discovery and creating excessive short-term volatility. However, financial agent-based

models (ABMs) still largely represent trading as consolidated, limiting their applica-

tion for studying how current market structure may shape aggregate behavior. In this

study, we extend an existing fragmented-market ABM by adding trading strategies

adapted from prior work, using the resulting model to compare price dynamics gener-
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ated under consolidated and fragmented configurations. We find that the interaction

between market structure and the information acted on by agents is central to how

fragmentation affects price formation and aggregate returns.

When agents act only on price quotes from their local exchange, market fragmen-

tation can amplify extreme price moves and concentrate them in time. The resulting

returns exhibit heavier tails, stronger volatility clustering, and less persistent linear

autocorrelation than the consolidated-market benchmark. When agents instead act

based on cross-market price quotes from a consolidated feed, the effects of fragmenta-

tion on the generated price dynamics are much smaller, though latency on that feed

makes them more visible. Adding a latency arbitrageur to the fragmented configura-

tions has minimal incremental effect. More broadly, the study illustrates how ABMs

with explicit market microstructure can be used to compare structural scenarios and

clarify the mechanisms linking market organization to aggregate behavior.

4.1 Introduction

Since. . . nature is only nearly-decomposable, not completely decompos-

able, many of the most beautiful regularities of nature will only be ap-

proximate regularities. They will fall short of exactness because the prop-

erties of the lower-level, higher-frequency subsystems will ‘show through’

faintly into the behavior of the higher-level, lower-frequency systems

—Simon [163].

The number of equity exchanges in the National Market System has doubled
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(from 9 to 181) since 2005 when the Securities and Exchange Commission (SEC)

adopted rules (Regulation NMS) aimed at modernizing and strengthening the reg-

ulatory structure of the U.S. equity market. In addition to the national exchanges,

an increasing portion of trading in NMS stocks occurs on dozens of alternative trad-

ing systems (ATSs, or ‘dark pools’) or over-the-counter (OTC) at hundreds of other

institutions [178]. The SEC has warned that fragmentation could decrease price

competition among orders, in turn impairing price discovery and creating excessive

short-term volatility [53]. Because fragmentation is an inherent feature of the NMS,

isolating its effects empirically is challenging [140, 181]. Financial agent-based mod-

els (ABMs) provide a natural complement to the empirical approach, allowing for

controlled experiments in a computational laboratory [74]. Most ABMs ignore the

fragmented structure of the market, however, instead representing a single exchange

or no explicit market mechanism at all. This may contribute to concerns the SEC has

recently expressed about the ability of these models to inform its policymaking [180]

(p.328).

A primary motivation for the development of financial ABMs has been to endoge-

nously reproduce aggregate ‘stylized facts’—descriptions of behavior widely accepted

to be robust features of the empirical system, as discussed in Chapter 2. In par-

ticular, the stylized facts most commonly used to empirically benchmark financial

ABMs describe the properties of price returns [42, 44, 54], providing a check on the

aggregate price process generated by the modeled system. In their review of ABMs in

economics and finance, Axtell and Farmer argue that “models that cannot reproduce

qualitative aggregate phenomena like clustered volatility, heavy-tailed return distri-
1The 18th stock exchange, the Texas Stock Exchange (TXSE), began trading in July 2026 [40,

170].
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butions, and log price time series with little autocorrelation should be viewed with

skepticism” [14, p. 43]. The majority of financial ABM studies implicitly, or even

explicitly [127], assume that representing multiple trading venues in a market is an

unnecessary complicating factor for producing these aggregate phenomena.

Aggregation and abstraction are natural (and indeed necessary) parts of the mod-

eling process [164, 165]. Simon [165] argues that the nearly-decomposable, hierarchi-

cal2 organization of many complex systems contributes to our ability to understand,

model, and even identify these systems. Much of the aggregate behavior of such a

system can be understood from its organization and the details of its high-level sub-

systems while abstracting away the detail of lower-level components. At the same

time, the properties of the lower-level subsystems will ‘show through’, since the high-

level systems are not truly separate from the underlying structure [163]. The strength

and nature of the inter-system connections determine how well our approximations

capture the mechanisms behind observed dynamics [163].

In this study, we use an ABM to examine how fragmented market structure ‘shows

through’ into aggregate price dynamics. We begin from a replication of Wah and Well-

man’s 2016 model [189], which, to our knowledge, was the first ABM to represent

communication latency and latency arbitrage in a fragmented market. We use our

replication from Chapter 3 as the baseline for this implementation. We then adapt the

trading strategies from Vyetrenko et al. [187] to the fragmented market environment

of the Wah and Wellman model. With the extension, we update the model’s formu-

lation of time to simulate standard, 6.5-hour trading days measured at nanosecond

granularity. This allows us to more directly compare our modeled latency settings
2Hierarchy here refers to nested subsystems rather than subordinated authority [165].
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and simulated results to empirical findings from the NMS. We demonstrate that the

adopted agent configurations produce qualitatively similar results to Vyetrenko et

al. in the consolidated-market setting of the Wah and Wellman model, although we

also identify some differences and discuss possible causes. With the resulting model,

we begin from a consolidated market with no latency before incrementally adding

another exchange, communication latency, and a latency arbitrageur. Across these

configurations of the model, we consider two extremes of how agents access price

quotes in a fragmented market: either they only access quotes from their local ex-

change or they have access to cross-market quotes from a consolidated data feed with

a small amount of latency.

Using controlled experiments simulated with paired random seeds across con-

figurations, we measure how structural changes cause prices to diverge relative to

those produced under the consolidated-market baseline. Simulated prices differ due

to changes in each of the structural elements varied across our experiments, but the

degree of these differences is not uniform. Fragmentation alters price dynamics most

when traders only have access to price quotes from their local exchange. The resulting

returns exhibit heavier tails, increased volatility clustering, and less persistent linear

autocorrelation relative to the consolidated baseline. Fragmentation of order flow

alone has more limited effects when traders are assumed to have immediate access to

consolidated cross-market quotes. Introducing latency to the consolidated data feed

produces slightly larger effects, but also not to the level seen from fragmenting access

to information.

We give more background on market fragmentation and market models in the next

section (Section 4.2) before giving an overview of the model setup (Section 4.3). We
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then detail our integration of the trading strategies from Vyetrenko et al. [187] into

the model, showing qualitative alignment with most of their reported results (Sec-

tion 4.4.1). We detail our fragmentation experiment results in Section 4.5. Finally,

we discuss implications, limitations, and possible future extensions of our results in

Section 4.6.

4.2 Background

Trading for a stock in the modern NMS is distributed across many venues, as is

the information establishing the best displayed prices for the stock at any point in

time. A stock is listed at a primary exchange, but it can be bought or sold at any

of the other exchanges or off-exchange venues [33]. Trades occur by matching orders

to buy and sell the stock, and the best displayed prices are established by the best

offers to buy or sell the stock displayed at the different exchanges. The exchanges are

required to disseminate top-of-book quotations and associated sizes to the Securities

Information Processors (SIPs), which act as data consolidators for the market. By

contrast, off-exchange venues must report trades but generally do not disseminate

quotations publicly to the market [79]. This has led to the common characterization

of exchange trading as ‘lit’ and most off-exchange trading as ‘dark’. We focus primarily

on the lit market here, as the model implements a simplified version of the high-level

system of stock exchanges, SIPs, and connecting data feeds.

During regular continuous trading, each stock exchange in the NMS today oper-

ates an electronic limit order book (LOB) implementing a continuous double auction

(CDA) as its primary market mechanism. A LOB tracks all orders to buy and sell
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the stock at the exchange, facilitating trades when an incoming buy or sell order

matches against a previous order that is still active on the LOB. There are various

order types with different rules, the most fundamental types being the limit order

and the market order. A limit order specifies a commitment to buy (or sell) up to

some quantity q of the security at a maximum (minimum) limit price p. An incoming

buy limit order is marketable if it is priced at or above the price of the best resting

ask price. Similarly, an incoming sell limit order is marketable if it is priced at or

below the best resting bid price. A marketable order executes against resting orders

on the opposite side of the book. Active limit orders in the LOB are prioritized via

some ordering specified by the rules of the exchange. For example, price-time priority

means orders with better prices are executed first, and orders with the same price

are ordered by the time they were received (first-in-first-out). If the incoming limit

order is not marketable or was only partially filled, it becomes an active limit order

on the book until it is filled or canceled. A market order specifies a commitment to

immediately buy (or sell) some quantity q of the security at the best available price.

A market order for q shares will match against active orders on the opposite side until

all q shares have been exchanged or no more orders are available on the opposing side

of the book.

Active limit orders provide liquidity to the market and establish the best prices

displayed at a point in time. The buy limit order with the highest price establishes

the best bid at the exchange, while the sell limit order with the lowest price is the

best offer (ask). The exchanges publish this best bid and offer (BBO) information to

the market, through the SIP or directly via proprietary data feeds. Because orders

are distributed across multiple exchanges, the best local bid or ask at one exchange
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will not necessarily be the best available bid or ask across the market as a whole.

The SIP consolidates exchange-level quotations into the national best bid and offer

(NBBO), which provides the public consolidated benchmark for the best displayed

bid and ask. Alternatively, a trader can subscribe directly to the proprietary feeds

from the exchanges and construct their view of the cross-market best bid and ask,

often with lower latency than the SIP feed [141].

Multiple stock exchanges have been simultaneously operational in the U.S. dating

back to the 1800s [132]. In 1975, Congress mandated the establishment of a national

market system, tasking the SEC with linking together these individual markets [53].

In creating and maintaining the NMS, the SEC has sought to avoid the extremes

of a monopolistic consolidated market and a fragmented market in which orders are

uncompetitively split across venues [53]. Toward these ends, the SEC in 2005 adopted

a set of rules known as ‘Regulation NMS’ aimed at increasing market competition,

as referenced in our introduction.

A major feature of Regulation NMS is the Order Protection Rule (Rule 611),

which was introduced to promote faster, automated trading and eliminate compet-

itive advantages that prior rules gave slower, manual markets [53, 181]. The rule

requires trading centers to maintain policies and procedures reasonably designed to

prevent trade-throughs of protected quotations. A trade-through occurs when an or-

der is executed at a price inferior to a protected quotation displayed elsewhere in the

market. Preventing trade-throughs therefore requires a trading center to have timely

information about whether a better-priced protected quotation is displayed elsewhere

in the system.

Analogous rules prior to Regulation NMS were less stringent and did not distin-
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guish between quotations on manual versus automated markets. At the time Regu-

lation NMS was adopted, the SEC estimated that 1 out of every 40 trades in both

Nasdaq and NYSE stocks represented a ‘significant trade-through of a displayed quo-

tation’ [53] (p.26). Manual trading floors operated by some exchanges (e.g., NYSE)

often had latency greater than 15 seconds. This made it slow and costly for electronic

trading systems to ensure an order was executed at a fair price compared to these

slower markets, thus limiting their ability to compete for market share [9, 53]. By

comparison, fully electronic markets such as Nasdaq had very low latency, generally

less than a second [53]. As a result, other automated venues were better able to com-

pete for order flow of Nasdaq-listed stocks. With the adoption of Regulation NMS,

NYSE’s executed market share for NYSE-listed stocks decreased from 79% in 2005

to 29% in 2009 [181]. The three trading venues operated by Nasdaq had a market

share of 52% for Nasdaq-listed stocks in 2005, which similarly decreased to 33% by

2009 [181]. With the changes in incentives, NYSE changed its trading system, first

into a hybrid floor and electronic limit order book (LOB) system, and then into a

fully electronic LOB [128].

The exchanges and SIPs are now all largely automated and facilitate the fast

communication of information across a fragmented market system. This communica-

tion is not instantaneous, however. Each of these electronic systems has a physical

location—generally, a data center where the system operates. The data centers hous-

ing the automated matching engines for the stock exchanges in the NMS are split

across four locations in north-eastern New Jersey: Mahwah, Carteret, Secaucus, and

Weehawken [184]. Information cannot travel faster than the speed of light, which

therefore sets a lower bound on how long it takes for a message to travel from one
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data center to another [8, 69]. In addition to geographic latency, technological la-

tency is introduced at each step. The structure of the market therefore splits liquidity

across venues and can create different local views of the market depending on where

a participant in the market is located and to which data feed(s) it is subscribed.

4.2.1 Financial ABMs

As highlighted above, the NMS is highly fragmented and has been throughout recent

memory [53, 132]. Empirical studies of the effects of fragmentation must therefore

either compare trading data from fragmented markets to data from some other, con-

solidated market, or they must compare data between different assets or time periods

with differing degrees of fragmentation. In any of these scenarios, separating the

effects due to levels of fragmentation from differences in the underlying asset, time

period, or market can be quite challenging [140]. ABMs provide an alternative (albeit

complementary) approach by providing a means of directly testing our understanding

of the mechanisms underlying observed phenomena. Per Epstein’s motto of gener-

ative social science, “If you didn’t grow it, you didn’t explain its emergence” [74]

(p.43).

A primary motivation for early financial ABMs was to generate the stylized facts

of returns endogenously from the interaction of heterogeneous, boundedly-rational

traders [57, 99, 120, 144, 150]. These efforts emphasized the ecology of trading

agents and how specific strategies, or mixtures of strategies, can give rise to the

stylized facts [57, 101, 119]. LeBaron [111] in 2001 argued that the representation

and structure of trading agents is the most important design decision, ahead of the

specific trading or price-formation mechanism. Most early agent-based market models
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addressed price formation via aggregate excess demand or through an entity that

computes a market-clearing price [57, 111, 118, 150]. Chen, Chang, and Du [44]

contend that these models are primarily geared towards explaining regularities of

low-frequency data.

An alternative route is to explicitly model a trading mechanism that mirrors real

markets [45]—generally, a CDA market similar to those operated by exchanges in

the NMS [42]. LeBaron notes that this approach “is most appealing for modeling

high-frequency data” [111] (p.6). Prior work3 has demonstrated that the structure of

the trading mechanism can itself be a primary determinant of statistical properties

of prices [26, 83], even absent strategic agent behavior [76, 149, 167]. The Farmer

et al. ‘zero-intelligence’ model [76, 167] and models in its lineage [25, 149] specify

the rate at which traders submit orders that will cross the spread, resulting in a

transaction, versus being shaded some distance away from the opposite side of the

book, thereby resulting in a new limit order being added to the LOB. Thus, even with

a zero-intelligence (ZI) formulation of agent behavior in a CDA market, modeled agent

strategies are often responsive to the bid, ask, and spread of the LOB at a given point

in time.

In a pair of studies, Wah and Wellman [189, 190] extended the representation

of detailed market structure to introduce an additional CDA exchange, a SIP with

communication latency, and a latency arbitrageur (LA) agent. To our knowledge, they

were the first to consider the effects of these structural elements of fragmentation in

an ABM. Their initial 2013 version of the model featured a simple, fixed strategy for

its background traders, similar to the ‘zero-intelligence constrained’ (ZIC) strategy
3See the reviews from Chakraborti et al. [41, 42] and Chen, Chang, and Du [44] for a more

complete review of financial ABMs in relation to aggregate stylized facts.
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introduced by Gode and Sunder [86]. Their ZIC traders each act in the market

exactly once throughout the simulation, placing an order randomly within a certain

range independent of the state of the best prices in the market at that time. The

order is submitted to the trader’s local exchange unless it could execute immediately

at another exchange with a better price according to the SIP NBBO.

Wah and Wellman extended their original model in 2016 [189]. The updated model

included a more sophisticated experimental design and a more complex background-

trading strategy. Traders in the updated model calculate a private valuation of the

asset based on the exogenous fundamental value and their private marginal benefit

from being long or short some quantity of the asset. The traders seek to achieve sur-

plus value by shading their order price some amount away from their private valuation.

Market quotes are used by the trader to evaluate whether a more aggressively-priced

order could immediately achieve some amount of surplus. In Chapter 3, we reported

sensitivity of the model’s results to the specifics of this ‘greedy’ strategy extension,

including whether traders use market-wide or exchange-specific quotes to update their

price. Wah and Wellman’s studies [189, 190] and subsequent replications (including

Duffin and Cartlidge [66] and our work in Chapter 3) primarily focused on the effects

of fragmentation on metrics of allocative efficiency and liquidity. The 2013 study [190]

additionally considered the effects of fragmentation on price volatility and price dis-

covery. Wah and Wellman [190] reported that fragmentation reduced volatility and

harmed price discovery, although the latter results were not shown in the paper.

A few other studies have considered additional scenarios of market fragmenta-

tion [174, 175, 183], building from the foundation set by Wah and Wellman’s frame-

work. Tivnan et al. [175] considered different mechanisms of coupling exchanges in a
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fragmented market, finding that the SIP contributed most to efficient price discovery.

Tivnan et al. [174] and Van Oort et al. [183] each introduced additional features of

the NMS, such as message latency, additional order types, circuit breakers, and, in

the case of Tivnan et al., a dark pool. They report the ability of their models to

reproduce aggregate stylized facts of price returns with these additional structural

features, but they do not consider the incremental effects of the structural elements

on those measures. Studies have also simulated fragmented markets with one dark

pool alongside one lit exchange [133, 134, 135]. Mizuta et al. [133] report impacts

to volatility and kurtosis from the level of trading at the dark pool versus on the lit

exchange.

Other models have applied features of Wah and Wellman’s model [189, 190] to

scenarios of trading in a consolidated market. Byrd et al. [38] tested the effects of

latency on trader outcomes in a consolidated CDA market, finding that a trader’s

profitability depended more on its latency relative to other traders than its absolute

magnitude of latency. Byrd et al. incorporated this variable latency setup and an

extended version of Wah and Wellman’s exogenous fundamental-value process into

the open-source ABIDES market simulation platform [35, 36, 38]. The platform has

since been used in a number of simulation studies (e.g., [37, 121, 187]). Vyetrenko

et al. [187] used the platform to demonstrate the effectiveness of agent-based model-

ing approaches for evaluating trading strategies and ‘what if’ scenarios in a simulated

trading environment. They propose a set of empirical regularities summarizing be-

havior across multiple levels of LOB architecture, testing a subset of these metrics to

evaluate configurations of traders in the ABIDES platform.

The incremental effects of the structural features of fragmentation on price dy-
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namics have not been as directly explored in a computational setting. Perhaps the

most similar study to ours in approach if not in exact subject is Bottazzi, Dosi, and

Rebesco [26], which compared the dynamics simulated from consistent agent settings

under different market mechanisms: a Walrasian auction, a batch auction, and a LOB

mechanism. Bottazzi et al. found that “some basic dynamic properties of the time se-

ries of price, volumes and returns, like skewness, kurtosis and autocorrelation profiles,

are largely shaped by the specific architectures of trading mechanisms, in ways largely

independent from differences in traders ecology” [26] (p.226). They report negative

skewness and high kurtosis for the batch auction, while these metrics were roughly

zero for returns from their order book simulations. They compare these results to

daily skewness and kurtosis measures from LSE, with close and opening auctions

corresponding to their batch auction scenario and open-to-close behavior analogous

to their LOB scenario. Bottazzi et al. also note that market institutions shape the

information agents access—a key insight we similarly highlight for our study.
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4.3 Model overview

Figure 4.1: High-level overview of the modeled market structure with two exchanges and one latency
arbitrageur (LA). Black arrows denote communication between entities, whereas red arrows denote
internal processing within an entity. Each exchange Exchi publishes its local best bid and offer feed,
BBOi. The securities information processor (SIP) consolidates these exchange-level BBO feeds and,
after latency δ ≥ 0, publishes the national best bid and offer (NBBO). Each trader is assigned to
a single exchange and submits all of its orders there. The question marks denote the experimental
information setting: when making trading decisions, traders observe either only the NBBO or only
the BBO of their assigned exchange. After receiving an order, an exchange may route it to the other
exchange if the current NBBO indicates that a better execution price is available there. The LA
agent observes all exchange BBO feeds without latency, identifies the best prices available across
exchanges, and uses this information to detect and exploit arbitrage opportunities.

In this section, we give an overview of our general model structure. This structure

is shared across all our experiments and is diagrammed for a configuration with two
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exchanges in Fig. 4.1. We build our fragmented market model from the framework in-

troduced by Wah and Wellman [189, 190]. We specifically extend the 2016 version of

Wah and Wellman’s model, beginning from our replication detailed in Chapter 3. We

provide a more detailed description of our extendion following the ODD (Overview,

Design concepts, Details) protocol [90, 92] in Appendix C.1 to facilitate future repli-

cation, critique, and extension of the model.

The modeled market features a single fungible stock traded on Nexch ≥ 1 ex-

changes, each running a CDA limit order book. All orders are limit orders, with

positive integer prices. All orders in the original model [189] are assumed to have

fixed quantity q = 1, but we generalize this to allow order size to be any positive

integer. This is needed to accommodate the variable-size strategies introduced in

Section 4.4.1. Each exchange publishes the best bid and ask prices in a BBO feed, as

well as the total quantities available at the bid and ask.

Time is discrete, with t ∈ {1, . . . , T}, where T is the simulation length. A sched-

uler maintains a queue of events ordered by time and insertion order (first-in, first-

out). The SIP consolidates the exchange BBOs to construct a national best bid and

offer (NBBO). The SIP’s NBBO calculation occurs with some latency δ ≥ 0, such

that an update received at time t is reflected in the updated NBBO at time t + δ.

All other events are assumed to be ‘instantaneous’, kicking off a specified sequence

of sub-events that complete without going through the scheduler or incrementing the

time. Thus, the only communication latency in the model comes from the calculation

of the SIP NBBO.

In the model, each exchange uses the SIP NBBO to determine whether an in-

coming order should be rerouted to avoid an immediate trade-through. When an
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exchange receives an order, it first performs logic to determine whether the order

would immediately execute at a superior price at another exchange in the market,

in which case it reroutes the order to that exchange4. If any portion of an incoming

order cannot match against resting orders at the exchange nor at any other exchange

according to the NBBO, it is added to the exchange’s LOB as a resting order. The

trader that submitted the order can cancel it at any time.

To illustrate how fragmentation can affect trading dynamics, consider the scenario

detailed in Fig. 4.2. The same set of resting orders are shown in a consolidated LOB

and spread out between two exchange LOBs. An incoming order is submitted at time

t to buy the stock at price $101. In the consolidated market, the incoming order

will match against the resting sell order at that price, resulting in a trade. In the

fragmented market, the order—originally routed to Exchange 1—must be rerouted in

order to prevent a trade-through and, in this case, a locked market (where the best

bid and best ask are equal in price). If the NBBO is stale when Exchange 1 receives

the incoming order, the exchange might not be rerouted, instead resting on Exchange

1’s LOB and creating a locked market.

The tables in Fig. 4.2 highlight the different possible views of market information

under each setting. The SIP NBBO is equivalent to the consolidated market BBO

if there is no latency or if sufficient time has passed between events for the SIP to

catch up. Prior to the trade, a trader looking at only one of the exchange BBOs

will have a different view of the bid, ask, and spread than if it were able to see the
4In the original model, Wah and Wellman [189, 190] describe the background traders as perform-

ing their own routing logic based on their assigned exchange’s BBO and the SIP NBBO. Because
there is no latency between an agent submitting an order and the order being processed by the
exchange, this logic is equivalent to having the exchange do the routing logic. We confirm that this
change makes no impact to the model, producing identical results to original logic when settings
and random seeds are kept constant.
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Figure 4.2: Example comparing a scenario of orders placed in a consolidated versus fragmented
market. The same set of buy limit orders (in green) and sell limit orders (in yellow) are placed in
a market with a single exchange or a market with two exchanges. Each exchange operates a limit
order book with a first-in-first-out queue at each price point (i.e., price-time priority). For simplicity,
assume all orders have quantity q = 1. The best buy price available at an exchange is the ‘bid’ and
the best sell price available is the ‘ask’. The national best bid and offer (NBBO) tracks the overall
best bid and ask prices across the market. The green order with an arrow is an incoming buy order
at price $101. In the consolidated market, the order will match against the sell order at the ask
price ($101). In the fragmented scenario, the order must be rerouted to exchange Exch2 for the
trade to occur. Otherwise the order will be added to Exch1’s book, resulting in a locked market with
bid = ask.
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consolidated view. After the trade (assuming the order was appropriately rerouted),

Exchange 1’s BBO happens to match the consolidated market BBO, but Exchange

2’s BBO does not. A trader determining its next trading decision based on market

information may therefore take a different action depending on what data feed(s) it

has access to. Under the alternative scenario where the order was not rerouted and

resulted in a locked market, the consolidated-feed view of the market (once updated)

will show a spread of zero, which cannot occur in the single-exchange market. From

the above, we see the following ways in which fragmentation can affect trading: by

splitting orders across exchanges; by creating the possibility of a locked or crossed

market; and by fragmenting information that must then be efficiently consolidated if

traders are to have an accurate view of market quotes.

If the market becomes crossed—with the best available bid price greater than

the best ask price available at that moment—it creates an arbitrage opportunity for

a trader that can recognize and act on it. The model assumes an ‘infinitely fast’

latency arbitrageur (LA) agent that exclusively acts on such scenarios. The LA agent

subscribes to the BBO feeds from each exchange in the market, constructing its own

‘direct best bid and offer’ (DBBO) from the best bid and ask prices available across

the exchanges. Let BIDDBBO
t be the direct best bid and ASKDBBO

t be the direct

best ask at time t. Also, let αLA be some small threshold margin the LA agent

uses to determine whether an arbitrage opportunity is worth acting on. Whenever

BIDDBBO
t > (1 + αLA)ASKDBBO

t , the LA agent submits orders to buy the stock at

the best ask and sell at the best bid, resulting in an immediate profit. We assume

that the LA agent can bypass the exchange’s rerouting logic.

All other traders in the model are referred to generically as ‘background traders’.
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These traders generate the order flow that drive all other events in the model. We de-

tail the background trading strategies in the following sections, first for the agents used

by Wah and Wellman [189] and then for the trading strategies taken from Vyetrenko

et al. [187]. Each background trader is assigned an exchange where they submit all

of their orders. We will refer to that exchange as the trader’s ‘local’ exchange going

forward. An order may then be rerouted by the exchange based on the NBBO, as

detailed above.

The model assumes the stock has an exogenous fundamental-value time series

that evolves stochastically over time, which some trader agents use as part of their

strategy. Price series for the stock, however, emerge endogenously from the interaction

of orders on the exchange(s). An Observer entity collects (without latency) the quote

and trade data generated over the course of the simulation. These data are then used

to construct the price, return, and quote series used in our subsequent analyses.

4.3.1 Information regimes

We consider two possible configurations of how the background trader agents receive

market information. First, under the ‘NBBO information regime’, all agents sub-

scribe to the NBBO. Under this scenario, background agents have a shared (albeit

possibly delayed) view of the market at each point in time. This setup is analogous to

the fragmented market behaving like a single virtual exchange with multiple points

of entry [140]. The alternative is the ‘BBO information regime’, under which each

background agent only has access to its local exchange BBO. A background agent’s

trading decision will then be based solely on the price information visible on its local

exchange, with no direct visibility to quotes displayed elsewhere in the market. This
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scenario represents an alternative extreme to the single virtual exchange, where in-

stead information is split across venues. Real-world markets are more likely a complex

mixture of these two options, with some traders relying on the SIP while some (like

the LA agent) subscribe to the direct BBO feeds from all exchanges. However, roughly

half of trading volume in NMS stocks now occurs off-exchange at venues that do not

display liquidity to the market [cboe_exchanges_inc_cboe_nodate]. Hence,

fragmented information is relevant to today’s market.

4.4 Alignment and extension

We begin from the replication of the 2016 Wah and Wellman model [189], which we

refer to as ‘WW’ going forward. We then extend the model to support the additional

analyses targeted in our study and to incorporate an updated ecology of background

trader strategies, as detailed in Section 4.4.1. We confirm our extended version of the

model reproduces the results reported in Chapter 3, verifying that these extensions

have no impact when running with the settings specified by Wah and Wellman [189].

This verification exercise is reported in full in Appendix C.2.

Independent replication and extension are vital steps in developing a cumulative

science. Our independent replication effort documented in Chapter 3 provided im-

plementation details and nuance not found in the original study. In particular, Wah

and Wellman’s [189] overall takeaways on the negative effects of fragmentation and

latency arbitrage were found to be sensitive to specific elements of how the back-

ground traders choose to place aggressive orders. An alternative implementation of

this part of the trading strategy that is still consistent with the prose of the original
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study produces contrary results. Under the alternative assumptions, trader welfare

and execution times were helped by the introduction of an additional exchange in

the market, even with latency and latency arbitrage. Duffin and Cartlidge [66] re-

port similar effects for Wah and Wellman’s original 2013 model [190]. Duffin and

Cartlidge found sensitivity of the model to the specific shading parameter used by

the ‘zero intelligence constrained’ (ZIC) traders and report contrary results when the

traders were updated to use zero intelligence plus (ZIP) strategies [51].

Extension allows for the development of more complex models by building on the

foundations others have established and learning from the effects of their specific as-

sumptions. Wah and Wellman [189, 190] introduced a framework by which to move

from a single CDA exchange to a fragmented market with latency and latency arbi-

trage. The findings reported by Wah and Wellman [189, 190], Duffin and Cartlidge

[66], and our replication in Chapter 3 provide a thorough understanding of the incre-

mental effects of these additions for the model’s assumptions, but only for the welfare

and liquidity metrics those studies focused on.

In the context of our planned experiments, we ultimately decide the WW model

should first be extended, with the goal of improving the relevance of the modeled be-

havior to the referent system. This decision is based on the following considerations.

First, as documented in Chapter 3, the effects of fragmentation in the original model

are sensitive to specific features of the background trading strategy that were previ-

ously undisclosed by Wah and Wellman [189]. Agent behavior is generally important

(and perhaps of primary importance [111]) to the results of an ABM, but we should

be careful about sensitivity of the model to artifacts that are not intended to be key

elements of our hypothesis.
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Second, the original model has an abstract formulation of time, complicating our

ability to relate our findings to empirical detail of the real-world NMS. Time in WW is

modeled as discrete, taking positive integer values 1 ≤ t ≤ T . The simulation lengths

considered by Wah and Wellman for their three environmental parameter sets are

T ∈ {15000, 10000, 5000}. SIP latency δ is set to some fixed number of timesteps,

with δ ranging from 0 to 900 depending on the experiment. In the prose of their study,

Wah and Wellman suggest that δ is analogous to the latency exhibited by the SIP in

the real-world market. Average SIP latency in the NMS has decreased from multiple

milliseconds in 2010 to around 10–20 microseconds in the first quarter of 2026 5. If

the SIP latency from the original model is on a similar timescale (microseconds or

milliseconds), the total simulation length T ≤ 15000 is analogous to a very small

portion of a standard 6.5-hour trading day; perhaps multiple seconds or minutes.

The background traders base their order prices on estimates of what the funda-

mental value will be at the end of the simulation. These traders activate every 20

or 200 time steps on average, depending on the environment. This means that the

supposedly ‘investor’ traders in the model can act multiple times before the SIP has

the chance to update, and they calibrate their trading strategy for gains over a short

intraday timescale. Based on these nuances of how time is represented in the original

model, it is not immediately clear how to connect the model’s scenarios to time and

latency in the NMS.

Finally, while the WW model incorporates additional structural detail based on

the NMS, we are not aware of any attempts to test its simulated behavior against

empirical behavior of real-world markets. We therefore tested the single-market con-
5https://www.utpplan.com/metrics and https://www.ctaplan.com/metrics
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figurations of the WW model for evidence of heavy tails, volatility clustering, vol-

ume/volatility clustering, and lack of linear autocorrelation—properties of returns

for which researchers have found repeated empirical support [54, 41], including in

fragmented markets, as documented in Chapter 2. We summarize the results of this

exercise below and detail the results more fully in Appendix C.2.

As just noted, the abstract definition of time in the model complicates direct

empirical comparison. We also found the simulated price series exhibits much larger

swings at the beginning and end of the simulation than occur throughout the rest of

a given run. These outlier returns due to edge effects were found to materially affect

some of the benchmarking metrics, particularly heavy tails and volatility clustering.

Persistently negative (albeit weak) autocorrelation and weak volatility clustering in

the simulated returns are inconsistent with empirical results (see Chapter 2). The

simulated return distributions exhibit very large kurtosis values when the opening

and closing periods of the simulation were included but approximately normal kurtosis

levels were found for ∆t > 20. Note that this timescale is shorter than the SIP update

times considered for scenarios where latency is nonzero. Based on these findings,

we elect to extend the model with the following primary goals: incorporate a more

realistic definition of time and improve the performance of the model against the

empirical benchmarks.

4.4.1 WW+GetReal

We turn to the study by Vyetrenko et al. [187] to update our background trader

and environmental settings. The experiments detailed by Vyetrenko et al. address

many of our current concerns about the canonical WW model. They simulate full
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trading days, thus providing a more realistic formulation of time. This is particularly

important: as demonstrated in Chapter 2, at least some of the empirical properties

of returns we focus on here are directly related to how time is measured. Vyetrenko

et al. document some shortcomings of their simulated returns and quote count met-

rics, but they demonstrate better evidence of heavy tails and volatility clustering

than we observed for the WW model. They also provide evidence of an intraday

activity pattern similar to that documented in empirical equity markets [103, 187,

197]. Vyetrenko et al. developed their experiments using an open-source simulation

platform—ABIDES [36]—thereby increasing our likelihood of successfully replicating

their results. Byrd [35] also drew inspiration from the background trading strategy

developed by Wah, Wright, and Wellman [191] and Wah and Wellman [189] when

developing ABIDES, and the codebase includes a version6 of the background trading

strategy used in the WW model. This makes the integration a natural fit for our

extensions.

We replace the background traders from WW with trading strategies based on

the configurations tested by Vyetrenko et al. [187]. We refer to the extended model

as ‘WW+GetReal’, after the title of their study. Vyetrenko et al. report results for

four different configurations in their experimental results—two different ecologies of

agent strategies with two different methods of simulating an exogenous fundamental-

value series. We implement the two agent configurations and the randomly-generated

fundamental-value process. We do not replicate their experiments using historical

stock price data as the fundamental value. Vyetrenko et al. argue that using historical

data for the fundamental value produces behavior more in line with empirical results.
6https://github.com/abides-sim/abides/blob/master/agent/ZeroIntelligenceAgen

t.py
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Our main reasons for not replicating those experiments at this time are the following:

First, we do not have the historical stock data used by Vyetrenko et al., making it

unlikely we would be able to closely replicate their results. Second, their stock data

were observed from stocks in the NMS, which could therefore introduce exogenous

effects of fragmentation into our experiments, even when running for the consolidated

market setting. We therefore leave experiments using historical fundamental-value

series out of scope at this time.

We assess qualitative alignment with Vyetrenko et al. [187] by reproducing as

closely as possible the figures they use to empirically benchmark their results. One

caveat is that while we aim to faithfully implement their trading strategies, our market

environment is not identical to the ABIDES platform, even in the single-exchange con-

figuration of our market. The main difference we are aware of between the ABIDES

platform and our market environment is that ABIDES features variable communi-

cation latency between the agents and the exchange7. Changes to the information

traders act on can alter aggregate behavior (indeed, this is a core argument of this

study). However, we limit ourselves here to the structural features of fragmentation

from the WW model. We therefore only adopt the core logic of the trading strategies

used in the GetReal study and not the full architecture of the ABIDES platform.

This difference in trading environment could in turn lead to differences between our

results and theirs, as discussed later in this section.

We use the details from the ABIDES platform [36] to implement the GetReal

strategies, as well as the parameters that were likely used for the GetReal experimen-
7See Byrd et al. [38] for an in-depth exploration of the effects of these latency settings in the

ABIDES platform.
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tal results. We specifically use the default parameters from the random_fund_value8

and random_fund_diverse9 configuration files, which specify agent settings match-

ing the high-level details provided by Vyetrenko et al. [187].

The ABIDES platform treats time as discrete, similar to WW, but at a much finer

scale of resolution. Each timestep t is now directly analogous to a nanosecond, and

the simulation is run for a standard 6.5-hour trading day (T = 23400 × 109). We

implement the following trading strategies: noise agents, value agents, market maker

agents, and momentum agents. We integrate these strategies into our core model

detailed in Section 4.3. Agents of a given strategy type are arbitrarily assigned local

exchanges, with equal portions assigned to each exchange (or as nearly as possible).

Exchange assignments are determined using a round-robin strategy.

Similar to WW, when a trader is activated it first schedules its next activation

and cancels any of its outstanding orders from prior turns. The exceptions are the

noise traders, which each activate once per simulation. The trading strategies are

introduced below and detailed more fully in our ODD (Appendix C.1).

Noise agents

Vyetrenko et al. [187] describe the noise agents as simulating the actions of retail

traders. Each noise agent is activated once per simulation. The noise agent activa-

tion times are drawn for a U -quadratic distribution over the interval [1, T ]. Upon

activation, the agent randomly decides to buy or sell and submits an order. In their

paper, Vyetrenko et al. describe these agents as submitting market orders. However,
8https://github.com/abides-sim/abides/blob/master/config/random_fund_value.py
9https://github.com/abides-sim/abides/blob/master/config/random_fund_diverse

.py
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in the code10 the agents submit limit orders at the bid price if selling or at the ask

price if buying. If the respective bid or ask price at the exchange is equivalent to

the agent’s latest observation and there is sufficient liquidity at that price to fill the

order, this is equivalent to submitting a market order. However, if the agent misses

the expected bid or ask due to latency, or if there is insufficient liquidity at that price

to fill the order, the remaining quantity will result in a new limit order resting on the

book.

We model the noise agent as randomly submitting a limit order at the bid if selling

or the ask if buying. The agent will skip its turn if the opposite side of the book is

currently empty. Each noise agent’s order size is drawn as a random integer in the

interval [20, 50).

Value agents

The value agents enact a strategy that tracks the fundamental value of the stock,

buying when the agent believes the stock is undervalued and selling when it believes

the stock is overvalued. The background trading strategy used in WW also acts based

on the fundamental value of the stock. However, in the WW strategy, the agents have

a perfect view of the current fundamental value and know the underlying generating

process parameters for the fundamental value, which are then used to produce an

expectation of the terminal fundamental value at time T . The GetReal value agents

have only a noisy view of the current fundamental value, and they do not know the

underlying parameters for the fundamental value’s random walk.

The value agent therefore constructs an evolving estimate of the fundamental-
10https://github.com/abides-sim/abides/blob/master/agent/NoiseAgent.py#L114
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value process and the terminal value. It uses this estimate to determine whether to

buy or sell based on the current midpoint for the stock (or it randomly chooses to

buy or sell if either best bid or best ask are missing). Some percentage of the time,

the trader will act ‘aggressively’ and cross the spread with its order price. Otherwise,

it shades its order some distance away from the bid if selling or the ask if buying.

Each value agent has a fixed random order size, drawn from the interval [20, 50) when

the agent is initialized. Value agents are activated according to a Poisson process,

with individual interarrival times drawn from an exponential distribution with rate

λv. However, each value agent’s first arrival is randomly drawn from the first 100

timesteps (i.e., nanoseconds) of the simulation.

Market maker agents

The market maker agent implements a simple strategy to provide liquidity on both

sides of the LOB. It activates at a regular interval and submits n buy and sell orders

some distance away from the midpoint on either side. Let bid and ask be the current

bid and ask. Let m be the midpoint:

m = floor
(︃
ask + bid

2

)︃
,

and let h be the half-spread:

h = floor
(︃
ask − bid

2

)︃
.

The market maker submits buy orders at prices b ∈ (m − h − n, . . . , m − h] and sell

orders at prices s ∈ [m + h, . . . , m + h + n). Each order has size 50.
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Momentum agents

Similar to the market maker, the momentum agents each activate at regular intervals.

When a momentum agent activates, it compares its more recent observations of the

stock’s mid-price to its observations over a longer-period in order to determine the

‘momentum’ of the stock. More specifically, it compares the average mid-price m20

over the past 20 observations to the average mid-price m50 over the past 50 observa-

tions. If m20 ≥ m50, the agent submits a buy order at the best ask price. Otherwise

it submits a sell order at the best bid price. Each momentum agent is assigned a

fixed order size which is randomly drawn from the interval [1, 10).

A note on wake up times Note that the momentum agents and the market

maker agent each activate at regular intervals, and these intervals are the same (1-

minute) in our default parameters (Table 4.1). The setup in the ABIDES platform

assigns activation times at each minute for these traders and the market maker.

However, the ABIDES platform also incorporate communication latency that varies

across traders, which therefore affects when exactly when each agent’s orders will

arrive at the exchange and based on what information. Our model does not include

variable communication latency between traders and the exchange(s). Thus, in order

to avoid the market maker and momentum agents being queued to act at the same

nanosecond at the start of every minute, we have each of the market maker and

momentum agents draw their first activation time randomly from an exponential

distribution with mean equal to their wake-up interval. Even with this staggering of

initial arrivals, the fixed arrival rate for the market maker and the momentum agents

could still lead to recurring patterns, which we should be mindful of in our results.
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4.4.2 WW+GetReal experiments

The agent strategy configurations taken from Vyetrenko et al. [187] are given below:

1. base: 5,000 noise agents, 100 value agents

2. diverse: 5,000 noise agents, 100 value agents, 1 market maker, 25 momentum

agents

The shared parameters for these configurations are given in Table 4.1. We use these

agent configurations for our alignment exercise, aiming to replicate the qualitative

results from Vyetrenko et al. for the same configurations in the consolidated-market

setting of our model. We then examine the incremental effects of adding fragmenta-

tion, SIP latency, and latency arbitrage, as detailed in Section 4.5.

Entity Parameter Default Description
Security r 105 Mean fundamental value

κ 1.67 ∗ 10−12 Strength of mean reversion
λms 2.77778 ∗ 10−13 Megashock arrival rate
µms 103 Megashock mean
σ2

ms 5 ∗ 104 Megashock variance
σ2

s 10−8 OU process volatility parameter
Value λv 10−12 Activation rate

rv 105 Value agent’s view of the stock’s mean fundamental value
σn 104 Asset observation noise variance
κv 1.67 ∗ 10−15 Value agent’s view of the stock’s strength of mean reversion
σ2

v 105 Estimated stock shock variance
percent_aggr 0.1 Percent of time agent will aggress the spread
depth_spread 2 Spread scalar for how deep to post in the book

Market Maker num_levels 5 Number of orders to place on each side of the book
τMM 60 × 109 (i.e., 1 minute) How long between activations
size 50 Order size

last_spread 10 Spread value at initialization of strategy
Momentum τMOM 60 × 109 (i.e., 1 minute) How long between activations

Table 4.1: Parameters and defaults for the WW+GetReal experiments. Defaults are based on the
ABIDES platform and the random_fund_diverse config file (https://github.com/abides-sim
/abides/blob/master/config/random_fund_diverse.py).
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4.4.3 Prices, returns, and volumes

The main data analyzed for each simulation run are the trades that occur and the

DBBO (direct best bid and offer) series constructed by the Observer. The DBBO

updates each time a new BBO update is received from an exchange. The trade prices

are used to construct our price series, while the DBBO is used to calculate metrics

on quote counts and quote interarrival times.

Let ∆t denote a number of timesteps, indicating the level of time aggregation we

are considering for a given metric. We measure price P (t, ∆t) as the price of the

last trade received at or before timestep t. Thus, at any timestep without a trade,

P (t, ∆t) = P (t − ∆t, ∆t). The first time step of the price series is taken as the first t

with a trade. Returns are measured as the log-difference between subsequent prices

within a price series:

r(t, ∆t) = log P (t, ∆t) − log P (t − ∆t, ∆t).

Volume V (t, ∆t) is measured as the number of shares traded in the period (t − ∆t, t].

Note that V (t, ∆t) = 0 for time steps when no trades are received; we do not forward-

fill the volume from the previous step. The volume series also starts at the time of the

first trade, to be consistent with the price series. Quote count O(t, ∆t) is calculated

from the number of DBBO updates in a period (t − ∆t, t].
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4.4.4 Verification of WW+GetReal integration

We assess the fidelity of our integration of the GetReal trading strategies into our im-

plementation of WW by aiming to reproduce the qualitative empirical-benchmarking

results from Vyetrenko et al. [187] under a single-exchange configuration of our model.

Vyetrenko et al. [187] do not detail their exact experimental design (e.g., how many

trading days they simulated) nor exactly how they calculate the metrics. For this

latter point, we can again draw from implementation details in the ABIDES plat-

form [36]. Vyetrenko et al. compare their simulated results to empirical stock data.

They specifically compare to a calendar year (2011) of data from 30 stocks for the

return properties, and they use a month (June 2019) of IBM order book data from

Nasdaq for the quote properties. We therefore simulate 30 × 252 = 7560 trading days

for the return analysis and 20 days for the quote analysis.

As noted before, we also know that our market setting differs from the simulation

used by Vyetrenko et al. [187] in at least some ways, which could affect the ulti-

mate behavior measured by the empirical tests. Nonetheless, our expectation is that

our implementation should produce similar qualitative results against these empiri-

cal benchmarks to the level of detail they provide in the paper. Comparing directly

against their reported results provides a test of relational equivalence [13] between

our model and theirs.

We begin below with the results measuring the statistical properties of the simu-

lated returns before then examining the properties of quote dynamics. The base and

diverse agent configurations in our results correspond to config_1 and config_2,

respectively, in Vyetrenko et al. [187]. Similar to Vyetrenko et al., all results are re-
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ported visually, and we do not do any statistical tests here on the appropriateness of

any distributional fits. We refer the reader to the respective figures from Vyetrenko

et al. for comparison, as well as for more detail on the set of empirical benchmarks

they drew from for their analyses. We discuss the empirical properties of the return

series in greater detail in Section 4.5 while assessing the effects of fragmentation on

these properties.

Heavy tails

Vyetrenko et al. [187] first plot histograms of their simulated return distributions

alongside the distributions from their empirical data. They plot the 1-minute returns

and 10-minute returns, with the expectation that the distributions exhibit heavy

tails and slowly approach the normal distribution in shape as timescale increases [41,

54]. Overall, our results (Fig. 4.3) demonstrate similar qualitative behavior when

comparing between the two agent configurations. Consistent with the original results,

the diverse agent configuration has a sharper peak and less support at more extreme

values relative to the base configuration. As timescale increases, both distributions

become slightly more mound-shaped. However, we see evidence of larger returns in

both distributions than shown in the original results.
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(a) ∆t = 1 min (b) ∆t = 10 min

Figure 4.3: Histograms of the one-minute and ten-minute return distributions from the base and
diverse agent configurations of WW+GetReal. Our results are from 7,560 runs each of the single-
exchange configuration of the model. These results should be compared to the corresponding figures
reported by Vyetrenko et al. [187, Figure 2, p.4].

Lack of linear autocorrelation

Vyetrenko et al. [187] next measure the linear autocorrelation of returns, which are

expected to be minimal except at small timescales [54]. Vyetrenko et al. plot the dis-

tribution of first-lag local autocorrelation of the return series, calculated for 1-minute

returns with a rolling window of 30-minutes. The first-lag autocorrelation results

(Fig. 4.4) for the base agent configuration produce a mound-shaped distribution, cen-

tered around zero with tails that extend out to ≈ ±0.75. This is similar to the

corresponding config_1 results from Vyetrenko et al. [187, Figure 4, p.5]. The di-

verse agent configuration meanwhile produces a more squat distribution with greater

frequency of larger positive values and lower frequency of negative values than the

base configuration. These results are again consistent with the relative relationship

between configurations, but differences are evident when comparing the exact ranges

shown by the Vyetrenko et al. results.
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Figure 4.4: Local autocorrelation at a single lag for a rolling 30-minute window, calculated on 1-
minute returns for the base and diverse agent configurations. Each set of our results are from
7,560 runs of the single-exchange configuration of the WW+GetReal model. These results should be
compared to the corresponding figures reported by Vyetrenko et al. [187, Figure 4, p.5].

Volatility clustering

Vyetrenko et al. [187] next look at volatility clustering, which they measure by calcu-

lating the autocorrelation of squared returns:

C2(τ, ∆t) = corr(r(t, ∆t)2, r(t + τ, ∆t)2).

They calculate the squared-return autocorrelation for each return series from their

simulated sample, then taking the mean of the autocorrelation results across the

samples for a given agent configuration (or across their empirical samples). We find a

similar qualitative relationship between the two agent configurations (Fig. 4.5), with

greater squared-return autocorrelation produced by the base configuration for each

of the 10 lags tested. Our autocorrelation values are lower in magnitude than those

from the original results for both configurations, however.

155



Figure 4.5: Average of the sample-level squared-return autocorrelation results for simulations of the
base and diverse agent configuration of WW+GetReal. Our results are from 7,560 runs each from
the single-exchange configuration of the model, with return timescale ∆t = 1 min. These results
should be compared to the corresponding figures reported by Vyetrenko et al. [187, Figure 4, p.5].

Volume/volatility correlation

The last empirical property of returns tested by Vyetrenko et al. [187] is volume/volatility

correlation, with the expectation of a positive relation between trading volume and

volatility. Similar to Vyetrenko et al. we measure volume as the total number of

shares in a period. Vyetrenko et al. calculate the synchronous (lag=0) correlation

between volume and volatility for each simulation as an individual sample. They

then plot the histogram of the distribution of the correlation coefficient, comparing

against the distribution constructed from historical stock data. We see close align-

ment in shape and range for both agent configurations relative to the Vyetrenko et al.

results (Fig. 4.6). The frequency counts differ between our figure and theirs, although

this could be due to differences in binning when constructing the histogram. Notably,

many of the correlation-coefficient values are roughly zero or even negative for the

diverse agent configuration. This is contrary to the positive relationship expected

from empirical results (Section 2.3.7), but it is consistent between our results and
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those from Vyetrenko et al.

Figure 4.6: Volume/volatility correlation results for the base and diverse agent configuration of
WW+GetReal. The results give the contemporaneous (zero-lag) correlation between volume and
absolute returns for each independent run. Results are from 7,560 runs each of the single-exchange
configuration of the model. Base timescale is ∆t = 1 min. These results should be compared to the
corresponding figures reported by Vyetrenko et al. [187, Figure 4, p.5].

Quote counts within time window

We next move on to the dynamics of quote arrivals. Quotes in our model are captured

by the DBBO produced by the Observer. Vyetrenko et al. [187] report the distribution

of quote arrivals in 1-minute time windows, the distribution of quote interarrival

times, and the pattern of quote counts over the course of the simulated trading day.

Quote counts within 1-minute time windows are shown in Fig. 4.7 with gamma

distribution fits. In our full-sample results (Fig. 4.7a), we immediately see a difference

versus the results reported by Vyetrenko et al. [187]: our histograms reveal outliers

whereas their results do not. We identified these outliers as arising from the first

activation times for the value agents, which all fall within the first 100 nanoseconds

of the simulation. This first-activation logic is based on logic found in the ABIDES

platform, which we detail more fully in our ODD (Appendix C.1.15).

It is not clear why similar outliers are not found in the Vyetrenko et al. [187]
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results. The base agent configuration in particular has only two agent types: noise

agents and value agents. The noise agents follow a U -quadratic curve over the course

of the trading day for their activation times, while the value agents follow a Poisson

process after their initial activations in the first 100 nanoseconds. It would therefore

make sense for the first minute of each simulation to potentially have a high amount of

activity relative to the rest of the simulation. It is possible we are misinterpreting some

aspect of the original code, or that there are other details affecting the distribution

that prevents the first minute from being an outlier. It may also be that the volume

distribution shown in the original results does not capture this outlier for some reason.

It is difficult to say without rerunning their original code ourselves and repeating their

analysis.

When we remove the first 100 nanoseconds of the simulation from the quote-

count time series, we see much greater similarity between our results and Vyetrenko

et al. [187]. These ‘trimmed’ results are shown in Fig. 4.7b. The histograms for

both agent configurations have similar shapes, ranges, and frequency counts to the

corresponding original results. The gamma distribution fits also follow the overall

distributional shape to a similar degree as the original results. However, fully assessing

the quality of the fits is difficult based only on the histograms. Overall, our quote

count results closely align with the original results, but only once we remove the first

100 nanoseconds of activity.
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(a) Full results (b) Trimmed

Figure 4.7: Histogram of the number of quotes in 1-minute time windows, with gamma distribution
fits, for the base and diverse agent configuration of WW+GetReal. Results from 20 runs of the
single-exchange configuration of the model are shown. The ‘trimmed’ results remove the first 100
timesteps (i.e., 100 nanoseconds). These results should be compared to the corresponding figures
reported by Vyetrenko et al. [187, Figure 5, p.6].

Quote interarrival times

The next quote property looks at the distribution of interarrival times. Vyetrenko

et al. [187] fit Weibull distributions to their experimental and historical data, finding

better fits for the historical data than their simulated results. They attribute large

support at zero interarrival time in their experimental results for the poor fits in

their experimental results. We see a similar effect but not of the same magnitude.

Following a drop after the smallest interarrival times, the density levels out around

0.2–0.3, after which it has a roughly exponential decay. This similar leveling out

occurs at around 0.1 in the original results. We otherwise see similar shape and range

for each of our interarrival time distributions relative to the original results.
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Figure 4.8: Histograms of the distribution of quote interarrival times, with Weibull distribution fits,
for the base and diverse agent configurations of WW+GetReal. Our results are from 20 runs each of
the single-exchange configuration of the model. These results should be compared to the corresponding
figures reported by Vyetrenko et al. [187, Figure 5, p.6].

Intraday quote pattern

The last quote property reported by Vyetrenko et al. [187] tests for the presence of the

U-shaped intraday activity pattern. Recall that the noise agents follow a U-quadratic

distribution for their activation times, while the value agents follow a Poisson distri-

bution with constant arrival rate. Thus, this shape is primarily driven by the activity

pattern assigned to the noise agents, but it incorporates into the simulation a well-

documented feature of activity found in many real-world markets [43, 197]. Vyetrenko

et al. visualize this property by grouping quotes into 5-minute windows based on the

time of day they were received, normalizing by the average volume level. A quadratic

polynomial is then fit to the resulting data.

Similar to Vyetrenko et al. we find both distributions of intraday activity levels

are well fit by quadratic polynomials, and the diverse agent configuration produces a

flatter smile than the base configuration. Our results (Fig. 4.9) have similar shapes

to the original results and similar relation between configurations. We see a higher
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first value for the diverse agent configuration than seen in the original results, and

we again identify this as arising from the first 100 nanoseconds of activity from the

value agents.

(a) Full results (b) Trimmed

Figure 4.9: Normalized intraday quote activity level results with quadratic fits for the base and
diverse agent configuration of WW+GetReal. Our results are from 20 runs each of the single-
exchange configuration of the model. Time window for both sets of results is ∆t = 5 min. The
‘trimmed’ results remove the first 100 nanoseconds of activity. These results should be compared to
the corresponding figures reported by Vyetrenko et al. [187, Figure 5, p.6].

Verification summary

In the above results, we have tested the single-exchange configuration of our inte-

grated WW+GetReal model against similar results from Vyetrenko et al. [187]. This

provides a test of how well we have replicated the core logic that produced their main

results, which were then used to assess the empirical relevance of those configurations

in their simulated trading environment. We overall reproduce the qualitative rela-

tionship between the base and diverse agent configurations for each set of results. We

also produce similar qualitative relationships between these simulated results and the

empirical results plotted by Vyetrenko et al. We find differences in the exact ranges of

values for most metrics and those shown in the original results, however, suggesting at
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least some level of difference in model setup between ours and theirs. We find larger

returns and lower levels of squared autocorrelation, along with a slightly different

shape to the distribution of first-lag local autocorrelation values for the diverse agent

configuration. Our quote metric results overall follow those from Vyetrenko et al.,

but we find sensitivity to the initial activations of the value agents in the first 100

nanoseconds of the simulation.

As noted previously, we have not adopted all logic implemented in the ABIDES [36]

platform used to produce the Vyetrenko et al. results. The main known difference be-

tween our model and ABIDES is variable communication latency between entities in

the simulation. The specifics of latency can impact aggregate behavior, as explored

later in this study and by others [38, 66, 189]. Further analysis could be done to

extend our model to include the latency settings from ABIDES and assess whether

this change closes the remaining gaps in results. We discuss this more in Section 4.6.

Finally, the measures examined in this section provide insight into how well the

updated model reproduces empirical behavior. A timestep in the extended model is

now directly analogous to a nanosecond in clock-time, and each simulation represents

a standard 6.5-hour trading day in the NMS. Having similar measures of time in the

model and empirical results allows for more direct comparison between observations

in the respective settings. The results shown here suggest that these agent con-

figurations produce the qualitative behavior of volatility clustering and non-normal

return distributions, although the quantitative values for the respective measures dif-

fer from the empirical referent provided by Vyetrenko et al. [187]. The quote count

metrics similarly show qualitative similarity but not exact fit to the empirical results.

The distributions of first-lag linear autocorrelation and volume/volatility correlation

162



meanwhile show poor fits relative to the empirical data. We will compare the statis-

tical properties for the simulated returns more directly to empirical findings in later

sections when testing the effects of fragmentation and latency on the simulated return

distributions.

4.5 Fragmentation experiment results

We next examine how the introduction of additional exchanges and related features

alter the behavior in the model. Similar to Wah and Wellman [189], we consider

market configurations with either one or two exchanges. We keep all agent configura-

tion settings consistent with our alignment exercise discussed in the previous section,

except we now double the number of agents in each setting:

1. base2x : 10,000 noise agents, 200 value agents

2. diverse2x : 10,000 noise agents, 200 value agents, 2 market makers, 50 momen-

tum agents

This choice is primarily motivated by the single market maker and odd number (25)

of momentum agents in the diverse agent configuration. In a market setting with

two exchanges, splitting the agents from the diverse configuration would introduce

asymmetry, and in particular only one exchange would have a market maker. We

find similar high-level takeaways from our experiments when using the original or

the doubled (2x) configurations. We also find evidence of greater stability with the

doubled configurations, particularly for the diverse agent set. We therefore focus on

the results with base2x and diverse2x in our main results in Section 4.5 and provide

results for base and diverse in our supplemental material.
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In addition to the number of exchanges in the market, we also vary the amount

of SIP latency. We base our latency settings on reported detail from the NMS.

As mentioned earlier, the SIPs in the NMS report average processing latency of

around 10–20 µs for the first quarter of 2026 [59, 182]. Similar to the type of latency

represented in the model, these empirical measures of latency only capture the amount

of time that elapses between when the SIP receives a quote and when the SIP has

published its update to the NBBO. They do not include geographic latency nor the

amount of time it takes an exchange to publish the quote to the SIP in the first

place. We consider SIP latency amounts δ ∈ {0, 10, 100, 1000} µs for our experiments.

Finally, we consider the incremental effect of adding the LA agent in settings with

multiple exchanges and nonzero latency.

We conduct experiments for each agent configuration, varying the number of ex-

changes Nexch ∈ {1, 2}, the amount of SIP latency δ, and the presence of the LA

agent NLA ∈ {0, 1}. We simulate 1,000 runs for each agent configuration and model

setting. Random seeds are controlled in the model such that agent activations and

the exogenous fundamental value are consistent for different market settings that

have the same agent strategy configuration. This allows us to directly examine, for

a given seed, the incremental effects on the price path of introducing an additional

exchange, latency, and/or the LA agent. We provide examples of these effects below

for individual random seeds before providing aggregate statistics across all runs and

settings.

We visualize the price paths and returns over time, as well as the deviation of

prices away from the price of the consolidated-market baseline. We show results for

Nexch ∈ {1, 2} and δ ∈ {0, 10 µs}. In the results under the BBO information regime,
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we do not show the consolidated market with latency, as latency has no effect in that

setting. We do not include results with the LA agent in these example figures due to

space. The relative absolute deviation (RAD) [168] is measured as:

RAD(t, ∆t) =

⃓⃓⃓
P ∗(t, ∆t) − P C(t, ∆t)

⃓⃓⃓
P C(t, ∆t) ,

where P C(t, ∆t) is the price of the consolidated-market setting without latency at

time t and P ∗(t, ∆t) is the price of some other market setting at the same time.

Timescale is ∆t = 1 min for the prices and returns plotted here.

Both information regimes produce clear evidence that the price paths are not

identical across market configurations. The distinction is much clearer for the BBO

information regime, where we see larger swings and extended periods of volatility.

These plots also highlight nuances of the simulation settings and possible evidence

of unrealistic behavior. Some large price changes for the base2x agent configurations

under the BBO information regime exhibit large rises followed by similarly large

drops, or vice versa. The diverse2x agent configuration produces very constrained

price changes in the consolidated market or each configuration under the NBBO

information regime. When the diverse2x agents instead look only at their local BBOs

in a fragmented market, the price varies more widely, with swings similar to the base2x

prices under this information setting. The base2x agent configuration under the BBO

information regime produces much larger returns in a fragmented market setting than

is seen for any of the other settings. These nuances should be kept in mind as we

delve into our later results.
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Figure 4.10: Paired price paths for the base2x agent configuration under the NBBO information
regime with a common random seed (8170772). Prices are simulated under consolidated and frag-
mented (Nexch = 2) markets for zero and nonzero latency (δ = 10 µs). The first plot charts the
1-minute prices over time for each setting. The second plot shows the corresponding 1-minute re-
turns. The third plot shows the relative absolute deviation of each price versus the price of the
consolidated-market setting without latency. We do not plot the deviation of the consolidated-market
setting against itself, as it would always be zero.
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Figure 4.11: Paired price paths for the base2x agent configuration under the BBO information regime
with a common random seed (8170772). Prices are simulated under consolidated market setting
without latency and fragmented (Nexch = 2) market settings with zero and nonzero latency (δ =
10 µs). Nonzero latency has no effect for the consolidated market in the BBO information regime,
so we do not include it here. The first plot charts the 1-minute prices over time for each setting.
The second plot shows the corresponding 1-minute returns. The third plot shows the relative absolute
deviation of each price versus the price of the consolidated-market setting without latency. We do
not plot the deviation of the consolidated-market setting against itself, as it would always be zero.
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Figure 4.12: Paired price paths for the diverse2x agent configuration under the NBBO informa-
tion regime with a common random seed (8170772). Prices are simulated under consolidated and
fragmented (Nexch = 2) markets for zero and nonzero latency (δ = 10 µs). The first plot charts
the 1-minute prices over time for each setting. The second plot shows the corresponding 1-minute
returns. The third plot shows the relative absolute deviation of each price versus the price of the
consolidated-market setting without latency. We do not plot the deviation of the consolidated-market
setting against itself, as it would always be zero.
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Figure 4.13: Paired price paths for the diverse2x agent configuration under the BBO information
regime with a common random seed (8170772). Prices are simulated under the consolidated market
setting without latency and fragmented (Nexch = 2) market settings with zero and nonzero latency
(δ = 10 µs). Nonzero latency has no effect for the consolidated market in the BBO information
regime, so we do not include it here. The first plot charts the 1-minute prices over time for each
setting. The second plot shows the corresponding 1-minute returns. The third plot shows the relative
absolute deviation of each price versus the price of the consolidated-market setting without latency.
We do not plot the deviation of the consolidated-market setting against itself, as it would always be
zero.

These examples demonstrate that varying the structure of the modeled market

can produce different price series while keeping all agent settings consistent and con-

trolling for randomness. We next aim to quantify by how much the structural features

considered cause prices to diverge relative to the baseline setting of a consolidated

market with no latency.
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4.5.1 Price deviation from consolidated base-

line

For a given agent configuration and information regime, let P C
i (t, ∆t) denote the

price at time t, measured at timescale ∆t, for the consolidated-market setting with

no latency, simulated under random seed i. Let P ∗
i (t, ∆t) be the corresponding price

for some other model setting with the same agent configuration, information regime,

and random seed i. Then the RAD between P ∗
i and P C

i over the course of the

simulation is:

RAD∗,C
i (∆t) = 1

N∗,C
i

∑︂
t

⃓⃓⃓
P ∗

i (t, ∆t) − P C
i (t, ∆t)

⃓⃓⃓
P C

i (t, ∆t) ,

where N∗,C
i is the number of common periods for the two simulations being compared.

Note that the first price in each series is for the first period with a trade. After that

first period, recall that we forward-fill price for any periods lacking trades up through

the last period with a trade for the simulation. We therefore limit both series to the

periods tmin ≤ t ≤ tmax, where tmin is the first period once both simulations have had

at least one trade and tmax is the period where the first simulation to end had its

last trade. For the common periods where we have a measure of price, RAD∗,C
i (∆t)

measures the average absolute-percentage deviation of the price process under setting

∗ from the price under the consolidated benchmark. We calculate the average RAD∗,C

across the R random seeds for which we have simulations:

RAD∗,C(∆t) = 1
R

R∑︂
i=1

RAD∗,C
i (∆t).
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We then calculate 95% bootstrap confidence intervals for the metric. A bootstrap

sample is constructed by sampling, with replacement, R random seeds, recalculating

RAD∗,C for those seeds—call that value RAD∗,C
b for bootstrap b—and then calculat-

ing the confidence interval from the set {RAD∗,C
b }b≤B.

Our RAD calculation is based on the metric introduced by Stöckl, Huber, and

Kirchler [168] to measure mispricing of an asset relative to its fundamental value in

an experimental market. Stöckl et al. justify their formulation of RAD based on

the following qualities: it (i) relates price to the fundamental value, (ii) is monotone

in their difference, and (iii) is independent of the number of periods and the level

of the fundamental value. Similarly, our RAD∗,C measure relates the price from

one configuration of the model to the price from another (the consolidated-market

baseline), is monotone in their difference, and is independent of the number of periods

and the average baseline price. This allows us to compare mean RAD across different

structural settings as a measure of how much these settings alter the price series

relative to the consolidated baseline. We do not claim that the consolidated-baseline

price is ‘correct’ in any theoretical sense. Our analysis here is rather intended to

measure the extent simulated price series differ under different structural settings.
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(a) base2x, NBBO information regime (b) diverse2x, NBBO information regime

(c) base2x, BBO information regime (d) diverse2x, BBO information regime

Figure 4.14: Relative absolute deviation (RAD) versus consolidated-market baseline without latency.

Prices diverge most from the consolidated baseline when traders have a fragmented

view of market information. RAD from fragmented markets under the BBO informa-

tion regime is roughly an order of magnitude greater than the differences found under

other settings in the NBBO information regime. SIP latency has mixed effects under

the BBO-based information setting, where it only affects the exchanges’ rerouting

decisions. Under this information setting, nonzero latency causes RAD to increase

for the base2x results and decrease for the diverse2x results relative to the respective

fragmented-market results without latency. Note that SIP latency has no effect in the

consolidated market setting when agents use the exchange BBO for their information,
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and thus RAD is zero under each latency value for that information setting. Under the

NBBO information regime, nonzero SIP latency produces greater RAD than venue

fragmentation alone. Venue fragmentation with no change to what quotes traders

have access to produces the least deviation from the consolidated baseline. Finally,

note that we find minimal effect from the presence of latency arbitrage—the RAD for

the fragmented market settings with nonzero latency is similar with or without the

LA agent in each setting.

Together, these results provide a hierarchy of which structural features in the

model cause prices to diverge most from the consolidated-market setting with no la-

tency. Changes to the information traders act based on have the greatest effects,

with fragmented market information producing much larger effects than any other

setting overall. Delayed access to the NBBO has a larger effect than venue fragmen-

tation alone. Venue fragmentation without any change to the price quotes traders

see causes prices to diverge the least. And latency arbitrage has minimal incremental

effects relative to the fragmented market setting without the LA agent.

4.5.2 Fragmentation and the statistical prop-

erties of returns

With the RAD results as context, we now examine how the identified price divergences

correspond with aggregate differences in the statistical properties of returns generated

under different structural contexts. Given the similarity in RAD for different levels

of nonzero latency δ, we focus on results here with δ ∈ {0, 10 µs}. We compare

properties of the return distributions generated for the following settings under each

173



of the agent configurations and information settings:

1. Consolidated market with no latency

2. Consolidated market with latency (δ = 10 µs)

3. Fragmented market (Nexch = 2) with no latency

4. Fragmented market (Nexch = 2) with latency (δ = 10 µs)

5. Fragmented market (Nexch = 2) with latency (δ = 10 µs) and LA agent

We plot the absolute return distributions and calculate metrics commonly used to test

for evidence of empirical properties of returns—heavy tails, aggregational Gaussianity,

lack of linear autocorrelation, volatility clustering, and volume/volatility correlation.

We find further evidence that changes to the information acted on by traders

affects aggregate price dynamics more than just the fragmentation of orders across

venues. When traders are limited to only information from their assigned exchange,

the introduction of an additional exchange alters the qualitative behavior of the return

distribution, producing heavier tails, increased volatility clustering, and less persis-

tent linear autocorrelation. Nonzero NBBO latency alters the level of kurtosis and

correlation metrics in some cases, while the introduction of the LA agent has minimal

additional effects. Differences are also found from the introduction of an additional

exchange under the NBBO information regime, but most of these effects are smaller

than the introduction of latency under this consolidated-information setting.

Distributional differences

We plot the complementary cumulative distribution functions (CCDF) of the absolute

return distributions at 1-minute and 60-minute timescales—Figures 4.15 and 4.16 for
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the NBBO and BBO information regimes, respectively. Gaussian distributional fits

are provided for the return distribution from the consolidated market without latency.

The base2x and diverse2x agent configurations produce different distributional shapes

under all settings. As shown by Vyetrenko et al. [187] and our alignment results

(Section 4.4.1), the diverse2x return distributions are sharply peaked, with much

of the density concentrated at very small magnitudes. Vyetrenko et al. speculate

that the market maker may overly reduce volatility, thus producing a less realistic

distribution.

Introducing NBBO latency and/or additional exchanges does not materially change

the shape of the distributions under the NBBO information regime. Fragmentation

under the BBO information regime, however, greatly increases the tails of the distri-

bution and alters the shape overall. The base2x agent configuration produces very

large 1-minute returns under this information setting, the magnitude of which may

indicate instability. An absolute return of ≈ 10 from the starting price of 100000

means the asset would have lost almost all its value or increased by orders of magni-

tude. The restriction on volatility from the market maker may help the stability of

the diverse2x agent configuration under the BBO information regime. The largest 1-

minute returns are approximately 0.8–0.9 for the fragmented market without latency

and 0.08–0.1 when latency is introduced.

One possibility for fragmented markets under the BBO information regime is that

the two exchanges operate almost independently, with only loose coupling of dynam-

ics due to exchanges occasionally rerouting orders to prevent trade-throughs. Note,

however, that each exchange under the base2x configuration has the same number and

type of agents as the consolidated exchange under the original base configuration. We
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ran the base configuration for more than 1,000 runs in a consolidated-market setting

in Section 4.4.1. We did not see returns of nearly the magnitude seen for the base2x

under that prior analysis, suggesting that the returns observed here are not simply

due to the price going up at one exchange while it goes down at the other. This may

indicate that the coupling between the markets produces feedback dynamics that are

different from what the agents would produce at each exchange if no orders were

rerouted. Future research could test this more directly.

The distributions approach the normal distribution as timescale increases but still

exhibit tail behavior beyond the normal distribution. This property is known as ‘ag-

gregational Gaussianity’ [54]. The base2x return distribution from the consolidated

market settings or under the NBBO information regime are closest to normal at

this timescale. The fragmented-market returns under the BBO information regime

approach normality more slowly, and extreme values from the base2x agent configu-

ration are still seen at the 60-minute timescale when the LA agent is present.
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Figure 4.15: CCDFs of the absolute return distributions generated by market configurations where
the trader agents use the SIP NBBO for their market information. Results are from 1000 runs of
each experiment. Latency values included in these results are 0 and 10 µs, written in nanoseconds
in the experiment key.
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Figure 4.16: CCDFs of the absolute return distributions generated by market configurations where
the trader agents use their local exchange BBO for market information. CCDFs are given for the
1-minute (left) and 60-minute (right) absolute return distributions. Results are from 1000 runs of
each experiment. Latency values included in these results are 0 and 10 µs, written in nanoseconds
in the experiment key.

As a complement to the distributional figures just discussed, we plot kurtosis as

a function of timescale in Fig. 4.17. As discussed in Chapter 2, kurtosis is frequently

used as a statistical measure of heavy tails. Positive kurtosis indicates a distribu-

tion displays a sharper peak and heavier tails than a normal distribution. However,

because it also measures the peakedness of the distribution and not just the tails,

kurtosis does not provide a pure measure of tailedness. Comparing kurtosis values

between two non-normal distributions also does not provide a clear indication of which

has heavier tails. With these caveats, kurtosis is still a useful measure of the shape

of a distribution, and comparing kurtosis across model configurations or timescales
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can show changes in this shape.

Kurtosis decreases as timescale increases for most settings (Fig. 4.17), consistent

with the property of aggregational Gaussianity (see Section 2.3.2). The exception is

the diverse2x fragmented-market setting without latency under the BBO information

regime, for which we see kurtosis increase as timescale goes from 1-minute to 10-

minutes before coming back down. As with our previous results, kurtosis is greatly

affected by fragmentation under the BBO information regime and more modestly

affected under the NBBO information regime. Interestingly, kurtosis increases with

fragmentation under the BBO information regime for the base2x agent configuration,

but it decreases with fragmentation under the diverse2x agent configuration in most

settings and timescales measured. From the CCDFs above, we see that the high kur-

tosis for the consolidated-market setting under the diverse2x agent configuration is

likely due to the peakedness of the return distribution. This provides a demonstra-

tion of why kurtosis is not a pure measure of tail heaviness. Fragmentation under the

BBO information regime also affects the rate at which kurtosis decreases as a func-

tion of timescale, with the kurtosis from the fragmented-market results decreasing

more slowly than the consolidated-market return distributions. Latency and latency

arbitrage have mixed effects, increasing kurtosis in some settings and timescales while

decreasing it in others.
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Figure 4.17: Kurtosis as a function of timescale (in minutes). Results are shown for the base2x and
diverse2x agent configurations under the NBBO and BBO information regimes. Results are from
1000 runs of each experiment. Latency values included in these results are 0 and 10 µs, written in
nanoseconds in the experiment key.

Linear autocorrelation

Next, we measure the linear autocorrelation of returns under the different market

settings. As mentioned earlier during the Vyetrenko et al. [187] benchmarking exer-

cise, returns are expected to exhibit minimal linear autocorrelation except at small

intraday timescales [54]. The linear autocorrelation function (ACF) is:

C(τ, ∆t) = corr(r(t, ∆t), r(t + τ, ∆t)),
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taking the Pearson correlation of the return series against a lagged version of itself.

Cont [54] in 2001 listed ≃ 20 minutes as the timescale below which ACF results may

be non-trivial due to microstructure effects. More recently, in Chapter 2 we found

autocorrelation of 1-minute returns for Dow 30 stocks circa 2018–2019 was less than

-0.1 at the first lag and fluctuated around zero for subsequent lags.

In our analysis in Chapter 2, we normalized the empirical return series to account

for intraday seasonality before calculating the linear ACF and most other results.

Our return series exhibit a similar ‘u-shaped’ intraday pattern of activity, as demon-

strated earlier when reproducing the Vyetrenko et al. [187] results. We therefore

normalize our return series similar to the methodology detailed in Section 2.2, as not

doing so may affect the stability of our measure and how directly we can compare to

empirical results. We normalize the returns by first centering and standardizing each

simulation’s returns by the mean and standard deviation at the given timescale. We

then divide each return by the average absolute return at that time of day across the

simulations for the given experimental setting.

In the baseline (consolidated-exchange) results and the fragmented results under

the NBBO information regime, we find patterns of persistent autocorrelation. This

pattern is relatively weak for the base2x agent configuration. Linear ACF from the

diverse2x agent configuration stays above 0.1 for more than 40 lags and positive for

more than 60 lags, however. This is in contrast to empirical results of linear ACF in

the NMS (Figure 2.2), and it is also higher than the corresponding level of absolute

autocorrelation found later on in this section. The earlier results from Vyetrenko

et al. [187] (and our replication, Fig. 4.4) show the distribution of first-lag local

autocorrelation was more positively skewed than similar results for historical stock
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data. The unrealistic pattern of persistently positive ACF was not apparent from this

earlier metric, however. We find that the BBO information regime dampens these

effects and brings the level of autocorrelation more in line with empirical results. The

first-lag ACF results under the BBO information regime are also negative at the first

lag, as is frequently found at intraday timescales.

Figure 4.18: Linear autocorrelation of the 1-minute returns for the base2x and diverse2x agent config-
urations with different market information settings. Results are from 1000 runs of each experiment.
Latency values included in these results are 0 and 10 µs, written in nanoseconds in the experiment
key.

Volatility clustering

In contrast to the lack of linear autocorrelation, the magnitudes of returns are ex-

pected to be positively autocorrelated, with a slow decay as lag increases [54]. The

effect is more specifically expected to exhibit an asymptotic decay, roughly fit by a
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power law (as discussed in Chapter 2). We measure these properties here by calcu-

lating the autocorrelation of the absolute return series. We again use the normalized

return series for this analysis to account for intraday seasonality. We calculate the ab-

solute autocorrelation for up to 100 lags to assess how the effect decays as a function

of lag.

We overall find evidence of volatility clustering and slow-decay of absolute auto-

correlation for each set of results (Fig. 4.19). The level of absolute autocorrelation

found and the shape of its decay as a function of lag are influenced by the struc-

tural settings, particularly when comparing the consolidated- and fragmented-market

results under the BBO information regime. Fragmentation under this information

setting greatly increases the absolute autocorrelation and produces a slower decrease

as a function of lag. The fragmented markets without latency for both agent config-

urations produce absolute autocorrelation values that start and remain much higher

than empirical levels found for similar metrics (Figure 2.7).

Latency further increases the absolute autocorrelation for the base2x agent con-

figuration but dampens it for the diverse2x agent configuration. Rather than the ex-

pected asymptotic decay of the effect, however, the absolute autocorrelation decreases

steadily and even goes negative eventually for each configuration. A true power-law

decay is not possible when measuring intraday returns at a finite timescale—there

are only 390 minutes in the trading day—but our empirical results in Section 2.3.4

more closely follow the expected power-law decay for ≈ 100 lags or more. See our

supplemental results in Figure A.19 for analogous empirical results in linear scale

(versus the log-log scale plots shown in Section 2.3.4).

Under the NBBO information regime, the market configurations with latency
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and/or fragmentation stay close to the consolidated-market baseline. The level of

absolute autocorrelation for the diverse2x results goes to approximately zero after

roughly 30 lags, after which point it exhibits an interesting shape before eventually

going negative. Under this consolidated information setting, little overall effect from

fragmentation and/or latency is found for the overall shape of decay and level of

absolute autocorrelation for either agent configuration.

Figure 4.19: Autocorrelation of the absolute 1-minute returns for the base2x and diverse2x agent
configurations with different market information settings. Results are from 1000 runs of each ex-
periment. Latency values included in these results are 0 and 10 µs, written in nanoseconds in the
experiment key.
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Volume/volatility correlation

Finally, we calculate the correlation between volume and volatility, which are expected

to be positively related, at least synchronously (see Section 2.3.7). We measure this

property here by calculating the correlation for all samples under a given experimen-

tal setting, versus the sample-level correlation calculated for our alignment exercise

against Vyetrenko et al. [187] (Section 4.4.1). We normalize the volume series by the

intraday activity pattern, analogous to how we normalize the returns and volatility

series. We center and standardize the volume from each simulation before dividing

the volume at a given time by the average amount of volume at that time across the

simulations for that experiment.

Overall, the volume/volatility correlation is found to be relatively weak compared

to our empirical results in Figure 2.9. In many of the experimental results, the

synchronous (zero-lag) correlation is negative, in contrast with the expected relation-

ship. Fragmentation alters the strength of the correlation under the BBO informa-

tion regime, but this effect does not necessarily bring the correlation more in line

with empirical results. In the diverse2x agent configuration results, the synchronous

correlation between volume and volatility is positive for each setting but weaker in

the fragmented-market results than for the consolidated-market setting. Fragmen-

tation meanwhile changes the relationship from negative to weakly positive for the

base2x agent configuration under the BBO information setting. Under the NBBO

information setting, fragmentation and latency have little effect for the base2x agent

configuration, whereas nonzero latency increases the volume/volatility correlation for

the diverse2x agent configuration.
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(a) base2x, NBBO (b) diverse2x, NBBO

(c) base2x, BBO (d) diverse2x, BBO

Figure 4.20: Volume/volatility correlation results for the base2x and diverse2x agent configurations
with different market information settings. Results are from 1000 runs of each experiment. Latency
values included in these results are 0 and 10 µs, written in nanoseconds in the experiment key.

4.6 Discussion

We demonstrate in this study that fragmented market structure is sufficient in our

model setting to generate changes in aggregate price dynamics and that these ef-

fects are most acute when market information is itself fragmented. Under settings

where agents act based only on the price quotes from their local exchange, fragmen-

tation materially affects the qualitative properties of returns, producing heavier tails,

stronger volatility clustering, and less persistent linear autocorrelation. Incremental
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effects of SIP latency and latency arbitrage are found, but these effects are not uni-

form across agent configurations or information settings. Of the structural changes

tested here, fragmentation of trading without altering the information environment

has the smallest effects relative to the consolidated-market without latency. The ad-

dition of the LA agent to fragmented market settings with latency also has minimal

incremental effects for most metrics.

As noted previously, the information settings we examine here represent two ex-

tremes for how traders could access price quotes in a fragmented market. The BBO

information regime represents a scenario in which price quotes displayed at one venue

are not visible to traders acting at another venue. Traders’ orders in this scenario

still compete for the best prices across venues, however, as exchanges reroute or-

ders based on the NBBO to prevent trade-throughs. Our alternative scenario allows

agents to access cross-market quotes with minimal or even zero latency. Under this

latter scenario, prices differ between the fragmented market configurations and the

consolidated-market baseline, but the qualitative properties of returns are not strongly

affected. How traders access and act on price information in the real-world system

may therefore influence what role market fragmentation has on the aggregate price

dynamics.

Congress in 1975 noted that the systems for disseminating consolidated market

data would ‘form the heart’ of the NMS [53]. O’hara and Ye in 2011 reported find-

ings “consistent with US markets being a single virtual market with multiple points

of entry” [140] (p.459). More recently, Budish, Lee, and Shim [33] describe search and

access for the best prices across venues as ‘frictionless’ in the modern market. Informa-

tion access is not literally frictionless in the NMS, however; geography, technological
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differences, and the structure of the NMS itself impose constraints and produce het-

erogeneity in information [8, 173]. ABMs provide a computational tool through which

we can explore whether these structural features are sufficient to generate aggregate

properties [74].

The model introduced by Wah and Wellman [189] and built on here captures some

of these constraints, allowing us to investigate their incremental effects on aggregate

price dynamics. By integrating trader logic and parameters from Vyetrenko et al.

[187] and the ABIDES platform [36], we introduce a more realistic representation of

time to the model. This allows us to more directly compare our experimental settings

(e.g., latency) and simulated behavior to empirical observations from the NMS. We

find positive support of some empirical properties of returns for each of our baseline,

consolidated-market configurations of the model. Namely, we find evidence consistent

with the expected return properties of heavy tails, aggregational Gaussianity, and

volatility clustering. These results provide partial empirical support for the modeled

data-generating process as a representation of the real-world process [196], while

caveats to these results and findings contrary to other empirical benchmarks highlight

limits to how directly the model’s results should be interpreted for the referent system.

We discuss these limitations in more detail below, from which we suggest possible

avenues for future research.

4.6.1 Limitations

Several limitations should be kept in mind when interpreting our results and their

applicability to the referent system. We begin by discussing our integration of the

Vyetrenko et al. [187] trading strategies into the model. While we provide evidence
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this introduced improved empirical relevance for the model in at least some regards,

we also find evidence of limitations from this integration. It is important to first

highlight that our alignment exercise (Section 4.4.4) showed partial but not perfect

alignment. We find similar qualitative relationships between the results from the

base and diverse agent configurations and similar qualitative behavior compared to

the empirical benchmarks provided by Vyetrenko et al. The range and exact shape

of certain results differ from the original study, however. We know that our market

environment is not identical to the ABIDES platform, even in the single-exchange

configuration of our model. We specifically only attempt to adopt their trading strat-

egy logic and agent configurations while maintaining a trading environment based

on Wah and Wellman’s model [189]. Differences in the trading environment may be

driving the noted differences in simulated behavior between our model and theirs. Al-

ternatively, some unintended difference could have been introduced while translating

their logic into our model.

In their original study, Vyetrenko et al. [187] also suggest limitations in the em-

pirical validity of the agent configurations we have adopted here. By aiming to align

our consolidated-market configurations to the experimental results from Vyetrenko et

al., and by choosing to use the random fundamental value instead of historical stock

prices, we inherit these limitations and potentially introduce new ones due to the

differences between our model settings. For example, we find relatively small price

moves and persistently positive linear autocorrelation of returns generated under the

diverse2x agent configuration for the consolidated market and NBBO information

settings. It is possible the liquidity provided by the market maker unrealistically

constrains prices to narrow bands under these settings. We find evidence that frag-
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mentation (especially under the BBO information setting) helps alleviate this issue,

producing less persistent linear autocorrelation and wider price movement. These

unrealistic features of the baseline market configuration should be kept in mind when

extrapolating from these results, though.

As discussed above, the information scenarios we examine in our model represent

two extreme possibilities: a shared view of cross-market information through the

NBBO (possibly delayed by SIP latency) or a fully fragmented information setting

in which traders only observe the price quotes at their local exchange. We only

model communication latency for the SIP, treating all other events as effectively

instantaneous. This is consistent with the canonical Wah and Wellman model [189]

but not with real markets. We also simulate at most two exchanges, far fewer than

the number of national stock exchanges active in the NMS, let alone off-exchange

venues. Real-world information scenarios are therefore much more complex, with

traders accessing different combinations of data feeds, each received and processed

with different amounts of latency.

Finally, some behavior in the model is contrary to expectations from our empirical

results in Chapter 2. In the baseline consolidated-market results and the fragmented

results under the NBBO information regime, we find patterns of persistent autocorre-

lation in the 1-minute returns, especially for the diverse2x agent configuration. This

is in contrast to our empirical results of linear autocorrelation in the NMS at this

timescale. The volume/volatility correlation results are relatively weak compared to

our empirical results; in many settings the synchronous correlation is even negative,

in contrast with the expected relationship. We also find evidence that the BBO infor-

mation regime may produce tail behavior that is outside empirical estimates for the
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base2x agent configuration. More generally, under the BBO information regime frag-

mentation can generate very large swings and extended periods of volatility. These

limitations do not overturn our main comparative findings, but they should moderate

strong claims about empirical validity.

4.6.2 Future work

These limitations and gaps point to directions for future work. Exploration of the

parameter space for the agent strategy settings could improve its empirical validity

without otherwise changing the model. Under an indirect calibration approach, frag-

mentation experiments similar to those examined in this study could be conducted for

all parameter settings consistent with the empirical benchmarks [196]. Incorporating

communication latency features from the ABIDES platform [36] could help close re-

maining gaps in our current alignment with the Vyetrenko et al. [187] results while

also incorporating additional structural detail based on communication in real-world

markets. Alternatively, extending the ABIDES platform to conduct experiments with

the structural features of fragmentation examined here would allow for our findings

to be independently tested in a similar but different simulation setting.

While we have illuminated some possible effects of fragmentation on price dynam-

ics in this study, our model still significantly simplifies the structure of the NMS. We

largely stick to the microstructural features represented by the canonical Wah and

Wellman model [189]. Other models have subsequently examined additional features

of modern markets, including circuit breakers [183, 174], other forms of latency [183,

38], additional exchanges [183, 66], dark pools [135], and many more. Just as we have

shown that fragmentation can affect price dynamics, each of the structural compo-
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nents we abstract or omit can and likely does have at least some effect on market

dynamics. Large gaps remain between real-world market structure and structure rep-

resented in market models. By incrementally incorporating these features into our

models and thoroughly testing their effects, we can gain an improved understanding

of the mechanisms underlying market behavior and better guide future market design.
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Chapter 5

Conclusion

In this dissertation, we have presented three works that contribute toward addressing

the broader question of how aggregate price dynamics in a financial market relate to

its underlying organization. We conclude by briefly discussing how the cumulative

approach taken in each of these studies can help advance a more robust understanding

of this and similar phenomena. We also connect back to ideas from Simon and

Schelling, whose quotes we began with in our introduction.

In each of the works presented here, we sought to replicate a prior result before

extending its insights towards a specific context—in our case, price dynamics in the

modern NMS. In each of these cases, directly building from existing work allowed us

to develop more sophisticated frameworks for studying behavior. Testing how our

results align with past findings provides a baseline against which we can assess the

fidelity of our interpretation and investigate differences, illuminating nuance and pos-

sible avenues for future study. This cumulative approach speaks directly to modeling

challenges recently emphasized by the SEC, including questions of accuracy, sensi-

tivity, validation, verification, and scalability [180]. In the preceding chapters, we

193



thoroughly test a set of empirical benchmarks that models are commonly validated

against, attempt to verify an existing model through independent replication, and

test the sensitivity of modeled behavior to structural and information assumptions.

Simon [163] tells us that scientific knowledge is organized in levels because patterns

of behavior at a given level of a system are most clearly discerned by abstracting away

the detail of levels far below. Despite marked shifts in the underlying organization of

the NMS this century, we find continued evidence in support of recurring properties

of returns previously documented by Cont [54] in 2001. In the process, we provide a

statistical framework for testing these properties on intraday returns. Application of

a consistent framework for measuring statistical properties of returns across different

assets, time periods, and markets could help illuminate how uniformly these properties

are (or are not) exhibited across different contexts and establish quantitative ranges

of empirical behavior. At the same time, extension, critique, and refinement of the

tools used to measure these properties can over time provide improved qualitative and

quantitative descriptions of this behavior. Similarly improving our understanding of

regularities at lower levels of the system could help close the gap between the micro-

and macro-levels of the system by documenting the patterns of behavior closer to the

micro-level [89, 187].

Schelling [155] highlights that in situations in which people’s behavior depends on

the behavior of others (e.g., in a financial market), we often must look at the system

of interaction between individuals and their environment in order to connect actions

at the micro-level to macrobehavior. ABMs provide one means of this type of exam-

ination by representing and simulating this system of interactions and observing the

resulting behavior. In Chapters 3 and 4, replication, extension, and alignment of ex-
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isting financial ABMs allowed us to investigate the incremental effects of fragmented

structure on price dynamics while building on the foundation established by previous

studies. Through this cumulative process, we were able to investigate how changes

in the system of interaction between agents and the market environment affects ag-

gregate behavior. In particular, we found that changes to how agents perceive price

quotes in a market can materially affect resulting price dynamics.

For regulators, practitioners, and researchers aiming to understand the effects

of interventions at the microstructural level of the market, the behavioral features

of complex systems highlighted by Simon and Schelling can provide a challenge: if

various settings can produce similar behavior, how can we know whether a model

is informative to the context we care about, even if it does produce the desired

aggregate behavior? Epstein [74] documents one possible means of addressing this:

when presented with multiple candidate microspecifications which generate a macro-

level regularity of interest, further work is needed at lower levels of the system to

assess which is most empirically tenable. Through the cumulative development of

empirical benchmarks and models of behavior at multiple levels of the system, we

can develop an improved understanding of the system, more effective interventions,

and more informative predictions about real-world scenarios.
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Appendix A

Supplementary Material for Chap-

ter 2

A.1 Results on Raw Versus Normalized

Returns

As noted in Section 2.1.2, there is a u-shaped daily volatility pattern characteristic to

financial markets. Before assessing most of the stylized fact metrics discussed in our

main results, we corrected for this effect using two different methods of normalizing

by activity level. We standardized the clock-returns by the average activity level at

their corresponding time of day, and we looked at the normalized event-time returns,

which fixes the number of trades per unit of time. These normalization methods have

possible implications for the statistical analyses done in our study and possibly on our

results. Using the raw returns in clock-time, we conducted the same tests from our

main paper as detailed in Section 2.3. These results are presented side-by-side with
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the normalized clock-time results, reproduced from our main paper (Figures A.1, A.2,

A.3, A.4, A.5, A.6, and A.7).

Importantly, our high-level takeaways do not change; we found support for the

same eight stylized facts with the raw clock-time returns as we saw for the normalized

clock-time returns (see Table 2.1). The finer details of some facts are impacted. For

example, the correlation between volume and volatility (Figure A.5) is stronger across

the symbols in the raw returns and stays positive longer for more lags as we look at

past or future volatility. This makes sense, given our clock-time normalization method

is correcting for increased return magnitudes at the starts and ends of the day, and

volume follows a similar pattern. The volatility clustering results (Figure A.3) have

differing ranges of exponent β fit for the power-law decay. The shape of the decay is

also not as straight in the raw returns as in the normalized returns. Relative to the

normalized return results, the raw return metrics have wider ranges across the symbols

in our sample, along with much wider bootstrap confidence intervals indicating greater

uncertainty. This uncertainty motivates our focus on the normalized returns in our

main results. The choice to focus on the normalized returns is also consistent with

much of the literature we draw from in this study (e.g., Blanc, Donier, and Bouchaud

[22], Malevergne, Pisarenko, and Sornette [123], Müller et al. [138], Muzy, Delour,

and Bacry [139], and Zumbach and Lynch [198]).
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(a) Raw 1-minute returns. (b) Normalized 1-minute returns.

Figure A.1: Linear autocorrelation of returns. Please note, the color legend shown here is used for
all result plots and is consistent with the main body results.

(a) Raw clock-time returns. (b) Normalized clock-time returns.

Figure A.2: Skew of the return distributions.

(a) Raw 1-minute returns. (b) Normalized 1-minute returns.

Figure A.3: Autocorrelation of absolute returns.

216



(a) Raw 1-minute returns. (b) Normalized 1-minute returns.

Figure A.4: Leverage effect L (τ, ∆t) = corr (r (t, ∆t) , |r (t + τ, ∆t) |) for the raw and normalized
returns.

(a) Raw 1-minute returns. (b) Normalized 1-minute returns.

Figure A.5: Share volume versus lagged volatility.

(a) Raw returns. (b) Normalized returns.

Figure A.6: Average 1-minute volatility versus lagged 30-minute volatility.
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(a) Raw returns. (b) Normalized returns.

Figure A.7: Asymmetry effect — Difference between positive and negative lags for the correlation
between the average 1-minute volatility and lagged 30-minute volatility.

A.2 Theoretical Versus Bootstrap Con-

fidence Bands

The raw return results illustrate the importance of bootstrapping in estimating uncer-

tainty for the metrics tested here. Figure A.8 compares theoretical confidence bands

for linear autocorrelation with bootstrap confidence intervals for both raw and nor-

malized 1-minute returns. The theoretical confidence bands are much narrower than

their bootstrap counterparts, failing to capture the additional uncertainty present in

the raw return data. For some symbols, the theoretical confidence bands suggest

significant nonzero linear autocorrelation at the second lag, whereas the bootstrap

confidence intervals for the same data include zero, indicating that the observed au-

tocorrelations may not be statistically significant. After normalizing returns, the

theoretical confidence bands align much more closely with the bootstrap intervals,

suggesting that normalization mitigates much of the additional variability observed

in raw returns.
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(a) Raw 1-minute returns with theoretical
confidence bands.

(b) Normalized 1-minute returns theoreti-
cal confidence bands.

(c) Raw 1-minute returns with bootstrap
confidence intervals.

(d) Normalized 1-minute returns with
bootstrap confidence intervals.

Figure A.8: Linear autocorrelation of returns with theoretical versus bootstrap 95% confidence
intervals.

A.3 Autocorrelation of Trading Vol-

ume

In the main paper, we saw evidence of seven stylized facts exhibited in both the clock-

and event-time, with some level of variation between these clocks depending on the

specific measure. One possible factor that could influence the relationship between

these two clocks (and any difference between them) is clustering of trading behavior

in time. Similar to volatility clustering, we find evidence that the volume of trades

in a minute clusters in time, and the autocorrelation of trading volume appears to

exhibit a slow, power-law decay. This is shown in Figure A.9. This is one avenue

of future study for examining the relationship between clock-time and event-time in

financial series.
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(a) 1-minute autocorrelation of trade vol-
ume.

(b) 1-minute autocorrelation of absolute
normalized returns.

Figure A.9: Side-by-side comparison of the autocorrelation of trade volume and absolute returns
at 1-minute timescale.

A.4 Volume/Volatility Correlation —

Additional Details

Past results have shown an asymmetry in the volume/volatility correlation relation-

ship where past volatility predicts volume better than the other way around [103]. In

Figure A.11, we test whether there is an asymmetry in our lagged volume/volatility

correlation results by differencing the correlation values at lags of equal magnitude:

DV (τ, ∆t) = V (τ, ∆t) − V (−τ, ∆t) ,

where

V (τ, ∆t) = corr (volume (t, ∆ (t)) , |r (t + τ, ∆t) |) .

There is a slight asymmetry where the correlation between trade volume and lagged

volatility is stronger for τ = −1 than for τ = 1. However, the effect is weak (less

than 0.04 in magnitude for most symbols) and disappears by the second lag. There
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(a) Trades versus volatility (b) Shares versus volatility

Figure A.10: Volume versus lagged volatility: V (τ, ∆t) = corr (volume (t, ∆ (t)) , |r (t + τ, ∆t) |),
with ∆t = 1 min. Reproduced from our main results (Figure 2.9).

(a) Trades versus volatility asymmetry (b) Shares versus volatility asymmetry

Figure A.11: Asymmetry in volume/volatility correlation:
DV (τ, ∆t) = V (τ, ∆t) − V (−τ, ∆t), with ∆t = 1 min.

is no consistent asymmetry when we use shares as our volume metric. We therefore

do not find a clear asymmetry for this metric in the normalized 1-minute results.

A.5 Supplementary Results

In Figure A.12, we show an alternative measure of gain/loss asymmetry (Fact #3).

Looking at the percentage of extreme returns that were gains versus losses, we did

not see a disproportionate amount of large losses. This runs counter to the claims of

Fact #3, as noted in our main results (Section 2.3.3).

In Table A.1, we give an alternative measure of intermittency, looking at the
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(a) 1-minute returns. (b) Trade-level returns.

Figure A.12: Percentage of normalized returns which were losses above a quantile-cutoff.

kurtosis of the interarrival times for extreme returns. Specifically looking at the

99th-percentile largest returns, the interarrival times are heavy-tailed, with kurtosis

values above zero. This is an indication of intermittency, in addition to the results

shown in Section 2.3.5. Some of the symbols have confidence level ranges near zero

in the 1-minute results, however. This may be partly due to the small sample size of

99th-percentile returns at this timescale. We tested alternative percentile cutoffs for

this metric and the extreme return Fano factor (see Section 2.3.5). These metrics are

plotted as a function of percentile cutoff in Figures A.13 and A.14. The plots show

the metrics are relatively stable, with a slight decrease as we get further out into the

extremes. Further analysis could look into whether this trajectory is due to sample

size or if the arrival of large returns become better described by a Poisson process as

the we get further out into the tails.

In our main paper, we use the absolute returns for each volatility-related metric

tested. The leverage effect results by Bouchaud, Matacz, and Potters [27] looked at

the relationship between returns and squared returns. To make sure our choice of

volatility metric was not the reason we did not find evidence of this effect at the

tested timescales, we re-measured the effect using the squared normalized returns as
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Symbol 1-min Return Trade Return
AAPL 2.77 (1.39–4.37) 6906.05 (184.49–10018.69)
AXP 2.58 (0.52–4.58) 211.48 (91.50–371.51)
BA 4.68 (2.17–7.60) 709.77 (407.35–1067.83)
CAT 3.89 (1.95–6.20) 229.46 (132.13–314.50)
CSCO 4.35 (1.44–7.10) 247.69 (132.06–390.45)
CVX 2.92 (1.03–5.05) 376.51 (144.48–656.01)
DIS 3.04 (1.29–5.07) 237.72 (151.08–334.19)
DWDP 4.83 (2.56–7.38) 325.50 (171.07–509.77)
GS 3.46 (0.89–5.91) 222.80 (108.10–342.09)
HD 5.74 (3.16–8.91) 227.06 (135.34–312.52)
IBM 5.34 (2.74–7.83) 348.35 (232.35–478.72)
INTC 2.95 (0.79–4.91) 309.88 (153.11–471.97)
JNJ 4.02 (1.45–6.57) 274.83 (162.81–363.20)
JPM 2.26 (0.83–3.89) 426.94 (124.18–814.57)
KO 5.31 (3.07–7.61) 2442.90 (276.21–3794.80)
MCD 2.66 (1.32–4.26) 251.59 (138.12–355.26)
MMM 3.93 (1.48–6.01) 186.29 (116.74–267.83)
MRK 3.26 (1.37–5.38) 226.30 (121.55–348.22)
MSFT 3.96 (1.73–5.96) 215.91 (131.04–318.41)
NKE 4.01 (1.47–6.28) 675.64 (112.71–1260.87)
PFE 3.82 (1.78–5.87) 234.29 (133.59–360.99)
PG 3.57 (1.96–5.38) 979.22 (202.32–1640.54)
TRV 3.24 (1.74–4.77) 128.97 (88.19–168.48)
UNH 2.30 (1.18–3.59) 327.43 (195.20–485.90)
UTX 4.86 (2.67–7.42) 678.54 (229.87–1119.88)
V 3.98 (2.16–6.17) 608.71 (187.43–1169.27)
VZ 5.73 (1.52–9.15) 282.01 (173.07–395.69)
WBA 5.02 (2.93–7.44) 400.08 (122.79–604.51)
WMT 2.04 (0.79–3.44) 410.09 (130.30–737.32)
XOM 2.82 (1.18–4.66) 111.74 (76.17–158.01)

Table A.1: Kurtosis of the (intraday) interarrival times for 99th-percentile extreme normalized re-
turns. This is an alternative measure of intermittency, as discussed in Section 2.3.5. Values in
parentheses give the 95% boostrap confidence interval ranges.
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Figure A.13: Fano factor of the number of extreme returns that arrive within a coarse period of
time, plotted for different quantile cutoffs. The coarse period for normalized 1-minute returns is
30-minutes, and the coarse period for trade-level returns is 1000 trades. Shaded regions give the
95th-percentile bootstrap confidence interval for the metric.

Figure A.14: Kurtosis of the distribution of interarrival times of extreme returns, plotted for dif-
ferent quantile cutoffs. Shaded regions give the 95th-percentile bootstrap confidence interval for the
metric.
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Figure A.15: Leverage effect with squared normalized returns as the volatility measure: L (τ, ∆t) =
corr

(︂
r (t, ∆t) , (r (t + τ, ∆t))2

)︂
.

the volatility measure instead. In Figure A.15, we show the relationship between

returns and squared returns:

L (τ, ∆t) = corr
(︂
r (t, ∆ (t)) , (r (t + τ, ∆t))2

)︂
.

Consistent with our main results, the symbols have varying sign and strength for this

relationship, in contrast to the expected stylized fact.

A.6 Alternative visualizations of scal-

ing relationships

Here we show alternative visualizations of our kurtosis and absolute autocorrelation

results in order to better visualize the scaling relationships for these metrics. In our

main results, we plot the excess kurtosis as a function of timescale (Figure 2.3), using

the below metric:

K(∆t) = ⟨(r(t, ∆t) − ⟨r(t, ∆t)⟩)4⟩
σ(∆t)4 − 3,
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where a normal distribution will have K(∆t) ≈ 0. Consistent with the property of

aggregational Gaussianity, as timescale increased, we found K(∆t) approaches zero

or even went negative for some stocks, particularly for the normalized clock-time and

even-time returns.

In order to better visualize the rate at which kurtosis decreases as a function of

timescale, we can plot the raw kurtosis:

K∗(∆t) = ⟨(r(t, ∆t) − ⟨r(t, ∆t)⟩)4⟩
σ(∆t)4 .

Equivalently, K∗(∆t) = K(∆t) + 3. The raw kurtosis will always be positive, and

a normal distribution will have a raw kurtosis of approximately 3. We plot the

raw kurtosis as a function of timescale for the raw clock-time returns (Figure A.16),

normalized clock-time returns (Figure A.17), and the normalized event-time returns

((Figure A.18)). Changes in magnitude have equal scale between the x-axis and y-

axis for each result, allowing for the slope of the decay to be visually assessed more

easily.

In Section 2.3.4, we plot the absolute autocorrelation of the normalized returns as

a function of lag:

C0 (τ, ∆t) = corr (|r (t, ∆t) |, |r (t + τ, ∆t) |) .

According to Cont [54], the measure is expected to decay roughly as a power-law:

C0 (τ, ∆t) ∝ τ−β,
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Figure A.16: Raw kurtosis as a function of timescale for the raw clock-time returns. Solid lines
show the kurtosis for a symbol’s full sample of intraday returns. Shaded regions show the 95%
confidence interval from bootstrapping.

Figure A.17: Raw kurtosis as a function of timescale for the normalized clock-time returns. Solid
lines show the kurtosis for a symbol’s full sample of intraday returns. Shaded regions show the 95%
confidence interval from bootstrapping
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Figure A.18: Raw kurtosis as a function of timescale for the normalized event-time returns. Solid
lines show the kurtosis for a symbol’s full sample of intraday returns. Shaded regions show the 95%
confidence interval from bootstrapping.

with β ∈ [0.2, 0.4]. The full set of clock-time results include some negative values

at later lags (Figure 2.7). In log-scale, this distorts the y-axis in order to show the

positive and negative values in the same plot.

In Figure A.19, we present two alternative views of our absolute autocorrelation

results. We first plot the full absolute-autocorrelation results in linear scale. We then

remove the non-positive values and plot the results in log-log scale with equal scales

for changes in magnitude in the x- and y-axes. Note that the trade-level returns did

not have negative values to begin with, so the only change relative to our main results

is forcing equal scaling between the x- and y-axis. The linear-scale figures show the

asymptotic path of the absolute autocorrelation as a function of lag. The log-scale

results without the positive results show the slope of this decay, with guide lines

showing the maximum and minimum slopes of power-law fits. The power-law fits
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Figure A.19: Alternative visualizations of the autocorrelation of the absolute normalized returns.
Top results show the absolute autocorrelation in linear scale. Bottom results show the same results
in log-log scale with the non-positive values removed for the clock-time results. Solid lines show the
absolute autocorrelation for a symbol’s full sample of intraday returns. Shaded regions show the
95% confidence interval from bootstrapping. Dashed lines in the log-log plots give upper and lower
bounds of the power-law exponents β fit to the decay trajectories, starting at lag τ = 5. These lines
are offset above and below the empirical results for clarity.

are calculated using log-regression on each symbol’s absolute autocorrelation results

where τ ≥ 5 and C0 (τ, ∆t) > 0.01.

A.7 Asymmetry in timescales — alter-

native measures

Fact #11, asymmetry in timescales, expects coarse volatility measures to predict fine

volatility better than the other way around. In our main results (Section 2.3.8),

we used absolute returns at a coarse timescale ∆T and average absolute returns
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(a) 1-minute versus lagged 10-minute
volatility.

(b) Trade versus lagged 100-trade volatil-
ity.

Figure A.20: Asymmetry in timescales.

(a) 1-minute versus lagged 10-minute
volatility for the normalized clock-time re-
turns.

(b) Trade versus lagged 100-trade volatil-
ity.

Figure A.21: Asymmetry effect — Difference between positive and negative lags for the correlation
between the average fine volatility and lagged coarse volatility.

at a shorter timescale ∆t to test this effect. We specifically showed the results for

∆T = 30Min and ∆t = 1Min in clock-time and ∆T = 1000 trades and ∆t = 1 trade

in even-time. In Figure A.20, we show alternative coarse timescales ∆T = 10Min

and ∆T = 100 trades, respectively.

We also considered an alternative fine volatility measure, using Rogers-Satchell

volatility as done by Blanc, Donier, and Bouchaud [22]. For time period [t − ∆T, t],

let Ot, Ct, Ht, and Lt denote the open, close, high, and low prices, respectively. We

consider the open price to be the price of the first trade in the bucket, the close to

be the last, and any bucket that has no trades will forward fill the most recent price
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(a) Rogers-Satchell volatility versus lagged
1-minute volatility.

(b) Rogers-Satchell volatility versus lagged
30-minute volatility.

Figure A.22: Correlation between Rogers-Satchell volatility and lagged coarse volatility — normal-
ized clock-time returns.

for each. The Rogers-Satchell volatility is then:

σRS (t, ∆T ) =
√︂

ln (Ht/Ot) × ln (Ht/Ct) + ln (Lt/Ot) × ln (Lt/Ct).

The Rogers-Satchell volatility is normalized by the intraday volatility pattern in the

same way as the returns (see Section 2.2). The alternative asymmetry measure is

then the difference between positive and negative lags of the below:

ARS (τ, ∆T ) = corr
(︂
σRS (t, ∆T ) , |r (T + τ, ∆T ) |

)︂
.

Our findings, shown in Figure A.22 for clock-time and Figure A.24 for event-time, do

not change the main takeaways for this fact discussed in Section 2.3.8.

A.8 Interarrival times

Table A.2 details the intraday interarrival times for trades in our sample.
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(a) Asymmetry difference in correlation
for positive and negative lags of Rogers-
Satchell volatility versus lagged 1-minute
volatility.

(b) Asymmetry difference in correlation
for positive and negative lags of Rogers-
Satchell volatility versus lagged 30-minute
volatility.

Figure A.23: Asymmetry in timescales using RS-volatility — normalized returns.

(a) Rogers-Satchell volatility versus lagged
100-trade volatility.

(b) Rogers-Satchell volatility versus lagged
1000-trade volatility.

Figure A.24: Correlation between Rogers-Satchell volatility and coarse volatility — normalized
trade-time.

(a) Asymmetry difference in correlation
for positive and negative lags of Rogers-
Satchell volatility versus lagged 100-trade
volatility.

(b) Asymmetry difference in correlation
for positive and negative lags of Rogers-
Satchell volatility versus lagged 1000-trade
volatility.

Figure A.25: Asymmetry in timescales using RS-volatility — normalized trade-time returns.
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symbol mean median std dev min max
AAPL 92187.4448 542 253142.7725 0 12571649
AXP 692207.9126 820 1911627.7109 0 119150021
BA 371787.9327 1142 1070198.1843 0 44135765
CAT 459240.8081 650 1322471.0403 0 44879485
CSCO 193369.4276 147 604495.5908 0 25425292
CVX 447459.8725 1010 1113191.8908 0 93435678
DIS 370537.1973 1114 933530.6497 0 57402802
DWDP 326028.1423 336 965076.6627 0 126575915
GS 580411.4588 763 1689139.4617 0 68538772
HD 451671.9537 1036 1132654.7523 0 76497996
IBM 482454.2264 1220 1250915.2628 0 82863601
INTC 167717.2605 141 558131.4384 0 26597742
JNJ 354335.9755 1045 922782.6087 0 71360236
JPM 209847.1484 457 570390.7108 0 22944580
KO 311519.2083 282 935603.4328 0 46698708
MCD 638397.9650 1472 1603954.7510 0 54331818
MMM 852194.4061 1081 2189984.9764 0 146362458
MRK 313920.7991 434 887260.7131 0 66412614
MSFT 99193.0671 207 303788.1717 0 12622029
NKE 483389.8170 537 1358197.5504 0 54277013
PFE 221150.2204 236 689749.7424 0 73738081
PG 335203.7812 444 949010.3113 0 129897333
TRV 1364061.3279 1125 3683287.1008 0 111138471
UNH 543007.1342 1029 1372532.9913 0 87779112
UTX 549267.6523 999 1446871.4256 0 43139194
V 304772.9679 834 803048.7751 0 42872582
VZ 268070.9614 334 781668.6576 0 29908213
WBA 506693.1092 337 1583376.9705 0 70183033
WMT 371879.4968 651 974687.4033 0 61237236
XOM 279634.9969 396 794565.4217 0 78406653
all 421387.12 694.03 1155177.90 0 146362458

Table A.2: Intraday interarrival times (in µs) of trades for Dow 30 stocks in our sample.
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A.9 Tail fits and distributional compar-

isons

Tables A.1, A.1, and A.1 give the detailed clock-time power-law fit and distributional

comparison metrics summarized in Section 2.3.2. Tables A.1, A.1, and A.1 give the

same for the event-time returns.
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Appendix B

Supplementary Material for Chap-

ter 3

B.1 Using MarketSim to replicate WWW

In order to validate our understanding and implementation of the MarketSim code-

base, we attempt to use it to replicate the results from Wah, Wright, and Wellman

(WWW) [191]. WWW cite the MarketSim GitHub repo1 as the source code for

the simulator used in their study. Our expectation is therefore that MarketSim, as

published, should be able to replicate the WWW results. Success in doing so would

help establish confidence in our implementation of the codebase for the purpose of

replicating the earlier study by Wah and Wellman (WW) [189].

As noted in our main paper, WWW is detailed with similar assumptions and

logic as the CDA configurations of the WW model. In the CDA configuration, the
1The original MarketSim repo cited by WWW is here. We fork this repo to configure the

replication experiments for WW and WWW here.
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main differences between WW and WWW are the environment parameters used in

their respective experiments and the introduction of market maker agents in WWW.

WWW features experiments with and without market maker agents in five different

configuration environments. We limit our replication exercise to the environments A

and B with 66 background traders (ZI) and without a market maker:

A: λ = 0.0005, σ2
shock = 1 × 106, σ2

P V = 5 × 106

B: λ = 0.005, σ2
shock = 1 × 106, σ2

P V = 5 × 106

These settings are respectively used for each A{T} and B{T}, where T ∈ {1, 4, 12, 24}

and the simulation length is T × 1000.

WWW uses a similar experimental design to WW. They use the ‘empirical game-

theoretic analysis’ (EGTA) approach to determine the surplus-maximizing equilibria

ZI strategy mixtures. They then sample M profiles from the equilibrium mixture,

running N simulations per mixture. In WWW, they specify the following:

For each equilibrium, we estimated background-trader surplus by sam-

pling 2,500 profiles according to the equilibrium mixture, running 25–100

simulations per sampled profile (at least 62,500 simulations in total) and

then recording the aggregate surplus. [191, p. 625]

They do not specify the specific number of runs used for each experiment, compli-

cating the replication process. The mixtures of background trader profiles for each

A{T} and B{T} are based on Tables 1, 2, and 9 in Wah, Wright, and Wellman [191],

which, respectively, give the specific ZI strategies, the surplus-maximizing equilibria,

and profile mixtures for the equilibria.
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We sample 25,000 profiles and run 25 simulations for each experiment. We then

use the bootstrap quantitative alignment methodology introduced in our main paper

to test our results for quantitative alignment against the mean surplus values reported

by WWW. The WWW means fall within the 95% confidence intervals (CIs) of our

bootstrap sample means for six out of the eight environments tested. The reported

mean for Environment B24 fell within the 99% CI but not the 95% CI, and the re-

ported mean for Environment A24 falls outside the range of our bootstrap samples.

By our replication criteria, we do not reject quantitative alignment between our Mar-

ketSim results and WWW for six out of eight environments at the 95% confidence

level and seven out of eight environments at the 99% confidence level.

It is not clear what is driving the difference observed in Environment A24. As

noted above, WWW state that each experiment was run for 25–100 simulations per

sampled profile mixture, but they do not specify which experiment was run for what

number of simulations per mixture. It is possible WWW ran A24 for more than 25

simulations, that the original result is from the tail of possible sample means that

can be produced by MarketSim for the A24 experiment, or that there is some other

small difference between how we are running the experiment and what was done in

the original study.
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env WWW MarketSim Bootstrap ZI Surplus
mean mean SE 95% CI diff. 99% CI diff.

A1 4439 4444.38 8.05 (-10.97, 20.87) (-14.45, 25.33)
A4 16578 16572.59 15.61 (-34.96, 26.31) (-45.73, 35.12)
A12 33741 33699.51 23.06 (-88.31, 0.22) (-103.14, 15.86)
A24 42413 42516.26 28.99 (45.27, 160.30) (30.83, 173.83)
B1 29150 29132.54 22.81 (-61.62, 25.37) (-73.20, 40.95)
B4 40392 40352.06 30.62 (-102.48, 20.33) (-120.91, 41.94)
B12 40102 40075.14 30.65 (-87.57, 29.82) (-103.35, 52.00)
B24 40170 40234.19 29.84 (4.18, 124.34) (-8.61, 139.32)

Table B.1: Test of quantitative alignment of MarketSim against the results reported by WWW.
Environment parameters are as specified by WWW. Each ‘WWW’ value is the mean ZI surplus value
reported by Wah, Wright, and Wellman [191] from 2,500 mixtures and 25–100 runs per mixture, for
the given experimental settings. We ran MarketSim for 25,000 mixtures, 25 runs per mixture. From
these results, we calculate 1,000 bootstrap samples of 2,500 mixtures, 25 runs per mixture, for each
experiment. We report the mean and standard error of the bootstrap sample means, along with the
95% confidence intervals of the difference between the bootstrap sample means and the WWW mean.
Bootstrap confidence intervals that contain the WWW mean are highlighted in bold.

We test relational equivalence by plotting the execution time and median spread

metrics in Fig. B.1 for comparison against the corresponding figures in WWW (see

Fig. 5 in Wah, Wright, and Wellman [191], p. 633). Note that we did not run the

experiments with a market maker from WWW, so our plots only correspond to the

‘no MM’ results (shown in blue in each plot). We see close alignment of the results,

with similar quantitative values and relative differences between environments. The

most notable difference is that A12 has a slightly higher execution time than A24

in our run of MarketSim, while the opposite is true in WWW. The mean execution

times are similar between these two environments in both sets of results. We are

not able to otherwise visually distinguish the two sets of results. For now, we take

the similarity of results (quantitative alignment and relational equivalence in most

settings) as positive sign we have implemented and are running MarketSim correctly.
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The fact MarketSim can produce results that closely align to the WWW results

but not the WW results (see our results in the main paper) raises questions about

the logic used in the published results. Wah’s dissertation [188] describes common

modeling assumptions for WW and WWW and does not appear to differentiate these

models aside from their parameters and market configurations. The CDA market

mechanism and ZI trader strategy in particular are given common descriptions for

the two models. We would therefore expect MarketSim as published for the WWW

study to reproduce the results from the CDA configurations of WW. As we are not

able to reproduce the WW results using MarketSim here, this suggests logic differences

beyond what was specified in the original papers, perhaps in the ZI logic or in the

logic used to calculate the output metrics at the end of the simulation.

(a) MarketSim execution time re-
sults.

(b) MarketSim spread results

Figure B.1: Execution time and spread results from our MarketSim runs of WWW experiments for
Environments A and B, N = 66, and no market maker. These results should be compared to the
corresponding original figures from WWW [191, Fig. 5, p. 633]. Our results show the mean value
produced by MarketSim for 25,000 mixtures, 25 runs per mixture.
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B.2 Testing model implementation with

order routing bug

Figure B.2: ZI order routing logic from MarketSim. Note that the code first checks that quantity is
greater than zero, then uses whether quantity is greater than zero to determine whether the order is
to buy or sell the asset. All orders will enter the ‘buy’ block, thus being routed based on the best ask
price in the market even if the incoming order is a sell order.

In this section, we examine the results from including the apparent order routing

bug in addition to the MarketSim greedy strategy logic. We will refer to this imple-

mentation as BestGuess+MS+bug, whereas our implementation that includes only

the greedy strategy logic from MarketSim is referred to as BestGuess+MS. First, the

quantitative alignment results for the ZI surplus from BestGuess+MS+bug versus

the canonical results are shown in Table B.2. The quantitative alignment results

for the LA surplus values are shown in Table B.3. If we compare these to the re-

sults from the main paper, we see that this model achieves closer quantitative align-

ment than BestGuess and MarketSim. The BestGuess+MS+bug results are similar to

BestGuess+MS, but the BestGuess+MS implementation aligns more closely for most

experiments. The exception is for 2M LA with δ = 75 in Environment 3, where we
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do not reject quantitative alignment for the BestGuess+MS+bug LA surplus results.

However, we view this alignment as potentially spurious given the 2M LA results are

too high for δ = 50 and too low for δ = 100. These results overall motivate our choice

to focus on the BestGuess+MS implementation in the main paper, under the belief

that the order routing bug should not be included in the model unless it can help

explain the original results in a way other interpretations can not.
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env model latency WW BestGuess+MS+bug Bootstrap ZI Surplus
mean mean SE 95% CI diff. 99% CI diff.

1 CDA 0 10383 10426.27 25.31 (-5.53, 93.25) (-16.73, 109.80)
1 2M no LA 0 11807 11932.08 19.51 (85.79, 163.41) (75.84, 171.66)
1 2M no LA 100 10373 9730.27 29.79 (-703.33, -587.89) (-720.61, -574.97)
1 2M no LA 200 10621 10012.32 29.14 (-665.62, -553.62) (-684.49, -538.06)
1 2M no LA 300 11244 10608.77 24.92 (-687.00, -588.50) (-709.19, -572.06)
1 2M no LA 400 10438 9970.25 32.10 (-534.39, -409.98) (-549.40, -389.80)
1 2M no LA 600 11128 10387.98 24.86 (-786.02, -689.18) (-801.83, -673.52)
1 2M no LA 700 11302 10637.86 24.04 (-709.43, -616.75) (-721.01, -596.78)
1 2M no LA 900 12358 11938.44 19.81 (-457.74, -380.17) (-466.94, -369.29)
1 2M LA 100 5919 7204.15 34.56 (1220.68, 1355.07) (1201.28, 1372.52)
1 2M LA 200 6358 7296.69 33.71 (871.47, 1002.68) (853.95, 1030.35)
1 2M LA 300 6398 7395.82 32.47 (935.52, 1063.26) (915.52, 1075.02)
1 2M LA 400 6130 7698.96 29.11 (1515.53, 1629.38) (1501.61, 1644.35)
1 2M LA 600 7459 8639.58 26.16 (1129.21, 1231.83) (1111.91, 1245.24)
1 2M LA 700 5256 6278.89 44.05 (933.03, 1104.25) (903.35, 1127.32)
1 2M LA 900 6819 8631.55 27.30 (1760.36, 1863.58) (1740.56, 1878.50)
2 CDA 0 136140 136131.67 63.79 (-135.82, 114.54) (-181.92, 156.36)
2 2M no LA 0 134339 134381.44 65.82 (-90.28, 168.64) (-136.82, 207.63)
2 2M no LA 50 135789 134638.56 65.76 (-1274.73, -1021.46) (-1324.56, -979.64)
2 2M no LA 100 136542 135172.16 68.72 (-1498.56, -1239.63) (-1534.73, -1188.09)
2 2M LA 50 133177 130579.29 82.55 (-2748.18, -2442.16) (-2815.83, -2379.43)
2 2M LA 100 124012 122376.68 92.74 (-1820.76, -1455.35) (-1863.14, -1410.87)
3 CDA 0 27482 27471.48 39.97 (-92.47, 64.16) (-119.32, 91.08)
3 2M no LA 0 29424 29250.72 30.49 (-233.90, -117.28) (-250.45, -101.19)
3 2M no LA 25 29347 29021.88 30.98 (-386.76, -261.71) (-406.60, -243.15)
3 2M no LA 50 29479 29148.87 28.31 (-386.89, -277.74) (-400.12, -259.08)
3 2M no LA 75 29271 28944.63 29.64 (-382.92, -268.07) (-402.71, -252.81)
3 2M no LA 100 29277 28932.74 31.96 (-407.85, -284.66) (-426.89, -262.98)
3 2M LA 25 26612 25752.47 40.81 (-938.51, -784.25) (-963.98, -766.58)
3 2M LA 50 27953 27321.18 36.07 (-700.07, -562.18) (-719.21, -540.43)
3 2M LA 75 26388 26180.24 40.57 (-287.09, -132.65) (-317.42, -110.81)
3 2M LA 100 25070 25311.84 43.62 (155.05, 330.57) (134.14, 351.05)

Table B.2: Test of quantitative alignment for our BestGuess+MS+bug implementation results versus
WW. Each WW ZI value is the mean ZI surplus reported by WW [189, pp. 83, 85] for 500 mixtures
(100 simulation runs each) sampled according to the welfare-maximizing strategy profile. Our results
are calculated from 5,000 mixtures (100 runs each) based on the same strategy profile. From these,
we construct 1,000 bootstrap samples of 500 mixtures each to produce confidence intervals for the
mean difference. We report the mean and standard error of the 1,000 bootstrap sample means, along
with the 95% and 99% confidence intervals for the difference between our bootstrap sample means
and the reported WW mean. Confidence intervals that contain zero are shown in bold, indicating
where quantitative alignment is not rejected.
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env model latency WW LA BestGuess+MS+bug Bootstrap LA Surplus
mean mean SE 95% CI diff. 99% CI diff.

1 2M LA 100 3487 1950.28 17.75 (-1571.17, -1501.88) (-1581.64, -1492.61)
1 2M LA 200 3164 1997.30 18.13 (-1202.55, -1131.24) (-1210.30, -1118.13)
1 2M LA 300 3224 2043.32 16.93 (-1213.13, -1148.59) (-1221.61, -1141.54)
1 2M LA 400 4018 2250.88 18.27 (-1803.91, -1731.71) (-1813.73, -1721.15)
1 2M LA 600 4349 3050.70 16.24 (-1330.56, -1266.93) (-1339.43, -1260.81)
1 2M LA 700 2958 1737.36 16.56 (-1252.87, -1189.47) (-1265.82, -1179.00)
1 2M LA 900 4825 2975.98 16.99 (-1881.00, -1814.80) (-1893.96, -1805.96)
2 2M LA 50 2417 4049.84 43.97 (1550.15, 1716.65) (1521.51, 1750.46)
2 2M LA 100 2888 3121.23 37.28 (163.52, 312.72) (137.37, 330.55)
3 2M LA 25 538 1156.56 13.64 (592.06, 645.30) (585.33, 654.13)
3 2M LA 50 1154 1542.84 16.44 (356.84, 422.29) (347.76, 431.54)
3 2M LA 75 1470 1469.18 17.12 (-32.46, 34.18) (-44.31, 43.86)
3 2M LA 100 1763 1387.12 16.28 (-406.43, -343.77) (-417.74, -332.81)

Table B.3: Test of quantitative alignment of LA surplus results from our BestGuess+MS+bug repli-
cation versus WW. Each WW LA value is the mean LA surplus reported by WW [189, pp. 83, 85]
for 500 mixtures (100 simulation runs each) sampled according to the welfare-maximizing strategy
profile. Our results are calculated from 5,000 mixtures (100 runs each) based on the same strategy
profile. From these, we construct 1,000 bootstrap samples of 500 mixtures each to produce confidence
intervals for the mean difference. We report the mean and standard error of the bootstrap sample
means, along with the 95% and 99% confidence intervals for the difference between our bootstrap
sample means and the reported WW mean. Confidence intervals that contain zero are shown in
bold, indicating where quantitative alignment is not rejected.

We present the graphical results from the two implementations along with the

WW results in Figs. B.3, B.4, B.5, and B.7. We overall see similar behavior between

these implementations. Most results are relationally equivalent to each other, while

the cases with differences (e.g. the mean execution times in Environment 3, Fig. B.4)

favor BestGuess+MS for more closely aligning to the original results.
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(a) Env. 1—BestGuess+MS (b) Env. 2—BestGuess+MS (c) Env. 3—BestGuess+MS

(d) Env. 1—
BestGuess+MS+bug

(e) Env. 2—
BestGuess+MS+bug

(f) Env. 3—
BestGuess+MS+bug

(g) Env. 1–WW (h) Env. 2–WW (i) Env. 3–WW

Figure B.3: Mean surplus results from our BestGuess+MS and BestGuess+MS+bug implementa-
tions of the model versus figures reproduced from WW [189, p. 82]. The WW figures show the mean
surplus from 500 mixtures, 100 runs per mixture. Our results show the mean surplus from 5,000
mixtures, 100 runs per mixture.
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(a) Env. 1—BestGuess+MS (b) Env. 2—BestGuess+MS (c) Env. 3—BestGuess+MS

(d) Env. 1—
BestGuess+MS+bug

(e) Env. 2—
BestGuess+MS+bug

(f) Env. 3—
BestGuess+MS+bug

(g) Env. 1–WW (h) Env. 2–WW (i) Env. 3–WW

Figure B.4: Mean execution time results from our BestGuess+MS and BestGuess+MS+bug imple-
mentations of the model versus figures reproduced from WW [189, p. 86]. The WW figures show
the mean execution time from 500 mixtures, 100 runs per mixture, for each experiment. Our results
show the mean execution time from 5,000 mixtures, 100 runs per mixture.
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(a) Env. 1—BestGuess+MS (b) Env. 2—BestGuess+MS (c) Env. 3—BestGuess+MS

(d) Env. 1—
BestGuess+MS+bug

(e) Env. 2—
BestGuess+MS+bug

(f) Env. 3—
BestGuess+MS+bug

(g) Env. 1–WW (h) Env. 2–WW (i) Env. 3–WW

Figure B.5: Mean median spreads from the exchange BBOs for our BestGuess+MS and
BestGuess+MS+bug implementations of the model versus the figures reproduced from WW [189,
p. 87]. BBO spreads are averaged across the different exchanges in a given simulation run. Results
from our simulation are averaged over 5,000 mixtures, 100 runs per mixture, for each experiment.
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(a) Env. 1—BestGuess+MS (b) Env. 2—BestGuess+MS (c) Env. 3—BestGuess+MS

(d) Env. 1—
BestGuess+MS+bug

(e) Env. 2—
BestGuess+MS+bug

(f) Env. 3—
BestGuess+MS+bug

(g) Env. 1–WW (h) Env. 2–WW (i) Env. 3–WW

Figure B.6: Mean median SIP NBBO spread for our BestGuess+MS and BestGuess+MS+bug im-
plementations of the model versus the figures reproduced from WW [189, p. 87]. Results from our
simulation are averaged over 5,000 mixtures, 100 runs per mixture, for each experiment.
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(a) Env. 1—BestGuess+MS (b) Env. 2—BestGuess+MS (c) Env. 3—BestGuess+MS

(d) Env. 1—
BestGuess+MS+bug

(e) Env. 2—
BestGuess+MS+bug

(f) Env. 3—
BestGuess+MS+bug

(g) Env. 1–WW (h) Env. 2–WW (i) Env. 3–WW

Figure B.7: Mean number of transactions from our BestGuess+MS and BestGuess+MS+bug imple-
mentations of the model versus the figures reproduced from WW [189, p. 86]. Please note, a single
trade results in two transactions for this measurement (one per trader involved in the trade). Results
from our simulation are averaged over 5,000 mixtures, 100 runs per mixture, for each experiment.

B.3 ODD Protocol

Below, we give the model description, which follows the ODD (Overview, Design

concepts, Details) protocol [90, 91] for our replication of Wah and Wellman’s 2016

model (WW) [189]. We follow as closely as possible the model as specified by the

text of WW, and we include annotations where appropriate for specific pieces of logic.

We also make note of any ambiguities from the text for which we needed to make
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a specific design decision (e.g. specifically how a number drawn from a continuous

distribution is converted into an integer).

B.3.1 Overview

Purpose

This model examines the effects of fragmentation, latency, and latency arbitrage in

a financial market. The model features a single stock traded by investor agents

in a market with one or more stock exchange. A consolidated market with a single

exchange is modeled first, after which an additional exchange, communication latency,

and a latency arbitrage agent are incrementally added to examine their respective

effects. The hypothesis is that unequal access to cross-market information impacts

the efficient allocation of value to investors and the liquidity of the market overall.

Entities, state variables, and scales

Entities Scheduler: schedules and kicks off events in the simulation
Exchange: market operating a continuous double auction
(CDA)
Security: fungible asset traded on each exchange
Security Information Processor (SIP): data consolida-
tor for the market; maintains and publishes the National
Best Bid and Offer (NBBO)
Traders:
Zero Intelligence (ZI) background traders
Latency Arbitrage (LA) trader

Table B.4: Entities in the model ODD protocol.
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State variables Scheduler
Current time t

List of scheduled events (ZI arrivals and SIP updates)
Exchange
Limit order book (LOB): all resting orders with prices,
quantities, and timestamps
Best bid and offer (BBO): highest buy price and lowest sell
price on the exchange
BBO subscribers
SIP
Exchange BBO(s): Current BBO feeds from the ex-
change(s)
National Best Bid and Offer (NBBO)
NBBO subscribers
Security
Fundamental value rt

ZI trader
Valuation vector Θi: marginal private benefits for buying
and selling the asset
Strategy parameters {Rmin, Rmax, η}
Primary exchange
Primary exchange BBO
Current holdings: quantity qi the trader is long or short
Outstanding orders
Profits from trading
LA trader (if present)
Exchange BBOs
Profits from trading

Table B.5: State variables by entity in the model ODD protocol.
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Scales T : Simulation length
Nexch ∈ {1, 2}: Number of exchanges
δ ≥ 0: SIP latency
NZI : Number of ZI traders
NLA ∈ {0, 1}: Presence or absence of the LA trader
λ: ZI arrival rate
qmax: maximum shares ZI trader can be long or short the
asset

Table B.6: Scales in the model ODD protocol.

Process overview and scheduling

Time is discrete, with steps t ∈ 1, . . . , T . A scheduler maintains a queue of exogenous

events, ordered by time and then by insertion order (first-in, first-out). Only two types

of events go through the scheduler queue: ZI trader arrivals and SIP NBBO update

events (scheduled with latency δ after an exchange BBO change). All other actions in

the model are triggered immediately (with zero modeled latency) as consequences of

scheduled events. Non-scheduled actions include order submissions and cancellations,

exchange matching and trade execution, exchange BBO updates, LA trader responses,

and notifications of trades.

B.3.2 Design Concepts

Basic principles

Underlying the model is the concept that fragmentation in a market leads to com-

munication latency. This latency affects different classes of traders unequally. Retail

and institutional investors are assumed to trade based on some understanding of the

fundamental value of the security and additional private factors. These investors are
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less invested in speed technologies than the HFT traders and therefore have some

exposure to stale information in the market relative to HFT traders. This is rep-

resented in the model through a simplified latency arbitrage scenario, with the SIP

connecting the markets representing possibly stale information (when δ > 0) relative

to the direct access the HFT arbitrage agent has to prices at each exchange. These

assumptions (fragmentation, speed/information differentials, and high-level trading

strategies) determine the structure and individual behaviors in the model, and the

model provides insight into the impact these features have on the system overall

through various market-level performance characteristics.

Emergence

The key results examined by WW are the surplus achieved by traders, mean execution

time of orders that result in trades, the number of transactions, and the median

spread between bid and ask prices in the market. These features are emergent from

the interactions of traders adding orders in the simulation.

Adaptation

No details/parameters of the ZI or LA strategies change over the course of the simu-

lation in order to improve profitability.

Objectives

Traders aim to maximize their surplus (private value plus profit), but they are not

strategic beyond what they are hard-coded to do. The ZI traders aim to achieve

immediate execution if possible through their routing strategy, which would serve to
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increase its surplus. The LA agent submits orders immediately at prices ensured to

execute and achieve immediate profit

Learning

The agents do not learn or adapt their traits over the course of the simulation.

Prediction

No prediction is done by the agents.

Sensing

Traders use data feeds in the market to sense the prices available. This determines

whether to act in the LA agent’s case, and it determines the order routing decision

for the ZI agents.

Interaction

Traders interact through the matching of their orders in the LOBs at the exchanges.

The resting orders at each exchange inform the routing decisions of the subsequent

traders placing orders. Trader actions on the LOBs are communicated via BBO

and NBBO updates, which are received as they are updated. These updates occur

instantly for the BBOs and with latency δ for the NBBO after events in the model.

Stochasticity

The fundamental price of the security is a mean-reverting stochastic process. ZI

trader’s internal valuations and order prices are assumed to be stochastic perturba-
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tions on top of the security’s fundamental value. Exact arrival times of ZI agents

in the market are also stochastic, with interarrival times drawn from an exponential

distribution.

Collectives

Equal sized groups of ZI traders are associated with each of the exchanges. This

association determines which exchange’s direct BBO feed the trader receives and

determines the trader’s default routing decision. These features in turn factor into

the trader’s specific actions. Aside from this difference between groups of ZI traders,

there are no collectives in the model.

Observation

The evolution of the order books, including trades executed in the market, are logged

by the exchange BBOs and the SIP NBBO. Every time an order is submitted to

an exchange, this results in a trade or an order added to the LOB. As a result, the

exchange’s BBO and the SIP NBBO are updated. Trades are tracked as a global

variable that is updated by the exchange(s) any time a trade occurs. The trade,

BBO, and NBBO records are therefore updated in event-time. These event-time ob-

servations are used at the end of the simulation to calculate the performance metrics,

which are then logged.

B.3.3 Initialization

Before each model run, the traders, exchanges, and SIP are instantiated. First,

we create the exchanges and the SIP. The SIP’s NBBO and exchange BBO(s) are
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initialized to have null values as their best bid and best offer. The SIP subscribes to

the direct BBO feed from each exchange.

The security traded in the market is also initialized. We pre-compute the security’s

fundamental value series {rt} for each integer time point in the simulation (i.e. t ∈

[1, T ]) using the logic detailed for the security (Eq. 3.1). The calculation of {rt} at

initialization is for computational efficiency; it could be calculated at each time step,

and we do not believe this would impact the model.

ZI initialization

Next, we create the ZI traders. Each ZI trader is assigned one of the markets as its

primary market. In the single-exchange configuration of the market, all ZI traders

are assigned to the only exchange. In the two-market configurations, we alternate

which exchange an agent is assigned to each time we create an agent. We therefore

evenly split the ZI traders between the two exchanges, as there are no environments

that feature an odd number of ZI agents. Each ZI agent is assigned trading strategy

parameters according to the specified mixture probabilities, specified in Table B.10.

We sample ZI trader profiles according to the surplus-maximizing equilibrium mix-

ture probabilities provided by WW for the given experiment (environment + latency

+ number of LA). The surplus-maximizing equilibrium mixture probabilities are de-

termined by combining the information in Tables 6–11 in WW [189, pp. 83–86]. Let

a ‘mixture’ refer to a sample of NZI profiles according to the mixture probabilities.

A mixture is stochastically drawn based on the probabilities for a given run. Each

profile from the mixture is assigned to one of the ZI agents. ZI agents subscribe to

the BBO feed from their assigned primary exchange and to the NBBO feed from the
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SIP. ZI agents initialize their marginal private benefits vector Θ according to the logic

detailed in Eq. B.2.

Schedule initialization

The Scheduler is initialized, with initial arrivals for the ZI agents scheduled. WW

say, “The background traders arrive at the market according to a Poisson process

with rate λ” [189, p. 75]. They do not specify how the ZI arrival times are made

to be discrete. We draw the ZI arrival times independently from an exponential

distribution (⌈Exponential(1/λ)⌉). We choose to take the ceiling such that no event

will be scheduled at time t = 0. We account for this by letting arrivals occur on times

1 through T (inclusive), giving T total time steps.

LA initialization

Finally, if the given model configuration includes an LA agent, it is also initialized.

Mainly, the LA agent subscribes to both exchanges’ BBO feeds.

B.3.4 Input data

The model does not use input data aside from the ZI strategy mixture probabilities

(discussed above) and the parameters, which are specified in the next subsection.

B.3.5 Parameters

The three environments specified by WW are given in Table B.7. The parameter NZI

is the number of ZI traders, λ is the arrival rate of ZI traders, κ is the strength of
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mean reversion of the security’s fundamental value, T is the simulation length, and

∆δ is the granularity of latency steps across experiments for a given environment.

The parameters that are fixed across environments are shown in Table B.8.

Environment NZI λ κ T ∆δ

1 24 0.05 0.05 15,000 100
2 238 0.005 0.02 10,000 10
3 58 0.005 0.02 5,000 10

Table B.7: Parameter settings for the three market environments from WW [189, p. 80]. Please
note, the λ parameter for Environments 1 and 2 has an apparent typo (λ = 0.0005) in WW’s Table
3 [189, p. 80]; the 0.005 value is specified in the text [189, p. 80] and in Wah’s dissertation [188].

Parameter Default Description
rmean 100,000 Mean fundamental value of security.
σ2

shock 5,000,000 Variance of the random shock to the security’s fun-
damental value.

σ2
P V 5,000,000 Variance of ZI private valuations; used to draw pri-

vate marginal utility of the agent’s net position.
α 0.001 Threshold from which the LA agent determines

whether an opportunity is worth pursuing.
qmax 10 Maximum position (long or short) for ZI traders

Table B.8: Default parameters used across model configurations. These were specified by WW [189,
p. 80] except for α. The α value is based on the 2013 paper [190] and Wah’s dissertation [188], and
it is further confirmed by looking at the default value α in MarketSim.
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ID Rmin Rmax η

ZI1 0 125 1
ZI2 0 250 1
ZI3 0 500 1
ZI4 250 500 1
ZI5 0 1000 1
ZI6 500 1000 0.4
ZI7 500 1000 1
ZI8 0 1500 0.6
ZI9 1000 2000 0.4
ZI10 0 2500 0.4
ZI11 0 2500 1

Table B.9: ZI strategy combinations, taken from WW [189, p. 80].
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B.3.6 Simulation Driver

The simulation driver initializes the simulation by creating the scheduler, exchanges,

traders, security, and SIP. It kicks off the initialization functions for each of these

according to the logic detailed in the Initialization section. This results in a population

of exchanges, traders, a security with a time-dependent fundamental value, and data

feeds in the market. The simulation driver then kicks off the schedule to run through

events. The scheduler adds events along the way as messages are sent by agents and

as ZI agents reschedule themselves for arrival. When the scheduler finishes all events,

the simulation driver kicks off the functions to save the data from the simulation for

analysis.

B.3.7 Scheduler

The scheduler maintains the evolving schedule of events, kicking them off based on

their time. WW say, “[E]vents are maintained in a queue ordered by time of occur-

rence” [189, p. 78], and Wah’s dissertation says, “Multiple events may be scheduled

for the same time step, in which case they are executed deterministically in the order

in which they are enqueued” [188, pp. 16–17]. We therefore assume events are pri-

oritized first by time, then by order of scheduling (i.e., first-in-first-out for each time

step).

An event that has sub-events will kick off those related actions directly instead of

going through the scheduler. When the simulation is started, the scheduler kicks off

each event based on its time and the order in which it was enqueued for the current

time step. Once there are no more events at the current time step, the scheduler skips

266



ahead to the next time step which has a scheduled event. No events are scheduled

for t > T .

B.3.8 Exchanges

Each exchange in the model operates a continuous double auction (CDA)2 for the

asset. A CDA is a two-sided market where agents submit orders to buy and sell the

asset. The market is ‘continuous’ in the sense that orders and trades occur as soon

as they are received and processed by the exchange’s matching engine. A limit order

to buy (sell) the stock specifies a maximum (minimum) amount the agent is willing

to trade at and a quantity to buy (sell). In the model, all orders are for a single unit

of the stock. Each exchange maintains a limit order book (LOB), constructed with

the following elements:

1. Orders: map from order IDs to their respective orders

2. Bids: map from price to the queue of buy order IDs at that price

3. Asks: map from price to the queue of sell order IDs at that price

The exchange publishes a BBO to its subscribers, a feed containing the best bid and

offer prices in the LOB at that moment. LOBs are initialized with no bids or asks at

the start. The BBO has null prices for its best available bid and ask whenever their

respective side of the LOB is empty (including at initialization).

When an exchange receives an add message for order Oi with limit price p, it

does the following. First, it checks whether the added price can be matched against
2Wah and Wellman [190, 189] also examined an alternative clearing mechanism, periodic call

auctions, as a possible remedy to latency arbitrage. All exchanges in the U.S. stock market currently
use CDAs, however, and we leave the periodic call auction models out of scope for now.
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existing orders in the book. More explicitly, if order Oi is a buy order, the exchange

checks whether there is a resting sell order Oj with price q ≤ p. Similarly, if Oi is

a sell order, the exchange checks whether there is a resting buy order Oj with price

q ≥ p. In either of these cases, the orders are matched at price q, resulting in a

transaction. If multiple resting orders exist on the LOB that could match with the

incoming order, the oldest order is given priority (i.e. price-time priority). In this

simulation, all orders are for a single quantity of the asset, and so each trade is always

for a single unit. Receipts are sent to the traders associated with i and j, and Oj is

removed from the LOB. If Oi instead does not immediately match, it is added to the

LOB. A trader can request to withdraw a resting order from the LOB. Upon receiving

a withdraw request, the exchange removes the corresponding order from the LOB.

After any change to the exchange’s LOB due to a withdraw, add, or trade, the

exchange publishes its updated best bid and ask prices to its subscribers. This is

published regardless of whether the best bid or ask prices were changed by the LOB

update. The exchange loops over its subscribers in the order they subscribed to the

exchange’s BBO feed, directly calling the subscriber’s update_bbo() function.

The market can be configured with one or two exchanges. Each ZI trader agent

has a ‘primary’ exchange. In the two-market configurations, the ZI agents are split

evenly between the two exchanges and subscribe only to the BBO feed of their primary

exchange. The SIP subscribes to both exchange feeds, as does the latency arbitrage

(LA) agent if it is present.
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B.3.9 The SIP

The role of the SIP in the simulation is to consolidate information from across the

fragmented market and publish the national best bid and offer (NBBO). This process

is kicked off whenever the SIP receives a BBO update from an exchange. We assume

that when latency δ is zero the SIP should update its NBBO (and subscribers) without

going through the scheduler. In our implementation, this means when the SIP receives

an update_bbo() call from an exchange and δ = 0, the SIP directly calls its own

update_nbbo() function. This prevents agents acting on the same time step from

having stale information due to the SIP being queued behind their already-scheduled

action. When δ > 0, we assume an update_nbbo() call is scheduled at time step

t + δ using the Scheduler, with no priority preference. In other words, if a ZI agent

is already scheduled for that time step, the NBBO update will occur after that agent

makes its trading action (and any resultant actions).

When update_nbbo() is called, the NBBO is calculated by finding the best BID

(ASK) at one exchange and then seeing whether the next exchange has a higher

(lower) BID (ASK). If neither exchange has a BID (ASK) order, the NBBO BID

(ASK) is empty. WW do not specify how ties for the best BID or ASK should be

handled. We arbitrarily award ties to the first exchange in the list. NBBO updates

specify the time t of the update, the best BID price and exchange, and the best ASK

price and exchange. Once calculated, NBBO updates are published to the subscribers

of the SIP in the order in which they subscribed. This is done by looping through

the subscribers and directly calling each subscriber’s update_nbbo function.
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B.3.10 Security

The security being traded in the market is mostly abstract, except it possesses an

evolving ‘common fundamental value’ known by the traders. As noted in the Ini-

tialization section, we pre-compute the fundamental value series {rt} for efficiency

reasons. This series is calculated following the below logic:
1 values = {}
2 r = r_mean
3 for i in [1,...,T]:
4 shock = N(0, sigma_shock^2)
5 r = max(0, kappa * r_bar + (1-kappa) * r + shock)
6 fundamental_value[i] = r

The mean is rmean, the degree of mean-reversion is κ (kappa), and µt ∼ N (0, σ2
shock)

is a Gaussian random shock drawn independently for each time step.

WW do not specify what r0 should be, so we assume r0 = rmean. WW also do not

specify how or whether the fundamental value should be made to be an integer (since

prices are discrete in the model). We choose not to discretize the fundamental value

when it is being calculated. A ZI trader arriving at time t looks up rt as part of its

trading strategy. We assume rt should be rounded to the nearest integer whenever it

is looked up by a trader.

The ZI traders use the estimated terminal value of the security in their trading

strategy. We model this logic as a function of the security, which the ZI agents call.

The estimate is based on the fundamental value rt at the time t the trader looks it

up. The estimated terminal value rest
t is then the expected fundamental value at time

T , accounting for the mean-reversion process. WW do not specify how rest
t is made

to be an integer, nor whether each component to the price should be converted to int

or just the final price. We assume that only the estimated terminal value should be
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rounded after the calculation of rest
t . In other words,

rest
t = round

(︂(︂
1 − (1 − κ)T −t

)︂
rmean + (1 − κ)T −trt

)︂
. (B.1)

B.3.11 Zero Intelligence (ZI)

ZI Initialization

As noted in the Initialization section, each ZI trader subscribes to the SIP NBBO

and to the BBO feed from its primary exchange. Its holdings, profits, and number of

transactions are all initialized to zero. Next, for the given ZI trader ZIi, we construct

Θi, the vector of differences in private benefits of changes to the trader’s net position:

Θi = {θq
i }, (B.2)

where −qmax < q ≤ qmax and the θi’s are sorted such that θq ≥ θq+1 ∀q. No dis-

cretization logic is specified by WW, nor do they state anywhere that the internal

component for the ZI agents should be integers. Hence, we do not round or otherwise

discretize the θ values when they are initialized.

Arrival and base trading strategy

The ZI traders are scheduled to initially arrive at the market on a fixed schedule

drawn from a Poisson distribution, as detailed in the Initialization section. Each ZI

trader arrives to place an order at least once. We assume the first thing the ZI trader

ZIi does upon arrival at time t is schedule its next arrival for time t + ⌈bi⌉, where

bi ∼ Exponential
(︂

1
λ

)︂
. WW do not specify how ZI arrival times should be made
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discrete. We choose to take the ceiling so the trader does not schedule itself to arrive

again on the same time step.

After scheduling its next arrival, ZIi withdraws any outstanding orders from pre-

vious turns that have not yet resulted in a trade. It then determines its trading action

for this turn. It randomly chooses (with equal probability) whether to buy or sell

on this turn. Traders are not allowed to have a net position of qmax shares long or

short of the asset. Thus, if the decision to trade or buy would result in a net position

|q| > qmax, the trader does not submit an order and exits.

Otherwise, ZIi looks up the estimated terminal fundamental value rest
t of the

security (see the Security submodel section). It then calculates its internal valuation

vi(t) of the asset based on rest
t and its marginal private benefits vector Θi:

vi(t) = rest
t +

⎧⎪⎪⎪⎨⎪⎪⎪⎩
θqt+1

i if buying one unit

θqt
i if selling one unit

. (B.3)

We choose to round vi(t) to the nearest integer, as WW do not specify how prices

are made to be discrete. ZIi’s order price p is ‘shaded’ some amount away from its

private valuation in order to achieve surplus value.

p ∼

⎧⎪⎪⎪⎨⎪⎪⎪⎩
max (0, U [vi(t) − Rmax, vi(t) − Rmin]) if buying

max (0, U [vi(t) + Rmin, vi(t) + Rmax]) if selling
, (B.4)

where U here denotes an integer uniformly chosen at random within the specified

range. The requested surplus for ZIi is then si(t) = |vi(t) − pi(t)|.

Before submitting its order, ZIi determines whether there is a greedy opportu-
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nity based on p, the trader’s η parameter, and the current market information. As

detailed in the main paper, we assess two interpretations of this greedy strategy; one

implementation based on our ‘best guess’ based on the text, and one implementation

based on MarketSim. We detail these two implementations below.

BestGuess greedy strategy

WW say the ZI agents have access to quotes on their primary market and the NBBO.

Let NBBO denote the current NBBOt received from the SIP as of time t, and let

BBO denote ZIi’s primary exchange BBOt as of time t. Based on these sources, ZIi

determines the best bid price and the best ask:
1 max_bid = NBBO.bid.price
2 min_ask = NBBO.ask.price.
3

4 if BBO.bid != None and (max_bid == None or BBO.bid >= max_bid):
5 max_bid = bbo.bid
6 if BBO.ask != None and (min_ask == None or BBO.ask <= min_ask):
7 min_ask = BBO.ask

ZIi determines whether there is a greedy opportunity based on p, the trader’s η

parameter, and max_bid and bid_ex if selling (or min_ask and ask_ex if buying).

If so, ZIi will update its order price p to the observed available price it is trying to

immediately execute at.
1 requested_surplus = |valuation - p|
2 if side == 'buy':
3 if min_ask != None and
4 (requested_surplus * eta <= valuation - min_ask):
5 p = min_ask
6 else: // 'sell'
7 if max_bid != None and
8 (requested_surplus * eta <= max_bid - valuation):
9 p = max_bid
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MarketSim greedy strategy:

In the MarketSim implementation of the greedy strategy, ZIi does not look at the

NBBO when determining whether there is a greedy opportunity, and it updates

p = vi(t) when there is a greedy opportunity:
1 requested_surplus = |self.valuation - price|
2 if side == 'buy':
3 if BBO.ask != None and
4 requested_surplus * eta <= valuation - BBO.ask:
5 price = valuation
6 else: // 'sell'
7 if BBO.bid != None and
8 requested_surplus * eta <= BBO.bid - valuation:
9 price = valuation

Order submission

After the price is finalized (for either greedy strategy implementation), the order is

then submitted to the exchange determined by the below logic. Assume order.price

is set to p and order.exchange is set to ZIi’s primary exchange. Also assume BBO is

ZIi’s primary exchange’s current BBO and NBBO is the current NBBO received from

the SIP.
1 route_order(order):
2 NBBO_price_better = False
3 will_transact = False
4 if order.type == "BUY":
5 if NBBO.ask.price != Null:
6 if (BBO.ask == Null) or (NBBO.ask.price < BBO.ask):
7 NBBO_price_better = True
8 if order.price >= NBBO.ask.price:
9 will_transact = True

10 alt_ex = NBBO.ask.exchange
11 elif order.type == "SELL":
12 if NBBO.bid.price != Null:
13 if (BBO.bid == Null) or (NBBO.bid.price > BBO.bid):
14 NBBO_price_better = True
15 if order.price <= NBBO.bid.price:
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16 will_transact = True
17 alt_ex = NBBO.bid.exchange
18

19 if NBBO_price_better and will_transact:
20 order.exchange = alt_ex
21

22 order.exchange.submit_order(order)

Calculation of surplus

At the end of the simulation, we calculate the total surplus Si for an agent ZIi with

a terminal net position qT
i and valuation vector Θi = {θj}. This is calculated as the

sum of the following: the terminal value of its net position, the net cash flow of the

trader from its trades over the course of the simulation, and the private benefits it

receives from its net position. Let q_T denote the terminal net position of ZIi, let r_T

denote the terminal fundamental value of the security, and let profits be the net

cash flow from trades. Then, at the end of the simulation, we calculate the following

for the trader’s surplus:
1 surplus = profits
2 surplus += q_T * r_T
3 private_value = 0
4 if q_T > 0:
5 for q in [1, q_T]:
6 private_value += thetas[q]
7 elif q_T < 0:
8 for q in [q_T+1, 0]:
9 private_value -= thetas[q]

10

11 surplus += private_value
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B.3.12 Latency Arbitrage (LA)

The latency arbitrageur (LA) in the two-market model operates as follows. At ini-

tialization, it subscribes to the BBO updates from both exchanges. During the sim-

ulation, whenever the LA agent’s update_bbo() function is called by an exchange,

it updates its internal BBO for that exchange and then evaluates whether there is an

arbitrage opportunity:
1 if executing_strategy:
2 return
3

4 max_bid = None
5 min_ask = None
6 for exchange, BBO in BBOs:
7 if max_bid == None or
8 (BBO.bid != None and BBO.bid > max_bid):
9 max_bid = BBO.bid.

10 bid_ex = exchange
11 if min_ask == None or
12 (BBO.ask != None and BBO.ask < min_ask):
13 min_ask = BBO.ask
14 ask_ex = exchange
15 if max_bid != None and min_ask != None and
16 max_bid > (1 + self.alpha) * min_ask:
17 executing_strategy = True
18 midpoint = (max_bid + min_ask) / 2
19 submit_order(ask_ex, 'buy', price=floor(midpoint), q=1)
20 submit_order(bid_ex, 'sell', price=ceil(midpoint), q=1)
21 executing_strategy = False

Note that we implement a lock to ensure the LA strategy can complete in full before

it submits new orders. Otherwise it might receive a quote update from the exchange

and think there’s a new arbitrage opportunity, kicking off more orders prior to the

other leg of the original strategy finishing. When its orders result in trades (which

they are guaranteed to do, since it is not subject to any latency) the LA agent adds

the cash flow to its total profits. For a given arbitrage opportunity it acts on, it
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achieves a profit of BID∗ − ASK∗ from the resulting trades. The surplus for the LA

trader is just its profits (i.e. net cash flow).

B.3.13 Metric calculation

After the scheduler finishes its scheduled events, we calculate the following metrics

on the events from the simulation: the total ZI surplus, LA profits, mean execution

time, median spread, and the number of transactions.

Spread

WW describe the spread as the amount by which the best ask (ASK) exceeds the

best bid (BID). They report the median spreads for the BBO and the NBBO. They

do not address how to handle a locked or crossed market when calculating spread.

We assume we should remove observations where the BID or ASK are empty or where

the market was crossed (i.e. require ASK ≥ BID)3. WW also do not clarify whether

the median is calculated on the spread from each quote update or if the spread should

be calculated once per time step. We assume it should be calculated for each update

(i.e. tick time, rather than clock time). The NBBO median spread is then taken as

the median value from the spreads calculated for each NBBO update where the BID

and ASK are both non-empty and ASK ≥ BID. One other important note on the

NBBO spread is it is not clear whether NBBO updates scheduled for t > T should

be included in the calculation (which can happen when latency δ > 0). We assume

no events are executed for t > T , and thus these NBBO updates are ignored in our
3MarketSim (code) calculates spread as infinity when BID or ASK are null or when ASK <

BID.
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implementation.

When there is a single exchange in the market, the BBO spread is the median

of all spreads on BBO updates where the BID and ASK are both non-empty4. For

configurations with two exchanges, the median is calculated for each exchange BBO

and then the average is taken between the two.

Execution time

WW say, “We measure execution time by the interval between order submission and

transaction for orders that eventually trade” [189, p. 79]. We assume the execution

time should be calculated for both legs of the trade, therefore meaning at least one

leg will have an execution time of zero for each trade. Thus, the mean execution time

is the average time to execution (i.e. execution time minus submission time) for all

orders that resulted in trades.

Transactions

The logic to calculate the number of transactions is inferred from Fig. 11 in WW [189,

p. 90] and the behavior of the model. Namely, transactions are the total orders that

resulted in trades throughout the simulation, separated by the type of trader whose

order it was. Thus, a trade between two ZI traders results in two ZI transactions,

while a trade between a ZI trader and the LA agent is logged as one ZI transaction

and one LA transaction.
4Note that ASK > BID at the exchange-level by definition of the CDA.
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Surplus

Finally, surplus is calculated as follows. The total ZI surplus is calculated by summing

the terminal surplus values for each ZIi in the simulation (see the ZI submodel

section for how the surplus is calculated for each ZI trader). The LA trader only

has the profit it achieved from the net cash flow of its trades. We take the LA agent’s

terminal profits as its total surplus.
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Appendix C

Supplementary Material for Chap-

ter 4

C.1 ODD Protocol

Below, we give the model description, which follows the ODD (Overview, Design

concepts, Details) protocol [90, 92] for our base extension of Wah and Wellman’s

2016 model (WW) [189]. We follow as closely as possible the model as specified by

the text of WW, except we extend the model in the following ways. We move the

NBBO routing inside the exchange. We allow for variable order size, updating the

exchange and latency arbitrageur logic accordingly. We add an Observer entity to

track the direct best bid and offer (DBBO) prices in real time. We also introduce

additional trading strategies for the background agents, based on Vyetrenko et al.

[187] and the ABIDES platform [36]
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C.1.1 Overview

Purpose

The model examines the effects of fragmentation, latency, and latency arbitrage in

a financial market. The model features a single stock traded by background trader

agents in a market with one or more stock exchange. The model can be run for a

consolidated market with a single exchange, or with the incremental elements of an

additional exchange, communication latency, and a latency arbitrageur. This allows

for the incremental effects of these features on aggregate behavior to be examined.

Entities Scheduler: schedules and kicks off events in the simulation
Exchange: market operating a continuous double auction
(CDA)
Security: fungible asset traded on each exchange
Security Information Processor (SIP): data consolida-
tor for the market; maintains and publishes the National
Best Bid and Offer (NBBO)
Observer: data consolidator that tracks the direct best
bid and offer (DBBO) in the market, with no communica-
tion latency
Traders:
Zero Intelligence (ZI) background traders
Latency Arbitrageur (LA)
Noise background traders
Value background traders
Market Maker (MM) background traders
Momentum background traders

Table C.1: Entities in the model ODD protocol.
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State variables Scheduler
Current time t

List of scheduled events (background trader activations,
SIP updates)
Exchange
Limit order book (LOB): all resting orders with prices,
quantities, and timestamps
Best bid and offer (BBO): highest buy price and lowest sell
price on the exchange
National best bid and offer (NBBO): NBBO published by
the SIP
BBO subscribers
SIP
Exchange BBO(s): Current BBO feeds from the ex-
change(s)
National Best Bid and Offer (NBBO)
NBBO subscribers
Observer
Exchange BBO(s): Current BBO feeds from the ex-
change(s)
Direct Best Bid and Offer (DBBO)
Trades
Security
Fundamental value rt

Table C.2: State variables for the non-trader entities in the model ODD protocol.
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State variables ZI trader
Valuation vector Θi: marginal private benefits for buying
and selling the asset
Strategy parameters {Rmin, Rmax, η}
Local exchange
Local exchange BBO
Current holdings: quantity qi the trader is long or short
Outstanding orders
Profits from trading
LA trader (if present)
Exchange BBOs
executing_strategy lock flag
Profits from trading

Table C.3: State variables for the WW trader classes in the model ODD protocol.

283



State variables Noise trader
Order size
Local exchange
Subscribed feed (NBBO or local exchange BBO)
Current holdings: quantity qi the trader is long or short
Outstanding orders
Profits from trading
Value trader
Order size
Fundamental estimate r̂t

Variance estimate σ2
t

Previous wake time
Local exchange
Subscribed feed (NBBO or local exchange BBO)
Current holdings: quantity qi the trader is long or short
Outstanding orders
Profits from trading
MM trader
Order size
Last observed trade
Default spread
Levels to place orders at
Local exchange
Subscribed feed (NBBO or local exchange BBO)
Current holdings: quantity qi the trader is long or short
Outstanding orders
Profits from trading
Momentum trader
Order size
Midpoint history
Local exchange
Subscribed feed (NBBO or local exchange BBO)
Current holdings: quantity qi the trader is long or short
Outstanding orders
Profits from trading

Table C.4: State variables for the Get Real [187] trader classes in the model ODD protocol.

284



Scales T : Simulation length
Nexch ∈ {1, 2}: Number of exchanges
δ ≥ 0: SIP latency
NZI : Number of ZI traders
NLA ∈ {0, 1}: Presence or absence of the LA trader
λ: ZI activation rate
qmax: maximum shares ZI trader can be long or short the
asset

Table C.5: Scales in the model ODD protocol.

Process overview and scheduling

Time is discrete, with steps t ∈ 1, . . . , T . A scheduler maintains a queue of exogenous

events, ordered by time and then by insertion order (first-in, first-out). At the sched-

uler level, all trader activation events and all delayed SIP update events are queued.

Delayed SIP events include both NBBO updates and trade-feed updates when latency

is positive. Exchange matching, BBO publication, trade confirmations, routing, and

LA reactions occur immediately as consequences of scheduled events.

C.1.2 Design Concepts

Basic principles

Underlying the model is the concept that fragmentation in a market leads to communi-

cation latency. This latency affects different classes of traders unequally. Background

investors are assumed to trade based on some understanding of the fundamental

value of the security and additional private factors. These investors are less invested

in speed technologies than the HFT traders and therefore have some exposure to

stale information in the market relative to HFT traders. This is represented in the
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model through a simplified latency arbitrage scenario, in which the SIP connecting

the markets represents possibly stale information (when latency δ > 0) relative to

the direct access the HFT arbitrage agent has to prices at each exchange. These

assumptions (fragmentation, speed/information differentials, and high-level trading

strategies) determine the structure and individual behaviors in the model. The model

provides insight into the impact these features have on the system overall through

various market-level performance characteristics.

Emergence

The key results examined in the model are statistical properties of the price return

series and market quality metrics related to trading activity on the exchanges. These

features are emergent from the interactions of traders adding orders in the simulation.

Adaptation

No details/parameters of the ZI or LA strategies change over the course of the simu-

lation in order to improve profitability.

Objectives

Traders aim to maximize their surplus (private value plus profit), but they are not

strategic beyond what they are hard-coded to do. The LA agent submits orders

immediately at prices ensured to execute and achieve immediate profit

Learning

The agents do not learn or adapt their traits over the course of the simulation.
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Prediction

No prediction is done by the agents.

Sensing

Traders use data feeds in the market to sense the prices available. This determines

whether to act in the LA agent’s case, and it determines the order routing decision

for the ZI agents.

Interaction

Traders interact through the matching of their orders in the LOBs at the exchanges.

The resting orders at each exchange inform the routing decisions of the subsequent

traders placing orders. Trader actions on the LOBs are communicated via BBO

and NBBO updates, which are received as they are updated. These updates occur

instantly for the BBOs and with latency δ for the NBBO after events in the model.

Stochasticity

The fundamental price of the security is a mean-reverting stochastic process. ZI

trader’s internal valuations and order prices are assumed to be stochastic perturba-

tions on top of the security’s fundamental value. Exact ZI agent activation times are

also stochastic, with individual agent interarrival times drawn from an exponential

distribution.
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Collectives

Equal sized groups of ZI traders are associated with each of the exchanges. This

association determines which exchange’s direct BBO feed the trader receives and

determines the trader’s default routing decision. These features in turn factor into

the trader’s specific actions. Aside from this difference between groups of ZI traders,

there are no collectives in the model.

Observation

The price quotes and trades in the market are logged by the exchanges and published

to be logged by the Observer DBBO and the SIP NBBO. Every time an order is

submitted, canceled, or results in a transaction at an exchange, this results in a

change to the LOB. As a result, the exchange’s BBO is updated and published to

the traders, the SIP, and the Observer. The SIP tracks BBO updates (at a lag δ) in

its NBBO. The Observer tracks the BBOs and trades. These observations are used

at the end of the simulation to calculate metrics, which are then logged, and the

Observer’s trade and direct BBO (DBBO) feeds are also saved.

C.1.3 Initialization

Before each model run, the security, traders, exchanges, SIP, and Observer are instan-

tiated. First, we create the exchanges and the SIP. The SIP’s NBBO and exchange

BBO(s) are initialized to have null values as their best bid and best offer. The SIP

subscribes to the direct BBO feed from each exchange. The Observer similarly ini-

tializes its DBBO to have null values for the best bid and best offer and subscribes

288



to the direct BBO feed from each exchange. The security traded in the market is

also initialized. This initialization logic is detailed in Section C.1.11, with different

initialization steps taken depending on what type of exogenous fundamental value

logic the traders rely on. Finally, the Observer is initialized. It subscribes to the

BBO and trade feeds from each exchange.

Next, the background traders are created. The order these traders are created in

is the following, skipping any traders which have zero count specified in the agent

configurations:

1. ZI

2. Noise

3. Value

4. MM

5. Momentum

6. LA

The logic for initializing each of these agent types is detailed in their respective

sections below. Once these initialization steps have been completed, the simulation

is kicked off.

C.1.4 Input data

The model does not use input data aside from the ZI strategy mixture probabilities

(discussed above) and the parameters, which are specified in the next subsection.
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C.1.5 Parameters

The three environments specified by WW are given in Table C.6. The parameter NZI

is the number of ZI traders, λ is the activation rate of ZI traders, κ is the strength of

mean reversion of the security’s fundamental value, T is the simulation length, and

∆δ is the granularity of latency steps across experiments for a given environment.

The parameters that are fixed across environments are shown in Table C.7.

Environment NZI λ κ T ∆δ

1 24 0.05 0.05 15,000 100
2 238 0.005 0.02 10,000 10
3 58 0.005 0.02 5,000 10

Table C.6: Parameter settings for the three market environments from WW [189, p. 80]. Please
note, the λ parameter for Environments 1 and 2 has an apparent typo (λ = 0.0005) in WW’s Table
3 [189, p. 80]; the 0.005 value is specified in the text [189, p. 80] and in Wah’s dissertation [188].

Parameter Default Description
rmean 100,000 Mean fundamental value of security.
σ2

shock 5,000,000 Variance of the random shock to the security’s fun-
damental value.

σ2
P V 5,000,000 Variance of ZI private valuations; used to draw pri-

vate marginal utility of the agent’s net position.
α 0.001 Threshold from which the LA agent determines

whether an opportunity is worth pursuing.
qmax 10 Maximum position (long or short) for ZI traders

Table C.7: Default parameters used across WW model configurations. These were specified by Wah
and Wellman [189, p. 80] except for α. The α value is based on the 2013 paper [190] and Wah’s
dissertation [188], and it is further confirmed by looking at the default value α in MarketSim.
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ID Rmin Rmax η

ZI1 0 125 1
ZI2 0 250 1
ZI3 0 500 1
ZI4 250 500 1
ZI5 0 1000 1
ZI6 500 1000 0.4
ZI7 500 1000 1
ZI8 0 1500 0.6
ZI9 1000 2000 0.4
ZI10 0 2500 0.4
ZI11 0 2500 1

Table C.8: ZI strategy combinations, taken from Wah and Wellman [189, p. 80].
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C.1.6 Simulation Driver

The simulation driver initializes the simulation by creating the scheduler, exchanges,

traders, security, and SIP. It kicks off the initialization functions for each of these

according to the logic detailed in the Initialization section. This results in a population

of exchanges, traders, a security with a time-dependent fundamental value, and data

feeds in the market. The simulation driver then kicks off the schedule to run through

events. The scheduler adds events along the way as messages are sent by agents and as

ZI agents reschedule themselves for activation. When the scheduler finishes all events,

the simulation driver kicks off the functions to save the data from the simulation for

analysis.

C.1.7 Scheduler

The scheduler maintains the evolving schedule of events, kicking them off based on

their time. WW say, “[E]vents are maintained in a queue ordered by time of occur-

rence” [189, p. 78], and Wah’s dissertation says, “Multiple events may be scheduled

for the same time step, in which case they are executed deterministically in the order

in which they are enqueued” [188, pp. 16–17]. We therefore assume events are pri-

oritized first by time, then by order of scheduling (i.e.,first-in-first-out for each time

step).

An event that has sub-events will kick off those related actions directly instead of

going through the scheduler. When the simulation is started, the scheduler kicks off

each event based on its time and the order in which it was enqueued for the current

time step. Once there are no more events at the current time step, the scheduler skips
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ahead to the next time step which has a scheduled event. No events are scheduled

for t > T .

C.1.8 Exchanges

Each exchange in the model operates a continuous double auction (CDA)1 for the

asset. A CDA is a two-sided market where agents submit orders to buy and sell the

asset. The market is ‘continuous’ in the sense that orders and trades occur as soon as

they are received and processed by the exchange’s matching engine. A limit order to

buy (sell) the stock specifies a maximum (minimum) amount the agent is willing to

trade at and a quantity to buy (sell). Order specify a positive integer quantity of the

stock to buy or sell. Each exchange maintains a limit order book (LOB), constructed

with the following elements:

1. Orders: map from order IDs to their respective orders

2. Bids: map from price to the queue of buy order IDs at that price

3. Asks: map from price to the queue of sell order IDs at that price

The exchange publishes a BBO to its subscribers, a feed containing the best bid and

offer prices in the LOB at that moment. LOBs are initialized with no bids or asks at

the start. The BBO has null prices for its best available bid and ask whenever their

respective side of the LOB is empty (including at initialization).
1Wah and Wellman [190, 189] also examined an alternative clearing mechanism, periodic call

auctions, as a possible remedy to latency arbitrage. All exchanges in the U.S. stock market currently
use CDAs, however, and we leave the periodic call auction models out of scope for now.
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Order submission

When an exchange receives an add message for order Oi with limit price p, it first

checks whether the order should be rerouted to another exchange based on the NBBO.

If there is only one exchange, this step can be skipped. Assume order.price is set

to p and order.exchange is set to the current exchange. Also assume BBO is the

current exchange’s BBO and NBBO is the current NBBO received from the SIP. The

logic checks whether the NBBO indicates that the order would immediately execute

at a price better than the exchange’s BBO. If so, the order is rerouted to the exchange

holding the appropriate side of the NBBO.
1 submit_nms_order(order):
2 NBBO_price_better = False
3 will_transact = False
4 if order.type == "BUY":
5 if NBBO.ask.price != Null:
6 if (BBO.ask == Null) or (NBBO.ask.price < BBO.ask):
7 NBBO_price_better = True
8 if order.price >= NBBO.ask.price:
9 will_transact = True

10 alt_ex = NBBO.ask.exchange
11 elif order.type == "SELL":
12 if NBBO.bid.price != Null:
13 if (BBO.bid == Null) or (NBBO.bid.price > BBO.bid):
14 NBBO_price_better = True
15 if order.price <= NBBO.bid.price:
16 will_transact = True
17 alt_ex = NBBO.bid.exchange
18

19 if NBBO_price_better and will_transact:
20 \\ Check whether the NBBO exchange is the current exchange
21 if alt_ex != self:
22 order.exchange = alt_ex
23 order.rerouted_flag=True
24

25 order.exchange.submit_order(order)
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Adding an order

Say that an order has been received by the exchange’s submit_order() function,

and let the order have price p and quantity s. The exchange first checks whether

the added order can be matched against existing orders in the book. More explicitly,

if incoming order Oi is a buy order, the exchange checks whether there is a resting

sell order Oj with price q ≤ p. Similarly, if Oi is a sell order, the exchange checks

whether there is a resting buy order Oj with price q ≥ p. In either of these cases, the

orders are matched at price q, resulting in a transaction. If multiple resting orders

exist on the LOB that could match with the incoming order, the oldest order is given

priority (i.e.,price-time priority). Say Oj has quantity s′. The transaction is then

for min(s, s′). The trade is processed using the logic detailed below (Section C.1.8).

The exchange also publishes the trader to its trade feed subscribers. If Oj is filled

by the transaction (i.e., the transaction is for s′ shares), it is removed from the LOB;

otherwise, it remains on the LOB with the remaining quantity s′ − s. If Oi instead

did not immediately match, it is added to the LOB. The exchange then updates its

BBO (Section C.1.8) Finally, if Oi matched but was not filled by the transaction (i.e.,

the transaction is for s′ < s shares), the remaining order with quantity s − s′ shares

is reprocessed, going through the submit_nms_order() logic again unless the order

was flagged by the trader to not be rerouted.

Canceling an order

A trader can request to cancel its own resting order on the LOB. Upon receiving a

cancel request, the exchange removes the corresponding order. The exchange pub-

lishes a BBO update to its subscribers. As there is no communication latency between
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exchange and trader, no confirmation is sent to the trader—it just removes the order

from its internal records once the exchange process completes.

Best Bid and Offer (BBO) updates

The exchange best bid and offer (BBO) tracks the best bid and best ask prices

available on the exchange’s LOB at any point in time. Whenever a change occurs

to the exchange’s LOB due to a cancel, add, or trade, the exchange updates its

BBO. It also calculates what quantity of shares it has available at the best bid and

what quantity of shares it has available at the best ask. When the BBO is updated,

the exchange publishes a BBO update to its subscribers with the following: the

current time, the bid price, the bid quantity available, the ask price, and the ask

quantity available. This is published regardless of whether the best bid or offer prices

were changed by the LOB update. The exchange loops over its subscribers in the

order they subscribed to the exchange’s BBO feed, directly calling the subscriber’s

update_bbo() function.

Trade processing

The exchange sends receipts of the trade to the respective traders associated with each

order. After sending the receipts to the traders involved in the trade, the exchange

also publishes the trade to any subscribers to its trade feed.

C.1.9 The SIP

The role of the SIP in the simulation is to consolidate information from across the

fragmented market and publish the national best bid and offer (NBBO). This process
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is kicked off whenever the SIP receives a BBO update from an exchange. We assume

that when latency δ is zero the SIP should update its NBBO (and subscribers) without

going through the scheduler. In our implementation, this means when the SIP receives

an update_bbo() call from an exchange and δ = 0, the SIP directly calls its own

update_nbbo() function. This prevents agents acting on the same time step from

having stale information due to the SIP being queued behind their already-scheduled

action. When δ > 0, we assume an update_nbbo() call is scheduled at time step

t+δ using the Scheduler, with no priority preference. In other words, if a background

agent is already scheduled for that time step, the NBBO update will occur after that

agent makes its trading action (and any resultant actions).

When update_nbbo() is called, the NBBO is calculated by finding the best BID

(ASK) at one exchange and then seeing whether the next exchange has a higher

(lower) BID (ASK). If neither exchange has a BID (ASK) order, the NBBO BID

(ASK) is empty. WW do not specify how ties for the best BID or ASK should be

handled. We arbitrarily award ties to the first exchange in the list. NBBO updates

specify the time t of the update, the best BID price and exchange, and the best ASK

price and exchange. Once calculated, NBBO updates are published to the subscribers

of the SIP in the order in which they subscribed. This is done by looping through

the subscribers and directly calling each subscriber’s update_nbbo function.

Similarly, the SIP is also subscribed to the trade feeds from the exchanges. When

update_trades() is called, the SIP either directly calls its own update_sip_trades()

function (if δ = 0), or a call to its update_sip_trades() function is scheduled to

occur at t + δ. The SIP trade update calls the update_trades() function of any

subscribers to the trade feed, passing along the received trade.
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C.1.10 Observer

The role of the Observer in the simulation is to consolidate information from across

the fragmented market, similar to the SIP, except without latency. The Observer

maintains a direct best bid and offer (DBBO) series, which is saved at the end of

the simulation in order to conduct statistical analysis on the market’s evolving price

series. Note that the DBBO and the NBBO will be equivalent, except the DBBO will

be δ time steps ahead of the NBBO, and price updates in the last T − δ time steps

of a simulation run will be included in the DBBO but not the NBBO (as no events

are allowed past t = T ).

The Observer subscribes to the BBO and trade updates from each exchange.

The Observer updates its DBBO immediately, without going through the scheduler,

whenever such it receives a BBO update. The DBBO is calculated by finding the

best BID (ASK) at one exchange and then seeing whether the next exchange has a

higher (lower) BID (ASK). If neither exchange has a BID (ASK) order, the DBBO

BID (ASK) is empty. We arbitrarily award ties to the first exchange in the list. The

DBBO updates specify the time t of the update, the best BID price and exchange,

and the best ASK price and exchange. When the Observer receives a trade update,

it logs the trade and the security’s current stored fundamental value. Thus, when

the fundamental value is sparse (i.e., for the GetReal value trader configurations),

the Observer looks up the most recent sparse fundamental value that the security has

logged; it does not advance the fundamental to the current time step. The DBBO

and trade log are only internal to the Observer until the end of the simulation, at

which point they are saved for later analysis.
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C.1.11 Security

The security traded in the market is mostly abstract, except it possesses an evolving

‘common fundamental value’ known or estimated by the traders, depending on the

verion of the model (WW or GetReal).

WW fundamental value

As noted in the Initialization section, we pre-compute the fundamental value series

{rt} for the WW model for efficiency reasons. This series is calculated following the

below logic:
1 values = {}
2 r = r_mean
3 for i in [1,...,T]:
4 shock = N(0, sigma_shock^2)
5 r = max(0, kappa * r_bar + (1-kappa) * r + shock)
6 fundamental_value[i] = r

The mean is rmean, the degree of mean-reversion is κ (kappa), and µt ∼ N (0, σ2
shock)

is a Gaussian random shock drawn independently for each time step.

WW do not specify what r0 should be, so we assume r0 = rmean. WW also do not

specify how or whether the fundamental value should be made to be an integer (since

prices are discrete in the model). We choose not to discretize the fundamental value

when it is being calculated. A ZI trader arriving at time t looks up rt as part of its

trading strategy. We assume rt should be rounded to the nearest integer whenever it

is looked up by a trader.

The ZI traders use the estimated terminal value of the security in their trading

strategy. We model this logic as a function of the security, which the ZI agents call.

The estimate is based on the fundamental value rt at the time t the trader looks it
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up. The estimated terminal value rest
t is then the expected fundamental value at time

T , accounting for the mean-reversion process. WW do not specify how rest
t is made

to be an integer, nor whether each component to the price should be converted to int

or just the final price. We assume that only the estimated terminal value should be

rounded after the calculation of rest
t . In other words,

rest
t = round

(︂(︂
1 − (1 − κ)T −t

)︂
rmean + (1 − κ)T −trt

)︂
. (C.1)

GetReal sparse fundamental value

The GetReal version of the model features a much more granular representation

of time. Specifically, a full 6.5-hour trading day is simulated, and each timestep t

represents a nanosecond. Thus, if we followed the calculation process used by the WW

version of the model, the fundamental would need to be calculated for 23400 × 109

values. To avoid this, the ABIDES [36] platform implements sparse fundamental

value logic, which is further detailed by Byrd [35]. The sparse fundamental value

logic uses a continuous mean-reverting Ornstein-Uhlenbeck (OU) process plus periodic

‘megashocks’ which arrive according to a Poisson process. The shocks are drawn from

a bimodal normal distribution with mean zero, modes equally spaced on either side

of zero. The OU process only departs from the mean with noisy movements, while

the shocks are needed to perturb the series away from the mean, analogous to the

discrete mean-reverting random walk from WW.

The specific logic is based on the SparseMeanRevertingOracle implemented in

ABIDES: https://github.com/abides-sim/abides/blob/master/util/ora

cle/SparseMeanRevertingOracle.py.
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C.1.12 Zero Intelligence (ZI)

ZI Initialization

Next, we create the ZI traders. Each ZI trader is assigned one of the markets as its

local market. In the single-exchange configuration of the market, all ZI traders are

assigned to the only exchange. In the two-market configurations, we alternate which

exchange an agent is assigned to each time we create an agent. We therefore evenly

split the ZI traders between the two exchanges, as there are no environments that

feature an odd number of ZI agents. Each ZI agent is assigned trading strategy pa-

rameters according to the specified mixture probabilities, specified in Table C.9. We

sample ZI trader profiles according to the surplus-maximizing equilibrium mixture

probabilities provided by WW for the given experiment (environment + latency +

number of LA). The surplus-maximizing equilibrium mixture probabilities are deter-

mined by combining the information in Tables 6–11 in WW [189, pp. 83–86]. Let

a ‘mixture’ refer to a sample of NZI profiles according to the mixture probabilities.

A mixture is stochastically drawn based on the probabilities for a given run. Each

profile from the mixture is assigned to one of the ZI agents. ZI agents subscribe to the

BBO feed from their assigned local exchange and to the NBBO feed from the SIP.

ZI agents initialize their marginal private benefits vector Θ according to the logic

detailed in Eq. C.2

Its holdings, profits, and number of transactions are all initialized to zero. Next,

for the given ZI trader ZIi, we construct Θi, the vector of differences in private
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benefits of changes to the trader’s net position:

Θi = {θq
i }, (C.2)

where −qmax < q ≤ qmax and the θi’s are sorted such that θq ≥ θq+1 ∀q. No dis-

cretization logic is specified by WW, nor do they state anywhere that the internal

component for the ZI agents should be integers. Hence, we do not round or otherwise

discretize the θ values when they are initialized.

Schedule initialization

The initial activations for each of the ZI agents scheduled after all the ZI agents

have been instantiated. WW say, “The background traders arrive at the market

according to a Poisson process with rate λ” [189, p. 75]. They do not specify how

the ZI activation times are made to be discrete. We draw the ZI activation times

independently from an exponential distribution (⌈Exponential(1/λ)⌉). We choose to

take the ceiling such that no event will be scheduled at time t = 0.

Activation and base trading strategy

Each ZI trader arrives to place an order at least once. We assume the first thing

the ZI trader ZIi does when it acts at time t is schedule its next activation for time

t + ⌈bi⌉, where bi ∼ Exponential
(︂

1
λ

)︂
. WW do not specify how ZI activation times

should be made discrete. We choose to take the ceiling so the trader does not schedule

itself to arrive again on the same time step.

After scheduling its next activation, ZIi withdraws any outstanding orders from

previous turns that have not yet resulted in a trade. It then determines its trading
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action for this turn. It randomly chooses (with equal probability) whether to buy or

sell on this turn. Traders are not allowed to have a net position of qmax shares long or

short of the asset. Thus, if the decision to trade or buy would result in a net position

|q| > qmax, the trader does not submit an order and exits.

Otherwise, ZIi looks up the estimated terminal fundamental value rest
t of the

security (see the Security submodel section). It then calculates its internal valuation

vi(t) of the asset based on rest
t and its marginal private benefits vector Θi:

vi(t) = rest
t +

⎧⎪⎪⎪⎨⎪⎪⎪⎩
θqt+1

i if buying one unit

θqt
i if selling one unit

. (C.3)

We choose to round vi(t) to the nearest integer, as WW do not specify how prices

are made to be discrete. ZIi’s order price p is ‘shaded’ some amount away from its

private valuation in order to achieve surplus value.

p ∼

⎧⎪⎪⎪⎨⎪⎪⎪⎩
max (0, U [vi(t) − Rmax, vi(t) − Rmin]) if buying

max (0, U [vi(t) + Rmin, vi(t) + Rmax]) if selling
, (C.4)

where U here denotes an integer uniformly chosen at random within the specified

range. Note that the ZI trader only submits orders of size one. The requested surplus

for ZIi is then si(t) = |vi(t) − pi(t)|.

Before submitting its order, ZIi determines whether there is a greedy opportunity

based on p, the trader’s η parameter, and the current market information. We use

the greedy strategy logic detailed in Chapter 3, which was determined from looking

at the MarketSim codebase that Wah and Wellman were involved in creating [191].
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In the MarketSim implementation of the greedy strategy, ZIi looks at its local

exchange’s BBO when determining whether there is a greedy opportunity. It updates

its order price to p = vi(t) when there is a greedy opportunity:
1 requested_surplus = |self.valuation - price|
2 if side == 'buy':
3 if BBO.ask != None and
4 requested_surplus * eta <= valuation - BBO.ask:
5 price = valuation
6 else: // 'sell'
7 if BBO.bid != None and
8 requested_surplus * eta <= BBO.bid - valuation:
9 price = valuation

The order is then submitted to the local exchange, where it may possibly be rerouted

based on the NBBO.

Calculation of surplus

At the end of the simulation, WW calculates the total surplus Si for an agent ZIi

with a terminal net position qT
i and valuation vector Θi = {θj}. This is calculated as

the sum of the following: the terminal value of its net position, the net cash flow of

the trader from its trades over the course of the simulation, and the private benefits

it receives from its net position. Let q_T denote the terminal net position of ZIi,

let r_T denote the terminal fundamental value of the security, and let profits be

the net cash flow from trades. Then, at the end of the simulation, we calculate the

following for the trader’s surplus:
1 surplus = profits
2 surplus += q_T * r_T
3 private_value = 0
4 if q_T > 0:
5 for q in [1, q_T]:
6 private_value += thetas[q]
7 elif q_T < 0:
8 for q in [q_T+1, 0]:

305



9 private_value -= thetas[q]
10

11 surplus += private_value

C.1.13 Latency Arbitrageur (LA)

LA initialization

At initialization, the LA agent subscribes to both exchanges’ BBO feeds.

Base trading strategy

During the simulation, whenever the LA agent’s update_bbo() function is called

by an exchange, it updates its internal BBO for that exchange and then evaluates

whether there is an arbitrage opportunity:
1 if executing_strategy:
2 return
3

4 executing_strategy = True
5 while True:
6 max_bid = None
7 min_ask = None
8 for exchange, BBO in BBOs:
9 if max_bid == None or

10 (BBO.bid != None and BBO.bid > max_bid):
11 max_bid = BBO.bid.price
12 max_bid_size = BBO.bid.quantity
13 bid_ex = exchange
14 if min_ask == None or
15 (BBO.ask != None and BBO.ask < min_ask):
16 min_ask = BBO.ask
17 min_ask_size = BBO.ask.quantity
18 ask_ex = exchange
19

20 if max_bid == None or min_ask == None:
21 break
22 if max_bid <= (1 + self.alpha) * min_ask:
23 break
24
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25 order_size = min(max_bid_size, min_ask_size)
26 midpoint = (max_bid + min_ask) / 2
27 submit_order(ask_ex, 'buy', price=floor(midpoint), q=order_size)
28 submit_order(bid_ex, 'sell', price=ceil(midpoint), q=order_size)
29

30 executing_strategy = False

Note that we implement a lock to ensure the LA strategy can complete in full before

it submits new orders. Otherwise it might receive a quote update from the exchange

and think there’s a new arbitrage opportunity, kicking off more orders prior to the

other leg of the original strategy finishing. It also keeps reevaluating whether there

is an arbitrage opportunity until it determines there is not. This is necessary due

to the fact the quantity available at each price level may differ. The LA trader also

skips the exchange’s NMS re-routing logic, otherwise one its arbitrage order(s) might

be misrouted due to a stale NBBO. When the orders result in trades (which they are

guaranteed to do, since it is not subject to any latency), the LA agent adds the cash

flow to its total profits. For a given arbitrage opportunity it acts on, it achieves a

profit of BID∗ − ASK∗ from the resulting trades. The surplus for the LA trader is

just its profits (i.e., net cash flow).

C.1.14 Noise agents

We implement the ‘Noise Agent’ strategy outlined by Vyetrenko et al. [187] in the ‘Ge-

tReal’ paper. We supplement the limited details from the paper with implementation

details publicly available in the ABIDES platform [36].
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Noise initialization

The Noise agents each trade once per day. Their activation times are sampled from

a U -quadratic distribution over the interval [topen, tclose], where topen and tclose are

the open and close times of the trading day. The specific activation time logic is

implemented as follows, based on the ABIDES code. First, a random number u ∈

[0, 1) is uniformly drawn. The U -quadratic distribution is parameterized by a and

b. Let β = b+a
2 and α = 12

(b−a)3 . The activation time scalar s is then calculated by

passing u into the inverse function of the U -quadratic distribution CDF:

α

3
(︂
(x − β)3 + (β − a)3

)︂

Thus,

s = β + 3

√︄
3y

α
− (β − a)3.

Finally, the activation time is:

w = s ∗ (tclose − topen).

Each Noise agent draws a random integer order size uniformly from the range

[20, 50) at initialization, which it then uses as its order size when executing its strategy.

Each Noise agent is arbitrarily assigned a local exchange. The first noise agent is

assigned its exchange at random, and the rest are subscribed to the next exchange,

following a round-robin strategy. Under the NBBO information setting, the Noise

agent will subscribe to the SIP NBBO. Under the BBO information setting, it will

subscribe to the BBO feed from its local exchange. In the below, we will refer to the
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(N)BBO, which should be assumed to be the NBBO under the NBBO information

setting and the BBO under the BBO information setting.

Activation

Vyetrenko et al. describe the noise agents as acting randomly and exclusively sub-

mitting market orders. The noise agents randomly choose to buy or sell, with equal

likelihood of either choice. The ABIDES platform implements a consolidated market,

but it allows for communication latency between agents in the model (including the

exchange agent and traders). The publicly available code implementing the noise

agent strategy actually submits limit orders equal to the opposite side of the market

BBO that the agent has observed (with latency). If the opposite side of the market

BBO is empty, it does not submit an order. A submitted order is communicated with

some amount of latency to the exchange. Thus, it is possible in that case for the

order to no longer be marketable by the time it reaches the exchange, if the BBO has

changed.

We choose to implement the version of the strategy from the code. Thus, upon

activation, the trader submits a limit order to buy or sell, with price equal to the

opposite side of the (N)BBO. If the opposite side of the (N)BBO is empty, the trader

does nothing.
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C.1.15 Value agent

Parameter Default Description
λv 10−12 Activation rate
rv 105 Asset mean fundamental value
σn 104 Asset observation noise variance
κv 1.67 ∗ 10−15 Asset mean reversion parameter
σv 105 Asset shock variance
percent_aggr 0.1 Percent of time agent will aggress the spread
depth_spread 2 Spread scalar for how deep to post in the book
min_size 20 Minimum order size (inclusive)
max_size 50 Maximum order size (exclusive)

Table C.10: Parameters and defaults for the Value agents. Defaults are based on the ABIDES
platform and the random_fund_diverse config file (https://github.com/abides-sim/abides/
blob/master/config/random_fund_diverse.py).

The Value Agent is also from the ‘GetReal’ paper [187]. We again draw from that

paper and the ABIDES platform [36], and specifically the random_fund_diverse

config file, for implementation details. Vyetrenko et al. describe the Value Agents as

being analogous to fundamental traders that, upon activation, buy when the stock is

cheap and sell when it is expensive. This assessment is based on a noisy view of an

exogenous ‘fundamental’ price series for the stock. Note that the GetReal versions

of the model use the sparse fundamental, as discussed in Section C.1.11. The value

agents activate according to a Poisson process with rate λ.

Initialization

The initial activation times are drawn uniformly from the interval [1, 100]. Each

trader initializes a default order size of an integer randomly drawn from the interval
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[20, 50). The agent maintains two priors about the fundamental value—the current

value and the error—which it initializes as r̂t = rv and σt = 0, respectively. Similar to

the other GetReal strategies, each value agent is arbitrarily assigned a local exchange.

The first value agent is assigned its exchange at random, and the rest are subscribed

to the next exchange, following a round-robin strategy. Under the NBBO information

setting, the Value agent will subscribe to the SIP NBBO. Under the BBO information

setting, it will subscribe to the BBO feed from its local exchange. In the below, we

will refer to the (N)BBO, which should be assumed to be the NBBO under the NBBO

information setting and the BBO under the BBO information setting.

Activation

Upon activation at time t, the trader first reschedules its next activation for t +

round(a), where a ∼ Exponential (1/λv). Next, the trader cancels any outstanding

orders before placing any new orders.

Let rt be the fundamental value of the security at time t. The value agent main-

tains two priors, estimates r̂t and σt of the fundamental value and error. The trader

observes a noisy estimate of rt when it looks up the value at t. Let this noisy obser-

vation be Ot:

Ot ∼ N(rt, σn).

Then Ot is rounded to the nearest integer.

Let ∆t be the number of time steps since the trader last acted, or the number of

time steps since the start of the simulation if this is the trader’s first activation. The

trader estimates the current fundamental based on its previous estimate r̂t and the

long-term mean r. If this is the trader’s first action, its previous r̂t is the starting
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value of the security. The updated estimate is:

r̂′
t = (1 − (1 − κ)∆t) ∗ r + (1 − κ)∆t r̂t

The trader also updates σt:

σ′
t = (1 − κ)2∆tσt +

(︄
1 − (1 − κ)2∆t

1 − (1 − κ)2

)︄
σ2

v ,

where σ2
v is the estimated long run variance. Then, r̂t and σt are updated as follows:

r̂t = σn

σn + σ′
t

r̂′
t + σ′

t

σn + σ′
t

Ot

σt = σnσt

σn + σt

.

Then, given the estimate of the current value of the asset, the trader estimates the

value at the end of the trading day:

rT = round
(︂
(1 − (1 − κ)T −t)r + ((1 − κ)T −tr̂t

)︂
.

If either side of the (N)BBO is empty, the agent sets its price equal to rT and

randomly chooses to buy or sell, with equal probability. Otherwise, let Let m and

s be the midpoint and spread of the (N)BBO, respectively. If rT < m, the trader

will sell the security (side=‘sell’); otherwise, it will buy (side=‘buy’). With

some probability paggr, the agent will submit an ‘aggressive’ order, wherein it does

not adjust its order and instead sets its price equal to the ask if buying or the bid if
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selling. Otherwise,

p = ask − q

if buying or

p = bid + q

if selling, where q is a random integer in the range [0, depth_spread ∗ s) and bid

and ask are the (N)BBO bid and ask, respectively. Note that this differs slightly

from the prose [187], in that the limit order could be equal to the bid or ask. Not

to mention the aggressive order probability, which is also not mentioned. The trader

places a limit order for quantity size to its local exchange.

C.1.16 Market Maker Agent

Parameter Default Description
num_ticks 5 Number of price levels to place orders at on each side of the book
wake_up_freq 60 × 109 (i.e., 1min) How long between activations
mm_size 100 Total order size for price level
last_spread 10 Default spread value

Table C.11: Parameters and defaults for the Market Maker agent. Defaults are based on the ABIDES
platform and the random_fund_diverse config file (https://github.com/abides-sim/abides/
blob/master/config/random_fund_diverse.py).

The Market Maker (MM) agent is also based on the strategy outlined by Vyetrenko

et al. [187] and implemented in the ABIDES platform [36]. The MM agent provides

liquidity on both sides of a LOB (buy and sell limit orders). The MM agent activates

at a regular interval (e.g., every minute).

313

https://github.com/abides-sim/abides/blob/master/config/random_fund_diverse.py
https://github.com/abides-sim/abides/blob/master/config/random_fund_diverse.py


Initialization

We choose to have the initial activation time drawn for the MM agent drawn from

an exponential distribution with scale wake_up_freq, taking the ceiling to make

activation times integers. The MM agent initializes its internal values according to

its parameters (Table C.11). The MM’s order sizes are fixed at mm_size/2 Similar to

the other GetReal strategies, the MM agent is arbitrarily assigned a local exchange.

The first MM agent is assigned its exchange at random, and any others are subscribed

to the next exchange, following a round-robin strategy. Under the NBBO information

setting, the MM agent will subscribe to the SIP NBBO. Under the BBO information

setting, it will subscribe to the BBO feed from its local exchange. In the below, we

will refer to the (N)BBO, which should be assumed to be the NBBO under the NBBO

information setting and the BBO under the BBO information setting.

Activation

Upon activation at time t, the MM agent first schedules its next arrival at t +

wake_up_freq. It then cancels any of its outstanding orders. The MM agent next

determines the prices it will submit orders at. The MM agent executes a basic market

making strategy. Specifically, it calculates the following:
1 // First, it sets its default midpoint value to be
2 // the most recent trade price
3 // Assume it has access to a list of all trades published
4 // by exchange/SIP data feed so far
5 mid = trades[-1]
6

7 // Next, it looks up the most recent (N)BBO
8 bid = (n)bbo['bid']['price']
9 ask = (n)bbo['ask']['price']

10

11 // So long as both sides of the (N)BBO are populated,
12 // it calculates the midpoint and the spread, rounding
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13 if bid and ask:
14 mid = floor((ask + bid) / 2)
15 spread = floor((ask - bid) / 2
16 else:
17 //Otherwise it uses the default spread
18 spread = last_spread
19

20 num_levels = 2 * num_ticks
21 // It submits buy and sell orders on opposite sides of the book
22 // for num_levels levels
23 for i < num_levels:
24 // Each order size is for quantity mm_size / 2
25

26 // It then places a buy order at the given level
27 buy_price = mid - spread - i
28 buy_order = Order(size=size, side='buy', price=buy_price)
29 ex.submit_nms_order(buy_order)
30

31 // And it places a sell order at the opposite level
32 sell_price = mid + spread + i
33 sell_order = Order(size=size, side='sell', price=sell_price)
34 ex.submit_nms_order(sell_order)

C.1.17 Momentum Agent

Parameter Default Description
wake_up_freq 60 × 109 (i.e., 1min) How long between activations
min_size 1 Minimum order size (inclusive)
max_size 10 Maximum order size (exclusive)

Table C.12: Parameters and defaults for the Momentum agent. Defaults are based on the ABIDES
platform and the random_fund_diverse config file (https://github.com/abides-sim/abides/
blob/master/config/random_fund_diverse.py).

The Momentum agent is based on the strategy outlined by Vyetrenko et al. [187]

and implemented in the ABIDES platform [36]. The Momentum agent sells if the

mid-price over the past 20 observations is lower than the average mid-price over the
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past 50 observations and buys otherwise. Similar to the MM agent, the Momentum

agent arrives to the market at a constant rate.

Initialization

We initialize its arrival time from an exponential distribution with scale wake_up_freq,

taking the ceiling to make activation times integers. It sets its default order size

(size) to be a random integer drawn from the interval [min_size, max_size). Sim-

ilar to the other GetReal strategies, each Momentum agent is arbitrarily assigned

a local exchange. The first Momentum agent is assigned its exchange at random,

and the rest are subscribed to the next exchange, following a round-robin strategy.

Under the NBBO information setting, the Momentum agent will subscribe to the

SIP NBBO. Under the BBO information setting, it will subscribe to the BBO feed

from its local exchange. In the below, we will refer to the (N)BBO, which should be

assumed to be the NBBO under the NBBO information setting and the BBO under

the BBO information setting. The Momentum agent also maintains a running list of

midpoint prices (mid_list), which is initialized as an empty array.

Activation

When activated at time t, the Momentum agent first schedules its next activation at

t + wake_up_freq. It then cancels any of its orders that are still outstanding.

As noted above, the Momentum agent compares the recent price trend to the

longer price trend, submitting a sell order if the recent trend is relatively lower and

submitting a buy order otherwise. Note, the Momentum agent logs an observation

each time it is activated, not each the NBBO is updated. Thus, it will not place an
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order until its 51st activation.
1 // First, it looks up the most recent NBBO
2 bid = nbbo['bid']['price']
3 ask = nbbo['ask']['price']
4

5 if bid is not None and ask is not None
6 and bid > 0 and ask > 0:
7 mid_list.append((bid+ask)/2)
8 if len(mid_list) > 50:
9 // Average the 20 and 50 most recent observations, respectively

10 avg_20 = sum(mid_list[-20:]) / 20
11 avg_50 = sum(mid_list[-50:]) / 50
12

13 if avg_20 >= avg_50:
14 // submit buy order at the ask price
15 order = Order(size=size, side='buy', price=ask)
16 else:
17 // submit sell order at the bid price
18 order = Order(size=size, side='sell', price=bid)
19 ex.submit_nms_order(order)

C.1.18 Metric calculation

After the scheduler finishes its scheduled events, data are saved for analysis. The

Observer saves the DBBO for the simulation. We also calculate the following metrics,

for checking alignment [13] against the canonical WW results: the total ZI surplus,

LA profits, mean execution time, median spread, and the number of transactions.

Spread

WW describe the spread as the amount by which the best ask (ASK) exceeds the

best bid (BID). They report the median spreads for the BBO and the NBBO. They

do not address how to handle a locked or crossed market when calculating spread.

We assume we should remove observations where the BID or ASK are empty or where
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the market was crossed (i.e., require ASK ≥ BID)2. WW also do not clarify whether

the median is calculated on the spread from each quote update or if the spread should

be calculated once per time step. We assume it should be calculated for each update

(i.e., tick time, rather than clock time). The NBBO median spread is then taken as

the median value from the spreads calculated for each NBBO update where the BID

and ASK are both non-empty and ASK ≥ BID. One other important note on the

NBBO spread is it is not clear whether NBBO updates scheduled for t > T should

be included in the calculation (which can happen when latency δ > 0). We assume

no events are executed for t > T , and thus these NBBO updates are ignored in our

implementation.

When there is a single exchange in the market, the BBO spread is the median

of all spreads on BBO updates where the BID and ASK are both non-empty3. For

configurations with two exchanges, the median is calculated for each exchange BBO

and then the average is taken between the two.

Execution time

WW say, “We measure execution time by the interval between order submission and

transaction for orders that eventually trade” [189, p. 79]. We assume the execution

time should be calculated for both legs of the trade, therefore meaning at least one

leg will have an execution time of zero for each trade. Thus, the mean execution time

is the average time to execution (i.e.,execution time minus submission time) for all

orders that resulted in trades.
2MarketSim (code) calculates spread as infinity when BID or ASK are null or when ASK <

BID.
3Note that ASK > BID at the exchange-level by definition of the CDA.
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Transactions

The logic to calculate the number of transactions is inferred from Fig. 11 in WW [189,

p. 90] and the behavior of the model. Namely, transactions are the total orders that

resulted in trades throughout the simulation, separated by the type of trader whose

order it was. Thus, a trade between two ZI traders results in two ZI transactions,

while a trade between a ZI trader and the LA agent is logged as one ZI transaction

and one LA transaction.

Surplus

Finally, surplus is calculated as follows. The total ZI surplus is calculated by summing

the terminal surplus values for each ZIi in the simulation (see the ZI submodel

section for how the surplus is calculated for each ZI trader). The LA trader only

has the profit it achieved from the net cash flow of its trades. We take the LA agent’s

terminal profits as its total surplus.

C.2 Replication and Validation of Wah

and Wellman (2016)

The background traders follow a trading strategy that is inspired by the zero-intelligence

(ZI) trading strategy introduced by Gode and Sunder [86]. The traders in Wah and

Wellman’s 2016 model act in the market multiple times per simulation, versus their

original 2013 model where each background trader was activated exactly once. The

2016 strategy also introduces strategic behavior not present in the 2013 model. We
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therefore refer to the 2016 strategy as ‘zero intelligence with reentry plus’ (ZIRP)

going forward, to differentiate it from the canonical strategy from Gode and Sunder

and the basic 2013 strategy from Wah and Wellman [190]. The exact logic of the

ZIRP traders is detailed in full in the ODD (Section C.1).

In the original study, Wah and Wellman [189] provide the quantitative values for

the mean ZIRP surplus and LA profits for each experiment. All other results from

the study are plotted visually. We test the fidelity of our implementation by assessing

relational equivalence [13] between our independent replication and the plotted results

from Wah and Wellman [189] and our results from Chapter 3. We leave tests of

quantitative alignment against the mean surplus and profit values out of scope for this

verification exercise. See Chapter 3 for a detailed discussion of testing for quantitative

alignment based only on these mean values.

C.2.1 Wah and Wellman’s 2016 model

We begin from our replication of Wah and Wellman’s 2016 model [189] detailed in

Chapter 3. As discussed earlier, Wah and Wellman were the first to use an ABM to

examine the effects of latency arbitrage in a fragmented market. The model therefore

provides an important baseline, and building on it allows us to take a cumulative ap-

proach to model and knowledge development [13]. Wah and Wellman introduced their

model in a pair of studies from 2013 and 2016. The 2013 version of the model [190]

featured simple background trader agents that only entered the market once per sim-

ulation. We refer to our implementation of the model as ‘WW’ for simplicity.

The overall setup of the model is described in the main paper (Section 4.3). The

model features one or two exchanges, a SIP that publishes the NBBO at some lag δ,
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background investor traders, and an optional latency arbitrageur (LA). In the 2013

version of the model, all other parameters were kept constant, and they reported

results from simulating 200 runs of the model per experiment. Wah and Wellman

substantially extended the model in 2016. In the updated model, the background

agents utilize a more sophisticated trading strategy, have heterogeneous strategy pa-

rameter sets, and can participate multiple times per simulation. Wah and Wellman

varied the market configurations for similar structural changes as before, but they ex-

amined three parameter sets and ran the model for 50,000 runs for each experiment.

We focus on the 2016 version of the model here, due to its more sophisticated

experimental design and more detailed reporting of results. We unfortunately do not

have the original model code used to produce the published results. We instead utilize

an independent replication as our starting point. We stick as closely to the original

model for this step. We then test qualitative alignment to and empirically benchmark

the base model, detailed below, before ultimately extending the model for the version

presented in our main paper.

We will refer to the version of our model replicating Wah and Wellman [189]

as ‘WW’ going forward. The background trader agents in WW implement a ‘zero-

intelligence’ (ZI) trading strategy inspired by the seminal work of Gode and Sunder

[86]. Their specific agent strategy built on the 2013 version of their model, adding

logic to allow traders to activate multiple times per simulation and to act strategically

to achieve surplus value based on their internal valuation of the stock. We call this

agent strategy ‘zero intelligence with reentry plus’ (ZIRP)4 to differentiate it from

the classic strategy introduced by Gode and Sunder [86]. We describe the high-
4The ZIRP name is based on the implementation of this strategy in the MarketSim codebase,

which Wah and Wellman helped build [191].
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level ZIRP strategy here, and a more in-depth description can be found in our ODD

(Appendix C.1.12).

ZIRP strategy

At initialization, each ZIRP trader is assigned a local exchange. When there are mul-

tiple exchanges in the market, agents are evenly distributed among the exchanges,

with exchange assignments following a round-robin strategy. A ZIRP agent will al-

ways submit any orders to its local exchange, which then does any rerouting on behalf

of the trader based on the NBBO (as discussed in Section 4.3). The agent also has

access to its local exchange’s BBO feed but not to any other data feeds in the market5.

Each trader is also assigned strategy parameters {Rmin, Rmax, η}. How these strategy

parameters are assigned is discussed in further detail in Section C.2.2

Each trader ZIRPi has a vector Θi of the marginal private benefits it receives for

changes to its net position:

Θi =
(︂
θ−qmax+1

i , . . . , θ0
i , θ+1

i , . . . , θqmax
i

)︂
,

where qmax is the maximum number of shares the trader can be long or short the stock.

This vector is constructed from 2qmax independent draws from a normal distribution

N (0, σ2
P V ), sorted such that θq

i ≥ θq+1
i ∀q. If the trader has q shares of the stock,

its private marginal benefit is θq+1
i for buying an additional share or θq

i for selling a

share.
5Wah and Wellman [189] describe the ZIRP agents as having access to the NBBO. However, as

the local exchange determines the ultimate order routing decision in our implementation, and it does
not appear that the trader uses the NBBO elsewhere in its trading strategy. See Chapter 3 for a
deeper dive on this nuance.
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The ZIRP traders are activated according to a Poisson process with rate λZIRP.

Interarrival times are independently drawn from an exponential distribution. Specif-

ically, the first thing that a ZIRP trader does when it is activated at time t is to

schedule its next activation to occur at t + ⌈a⌉, where

a ∼ Exponential(1/λZIRP).

Initial activation times are drawn from this same distribution (again taking the ceiling,

to avoid any activations at time t = 0).

Upon activation at time t, and after scheduling its next activation, a trader will

cancel any outstanding order it has from its previous turn. It then randomly decides

to buy or sell the stock. If this decision would result in the trader being more than

qmax shares long or short, the trader exits and does not submit an order. Otherwise, it

determines the order price according to its private valuation of the stock at that time.

This private valuation is based on a shared view of the (exogenous) fundamental value

of the stock and the private marginal benefit for trading the stock given how many

shares the trader is currently long or short the stock.

The fundamental value of the stock follows a mean-reverting random walk:

rt = max{0, κr + (1 − κ)rt−1 + ut},

where parameter κ ∈ [0, 1] specifies the strength of reversion to the mean r, the initial

value r0 = r, and ut ∼ N (0, σ2
shock) is a Gaussian random shock at each time step.

The ZIRP traders have a perfect view of the current rt when they are activated,

which they then use to estimate the terminal value rT . The estimated terminal value

323



r̂t is the expected value of rT given the current value rt and the underlying stochastic

process. This is calculated as follows and rounded to make r̂t an integer:

r̂t = round
(︂(︂

1 − (1 − κ)T −t)
)︂

r + (1 − κ)T −trt

)︂
.

The private valuation vi(t) for ZIRPi at time t is calculated as:

vi(t) = r̂t +

⎧⎪⎪⎪⎨⎪⎪⎪⎩
θqt+1

i if buying one unit

θqt
i if selling one unit

.

The trader then determines its order price p as:

p ∼

⎧⎪⎪⎪⎨⎪⎪⎪⎩
max (0, U [vi(t) − Rmax, vi(t) − Rmin]) if buying

max (0, U [vi(t) + Rmin, vi(t) + Rmax]) if selling
,

where U here denotes an integer uniformly chosen at random within the specified

range. The requested surplus for ZIRPi is then si(t) = |vi(t) − pi(t)|.

Greedy strategy extension The ZIRP strategy introduced by WW features what

we refer to as a ‘greedy strategy’ extension. This part of the strategy evaluates

whether the agent could immediately achieve a fraction η of its requested surplus si(t)

given the current price quote at its local exchange. This strategy is implemented as

follows. Let BBO refer to the most recent BBO received by the trader from its local

exchange. Then:
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1 max_bid = BBO.BID
2 min_ask = BBO.ASK
3 requested_surplus = |v_i(t) - p|
4 if side == 'BUY':
5 if requested_surplus * eta <= v_i(t) - min_ask:
6 p = v_i(t)
7 else: // 'SELL'
8 if requested_surplus * eta <= max_bid - v_i(t):
9 p = v_i(t)

Note that in a consolidated market this will always result in the trader’s order execut-

ing at the local exchange BBO (either the bid or the ask depending on whether the

agent is selling or buying, respectively). However, if the market is fragmented with

nonzero latency, it is possible the order will be rerouted instead of being executed

at the local exchange, in which case it may execute at a price inferior to the BBO

price it was aiming to hit. This is partly due to the fact the agent is setting its order

price p = vi(t) instead of setting p = min_ask or p = max_bid. This is discussed in

further detail in Chapter 3.

C.2.2 WW model experiments

We evaluate the WW model for the experimental settings used by Wah and Wellman

in their canonical results [189]. The default parameters used in each experiment

are shown in Table C.13. Another set of parameters is varied depending on the

‘environment’, with three environments overall. The environment parameter sets are

shown in Table C.14. The parameter NZI is the number of ZI traders, λ is the

activation rate of ZI traders, κ is the strength of mean reversion of the security’s

fundamental value, and T is the simulation length. Wah and Wellman varied the SIP

latency δ for at least three values for each environment. The specific δ values varied
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for each environment, as shown in Table C.14. Within an environment, there are

three possible configurations of the market: single exchange (CDA); two exchanges

with no LA agent (2M), and two exchanges with LA agent (2M LA). Note that the LA

agent is only relevant when there is nonzero latency, and so δ > 0 for each experiment

where the LA agent is present in these experiments.

Parameter Default Description
r 100,000 Mean fundamental value of security.
σ2

shock 5,000,000 Variance of the random shock to the security’s fun-
damental value.

σ2
pv 5,000,000 Variance of ZI private valuations; used to draw pri-

vate marginal utility of the agent’s net position.
α 0.001 Threshold from which the LA agent determines

whether an opportunity is worth pursuing.
qmax 10 Maximum position (long or short) for ZI traders

Table C.13: Default parameters used across model configurations. These were specified by WW
except for α, which is based on the 2013 paper [190] and MarketSim.

Environment NZIRP λ κ T δ

1 24 0.05 0.05 15000 {0, 100, 200, 300, 400, 600, 700, 900}
2 238 0.005 0.02 10000 {0, 50, 100}
3 58 0.005 0.02 5000 {0, 25, 50, 75, 100}

Table C.14: Parameter settings for the three market environments from WW.

As noted previously, the ZIRP traders have the following parameters that define a

strategy: {Rmin, Rmax, η}. Wah and Wellman [189] use an approach called ‘empirical

game-theoretic analysis’ (EGTA) to determine the Nash equilibrium mixture of ZIRP

strategies for a given experiment, under the assumption that players aim to maximize

their expected payoff (surplus) based on the strategies of other players. The allowed
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ZIRP strategy parameter settings are shown in Table C.15. The equilibrium strategy

mixture specifies the probability of each strategy setting and are given in our supple-

mentary materials. Due to this approach, in the canonical results the trader ecology

varies for each combination of environment, market configuration, and latency.

ID Rmin Rmax η

ZI1 0 125 1
ZI2 0 250 1
ZI3 0 500 1
ZI4 250 500 1
ZI5 0 1000 1
ZI6 500 1000 0.4
ZI7 500 1000 1
ZI8 0 1500 0.6
ZI9 1000 2000 0.4
ZI10 0 2500 0.4
ZI11 0 2500 1

Table C.15: ZIRP strategy parameter combinations, taken from Wah and Wellman [189] (p. 80).

C.2.3 Verification of WW

For our verification exercise, we simulate our implementation of the model for the

same experimental design as the canonical study. Wah and Wellman [189] ran each

experiment for 500 strategy mixtures, 100 independent runs per mixture—a total

of 50,000 runs per experiment. Each mixture is an independent draw of strategies

from the strategy profile for that experiment. We repeat this design, drawing 500

mixtures from the strategy profile for the given experiment, as specified in Table C.9.

We simulate 100 runs for each mixture. We then plot (Fig. ??) the results for the

following metrics, which can then be compared to the canonical figures: mean ZIRP
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surplus and LA profits; mean execution time; mean NBBO and BBO spreads; and

mean number of transactions. The details of how these metrics are calculated are

given in Section C.1.18.

(a) Surplus – Env. 1 (b) Surplus – Env. 2 (c) Surplus – Env. 3

(d) Ex. time – Env. 1 (e) Ex. time – Env. 2 (f) Ex. time – Env. 3

Figure C.1: Surplus and execution time results for our replication of the 2016 Wah and Wellman
model [189]. Results are from simulating the model with the settings specified by Wah and Wellman
for 500 agent strategy mixtures with 100 runs per mixture (50,000 runs total). Figures should be
compared to corresponding results in [189] and Chapter 3 for demonstration of relational equivalence.
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(a) BBO spread – Env. 1 (b) BBO spread – Env. 2 (c) BBO spread – Env. 3

(d) NBBO spread – Env. 1 (e) NBBO spread – Env. 2 (f) NBBO spread – Env. 3

(g) Transactions – Env. 1 (h) Transactions – Env. 2 (i) Transactions – Env. 3

Figure C.2: Spread and transaction results for our replication of the 2016 Wah and Wellman
model [189]. Results are from simulating the model with the settings specified by Wah and Well-
man for 500 agent strategy mixtures with 100 runs per mixture (50,000 runs total). Figures should
be compared to corresponding results in [189] and Chapter 3 for demonstration of relational equiva-
lence.

C.2.4 Validation of WW

We next validate the price return behavior generated by the WW model against em-

pirical benchmarks—specifically, we test for lack of linear autocorrelation, heavy tails

and aggregational Gaussianity, volatility clustering, volume/volatility clustering, and

lack of linear autocorrelation [54]. Our analysis follows similar methodology for each
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metric to that detailed in our main paper (Section 4.5). We do not use the experi-

mental design from the original paper (500 mixtures, 100 runs per mixture) for this

analysis. Instead, we simulate 1000 mixtures, 1 run per mixture, for each environment.

We focus on the single-CDA configuration of the model, using the surplus-maximizing

ZIRP strategy profile for this configuration under each environment.

While we use trade prices in our return analysis from the main paper, we calculate

the price returns from the Observer DBBO here. The WW experiments on average

produce fewer than 1,000 or even 100 trades, depending on the environment [189].

We thus utilize the DBBO mid-price to have a much more less sparse price series to

analyze.

Results from 1,000 runs of an experimental setting are pooled together. Analyses

that look across time (e.g., correlations and the interarrival times) do not bridge

separate samples, however. In other words, the last observation from one sample is

not treated as being related in time to the first observation of another sample.

There are two important nuances to discuss prior to detailing the results of statis-

tical analyses on the DBBO. The first relates to how time is formulated in the model.

The second feature of the model becomes apparent when we inspect individual DBBO

time series. Fig. C.3 shows example DBBO mid-prices and returns for single runs

from each of the environments (Envs. 1, 2, and 3), simulated for the equilibrium

ZIRP strategy profile corresponding to the respective setting. Note the large price

changes at the start of each simulation, with much larger returns in the first time

steps than seen throughout the rest of each simulation. The returns are variable but

fall within a given range outside of the beginning time steps. We believe the large

change at the start may be due to a lack of liquidity in the LOB when the simulation
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first begins.

The Env. 1 and 2 simulations also show sharp drop offs in price in the last time

steps, likely due to the specifics of the ZIRP strategy and how it values the stock. The

ZIRP strategy calculates the expected fundamental value of the stock at the terminal

time step T , based on a perfect view of the fundamental value rt when the trader

places its order at time t. As the simulation gets closer to the end of the simulation,

the current terminal value is less-likely to revert to the mean before the end of the

simulation. As such, orders placed at the end of the simulation will be very sensitive

to the fundamental value at the current time step, possibly leading to larger collective

price movements (if not particularly large returns at the single-timestep level).

(a) Env. 1 price (b) Env. 2 price (c) Env. 3 price

(d) Env. 1 returns (e) Env. 2 returns (f) Env. 3 returns

Figure C.3: Example DBBO mid-price and return series from single simulations of each WW en-
vironment. Each simulation is from the consolidated-market configuration of the model with the
surplus-maximizing equilibrium ZIRP profile for the respective setting.

Regardless of the specific drivers, the overall result is that price returns at the

beginning of the simulation differ materially from price returns throughout the rest

of the simulation. We test for sensitivity of our analysis to these edge effects by

calculating two versions of each metric. The first version considers the full DBBO
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series; thus, the large returns at the beginning and end of the simulations are included

in the samples. The second version removes the first and last 50 timesteps from

each DBBO sample, thus only considering observations for the inner period where

behavior appears to be more stable. This will help us determine to what extent

these edge effects are driving our results on the examined metrics. One important

note for the following metrics is that we do not normalize the returns by time-of-day

for the correlation metrics, contrary to our main-paper results (Section 4.5). This

is due to the abstract formulation of time (as noted earlier) and the fact that the

WW simulations do not have the U-shaped intraday activity pattern present in our

extended model.

Absence of autocorrelation

We first calculate the linear autocorrelation of returns. The linear autocorrelation

function (ACF) is:

C(τ, ∆t) = corr(r(t, ∆t), r(t + τ, ∆t)),

taking the Pearson correlation of the return series against a lagged version of itself.

In our Chapter 2 results with returns measured in clock-time for ∆t = 1Min, we find

ACF for Dow 30 stock returns is less than -0.1 at the first lag and fluctuates around

zero beyond that. In Fig. C.4, we show the ACF results for the consolidated-market

configuration of Environment 1, using the equilibrium strategy profiles as discussed

above. We provide two sets of results: one using the full DBBO time series and the

other removing the first and last 50 timesteps. In both sets of results, we find that

linear autocorrelation is weak but stays negative for ≈50 lags in each environment.

Trimming the first and last timesteps appears to increase the magnitude of the ACF
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at the first lags while also reducing variation across the strategy profiles.

(a) Full results (b) Trimmed

Figure C.4: Linear autocorrelation of returns from the WW model. Results shown are from 1,000
independent runs each for single-market configurations of Environment 1, 2, and 3. Each individ-
ual line shows results from the surplus-maximizing equilibrium strategy profile for the single-CDA
configuration of the respective environment. The full results do not trim the time series, while the
trimmed results remove the first and last 50 time steps of the DBBO before calculating the metric.

Volatility clustering

We next measure volatility clustering by calculating the autocorrelation of the abso-

lute returns:

C2(τ, ∆t) = corr(|r(t, ∆t)|, |r(t + τ, ∆t)|).

Empirical results have shown positive squared or absolute autocorrelation and decays

slowly, as discussed in Chapter 2. In our empirical results (Figure 2.7), we found

positive absolute autocorrelation for more than 100 lags for 1-minute returns and

1,000 lags for trade-level returns. Our results for the WW model (Fig. C.5) show the

absolute ACF stays above zero for more than 100 lags. However, the magnitude of

the squared ACF is very weak, particularly when we look at the results where the first

and last 50 timesteps are removed from each price series. Trimming the timeseries

reduces the initial autocorellation level further by about 0.01 for each.
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When we compare the absolute ACF results to the linear ACF results, we come to

the conclusion that we cannot say the model achieves both a lack of linear autocor-

relation and non-trivial volatility clustering. Particularly when we trim the opening

and ending timesteps, the absolute ACF looks like the absolute value of the linear

ACF. From empirical results, the absolute or squared ACF should be higher at the

first lags (≈ 0.1) and decay as approximately a power-law (Section 2.3.4). In log-log

scale, the absolute ACF also appears to decay faster than a power-law.

(a) Full results (b) Trimmed

Figure C.5: Autocorrelation of absolute returns for the WW model. Results shown are from 1,000
independent runs each for single-market configurations of Environment 1, 2, and 3. Each individ-
ual line shows results from the surplus-maximizing equilibrium strategy profile for the single-CDA
configuration of the respective environment. The full results do not trim the time series, while the
trimmed results remove the first and last 50 time steps of the DBBO before calculating the metric.

Heavy tails and aggregational Gaussianity

The distribution of asset returns are expected to exhibit heavy tails. As the timescale

∆t increases, tail heaviness is expected to decrease, and the distribution approaches

a normal distribution. One way to measure this is by looking at the kurtosis of the
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return distribution. The excess kurtosis of a distribution is calculated as follows:

K(∆t) = ⟨(r(t, ∆t) − ⟨r(t, ∆t)⟩)4⟩
σ(∆t)4 − 3,

where σ(∆t)2 is the variance of the returns. Note that three is subtracted such that a

normal distribution would have K ≈ 0, while positive kurtosis indicates a distribution

is sharper peaked and has heavier tails than a normal distribution. The expectation

is therefore that K(∆t) should be greater than zero for small timescales and decrease

as timescale increases. As noted above, it is not clear what the real-world analog is

for a timestep in WW, thus making it difficult to say for what timescales we should

expect K(∆t) to stay positive.

We plot kurtosis as a function of timescale for the full and trimmed results in

Fig. C.6. In the full results, kurtosis is large across the timescales tested for each en-

vironment. The Environment 1 results stay flat as timescale increases, while kurtosis

decreases as a function of timescale for Environments 2 and 3. When we remove the

first and last 50 timesteps, kurtosis is greatly decreased, particularly for Environment

1. We see that K(∆t) < 1 when ∆t ≥ 50 for Environment 1. Note, however, that

the simulation length is 15000 timesteps in Environment 1, and the smallest nonzero

latency value considered in the Environment 1 experiments is δ = 100. This would

mean that, when we remove the opening and closing periods, the return distribution

is close to the normal distribution for timescales smaller than the amount of time

it takes the SIP to calculate the NBBO in the model. This is inconsistent with the

referent system, where the NBBO is calculated on the order of milliseconds or less [64]

and kurtosis can stay positive for multiple days [54].
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(a) Full results (b) Trimmed

Figure C.6: Kurtosis as a function of timescale for return distributions from the WW model. Results
shown are from 1,000 independent runs each for single-market configurations of Environment 1, 2,
and 3. Each individual line shows results from the surplus-maximizing equilibrium strategy profile
for the single-CDA configuration of the respective environment. The full results do not trim the
time series, while the trimmed results remove the first and last 50 time steps of the DBBO before
calculating the metric.

Volume/volatility correlation

The final property of returns we examine is the relationship between volume and

volatility:

V V (τ, ∆t) = corr (|r(t, ∆t)|, V (t + τ, ∆t) .

As a reminder, we calculate volume V (t, ∆t) as the number of DBBO updates received

in the period (t − ∆t, t]. The correlation between volume and volatility is expected

to be positive, at least synchronously (Section 2.3.7). The results for this metric are

shown in Fig. C.7 for the full and trimmed results. We find evidence of the expected

relationship in both sets of results, with only slight changes due to removing the first

and last 50 timesteps.
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(a) Full results (b) Trimmed

Figure C.7: Volume/volatility correlation for the WW model. Results shown are from 1,000 inde-
pendent runs each for single-market configurations of Environment 1, 2, and 3. Each individual line
shows results from the surplus-maximizing equilibrium strategy profile for the single-CDA configura-
tion of the respective environment. The full results do not trim the time series, while the trimmed
results remove the first and last 50 time steps of the DBBO before calculating the metric.

C.3 base and diverse fragmentation re-

sults

Our main paper (Section 4.5) used base2x and diverse2x as the main agent configura-

tions for our fragmentation experiment results. In the supplemental results below, we

provide similar results for the original base and diverse agent configurations. While

doubling the agents inherently has similar changes to both configurations in terms

of number of agents, it arguably makes a larger difference for the diverse versus di-

verse2x configurations. Recall that the diverse agent configuration has only 1 market

maker and 25 momentum agents, introducing asymmetry into the fragmented market

settings. This was a main motivation to our focus on the 2x results in the main-body

results.
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C.3.1 RAD results

As in our main results, we begin by plotting the mean RAD results and bootstrap

confidence intervals for the consolidated-market baseline versus the other configu-

rations. We find similar high-level takeaways to our main resuls (Fig. 4.14) in the

results for base and diverse (Fig. C.8). In the NBBO information regime, SIP latency

has a larger impact than fragmentation, while in the BBO information regime SIP

latency has minimal effect and fragmentation has much larger effects on the price

path. Including the LA agent has minimal incremental effects in each set of results.

One difference to highlight is that the RAD values are larger for each of these

results than the corresponding results with the 2x agent configurations. This is par-

ticularly true for the diverse results with latency under the NBBO information regime

relative to the corresponding results form the diverse2x agent configuration. The

RAD is roughly 0.00175 for diverse agent configuration versus roughly 0.0004 in the

diverse2x results.

338



(a) base, NBBO information regime (b) diverse, NBBO information regime

(c) base, BBO information regime (d) diverse, BBO information regime

Figure C.8: Relative absolute deviation (RAD) versus consolidated-market baseline without latency.

In the results below, we find similar high-level results to our main takeaways

from Section 4.5. Many results show similar qualitative behavior and quantitative

ranges between the two sets of results. The main difference worth highlighting is

we find differentiation between the results with latency versus without latency in

the NBBO information setting for the diverse agent configuration, which we did not

find for the diverse2x configuration. The with-latency results from the diverse agent

configuration have similar shape and range to the diverse2x configurations under the

NBBO information regime. However, the without-latency results differ under this

information setting, showing lower kurtosis, lower linear and absolute autocorrelation,

and negative volume/volatility correlation. Notably, the single-exchange and two-

339



exchange market configurations perform similarly for similar latency settings under

this configuration and information regime.

(a) base, 1-minute (b) base, 60-minute

(c) diverse, 1-minute (d) diverse, 60-minute

Figure C.9: CCDFs of absolute return distributions for base and diverse agent configurations under
the NBBO information regime. Results are from 1000 runs of each experiment. Latency values
included in these results are 0 and 10 µs, written in nanoseconds in the experiment key.
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(a) base, 1-minute (b) base, 60-minute

(c) diverse, 1-minute (d) diverse, 60-minute

Figure C.10: CCDFs of absolute return distributions for base and diverse agent configurations under
the BBO information regime. Results are from 1000 runs of each experiment. Latency values
included in these results are 0 and 10 µs, written in nanoseconds in the experiment key.
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(a) base, NBBO (b) diverse, NBBO

(c) base, BBO (d) diverse, BBO

Figure C.11: Kurtosis as a function of timescale for the base and diverse agent configurations. Re-
sults are shown for the base and diverse agent configurations under the NBBO and BBO information
regimes. Results are from 1000 runs of each experiment. Latency values included in these results
are 0 and 10 µs, written in nanoseconds in the experiment key.

Linear autocorrelation

Next, we measure the linear autocorrelation of returns under the different market

settings. As mentioned earlier during the Vyetrenko et al. [187] benchmarking exer-

cise, returns are expected to exhibit minimal linear autocorrelation except at small

intraday timescales [54]. The linear autocorrelation function (ACF) is:

C(τ, ∆t) = corr(r(t, ∆t), r(t + τ, ∆t)),
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taking the Pearson correlation of the return series against a lagged version of itself.

Cont [54] in 2001 listed ≃ 20 minutes as the timescale below which ACF results may

be non-trivial due to microstructure effects. More recently, in Chapter 2 we found

autocorrelation of 1-minute returns for Dow 30 stocks circa 2018–2019 was less than

-0.1 at the first lag and fluctuated around zero for subsequent lags.

In our analysis in Chapter 2, we normalize the empirical return series to account

for intraday seasonality before calculating the linear ACF and most other results.

Our simulated return series exhibit a similar ‘u-shaped’ intraday pattern of activity,

as demonstrated earlier when reproducing the Vyetrenko et al. [187] results. We

therefore normalize our return series similar to our methodology in Section 2.2, as

not doing so may affect the stability of our measure and how directly we can compare

to empirical results. We normalize the returns by first centering and standardizing

each simulation’s returns by the mean and standard deviation at the given timescale.

We then divide each return by the average absolute return at that time of day across

the simulations for the given experimental setting.

In the baseline (consolidated-exchange) results and the fragmented results under

the NBBO information regime, we find patterns of persistent autocorrelation. This

pattern is relatively weak for the base agent configuration. Linear ACF from the

diverse agent configuration stays above 0.1 for more than 40 lags and positive for

more than 60 lags, however. This is in contrast to our empirical results of linear

ACF in the NMS from Chapter 2, and it is also higher than the corresponding level

of absolute autocorrelation found later on in this section. The earlier results from

Vyetrenko et al. [187] (and our replication, Fig. 4.4) show the distribution of first-lag

local autocorrelation was more positively skewed than similar results for historical
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stock data. The unrealistic pattern of persistently positive ACF was not apparent

from this earlier metric, however. We find that the BBO information regime dampens

these effects and brings the level of autocorrelation more in line with empirical results.

The first-lag ACF results under the BBO information regime are also negative at the

first lag, as is frequently found at intraday timescales [54].

(a) base, NBBO (b) diverse, NBBO

(c) base, BBO (d) diverse, BBO

Figure C.12: Linear autocorrelation results for the base and diverse agent configurations with dif-
ferent market information settings. Results are from 1000 runs of each experiment. Latency values
included in these results are 0 and 10 µs, written in nanoseconds in the experiment key.
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Volatility clustering

In contrast to the lack of linear autocorrelation, the magnitudes of returns are ex-

pected to be positively autocorrelated, with a slow decay as lag increases [54]. We

measure these properties here by calculating the autocorrelation of the absolute re-

turn series. We again use the normalized return series for this analysis to account for

intraday seasonality. We calculate the absolute autocorrelation for up to 100 lags and

plot the results in log-log scale here, in order to better assess how the autocorrelation

decays as a function of lag.

We overall find evidence of volatility clustering and slow-decay of absolute auto-

correlation for each set of results (Fig. C.13). The level of absolute autocorrelation

found and the shape of its decay as a function of lag are influenced by the struc-

tural settings, particularly when comparing the consolidated- and fragmented-market

results under the BBO information regime. Fragmentation under this information

setting greatly increases the absolute autocorrelation and produces a slower decrease

as a function of lag. The fragmented markets without latency for both agent config-

urations produces absolute autocorrelation values that start and remain much higher

than empirical levels found for similar metrics (see Section 2.3.4). Latency further

increases the absolute autocorrelation for the base agent configuration but dampens

it for the diverse agent configuration. Each curve exhibits a sharp drop-off eventually,

however, rather than the expected power-law decay [54]. A true power-law decay is

not possible when measuring intraday returns at a finite timescale—there are only 390

minutes in the trading day—but most stocks in the sample we analyzed in Chapter

2 had positive 1-minute absolute autocorrelation for ≈ 100 lags or more.

Under the NBBO information regime, the market configurations with latency
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and/or fragmentation stay close to the consolidated-market baseline, at least for the

first ≈ 20 lags. The diverse curves show an interesting shape beginning around this

point, and the fragmented-market absolute autocorrelation actually decreases faster

than under the consolidated-market settings for this agent configuration. Much less

differentiation is found across the base results for the NBBO information regime.

(a) base, NBBO (b) diverse, NBBO

(c) base, BBO (d) diverse, BBO

Figure C.13: Absolute autocorrelation results for the base and diverse agent configurations with
different market information settings. Results are from 1000 runs of each experiment. Latency
values included in these results are 0 and 10 µs, written in nanoseconds in the experiment key.
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Volume-volatility correlation

Finally, we calculate the correlation between volume and volatility, which are expected

to be positively related, at least synchronously (see Section 2.3.7). We measure this

property here by calculating the correlation for all samples under a given experimen-

tal setting, versus the sample-level correlation calculated for our alignment exercise

against Vyetrenko et al. [187] (Section 4.4.1). We normalize the volume series by the

intraday activity pattern, analogous to how we normalize the returns and volatility

series. We center and standardize the volume from each simulation before dividing

the volume at a given time by the average amount of volume at that time across the

simulations for that experiment.

Overall, the volume-volatility correlation is found to be relatively weak compared

to empirical results. In many of the experimental results, the synchronous (zero-lag)

correlation is negative, in contrast with the expected relationship. Fragmentation

alters the strength of the correlation under the BBO information regime, but this ef-

fect does not necessarily bring the correlation more in line with empirical results. In

the diverse agent configuration results, the synchronous correlation between volume

and volatility is positive for each setting but weaker in the fragmented-market results

than for the consolidated-market setting. Fragmentation meanwhile changes the re-

lationship from negative to weakly positive for the base agent configuration under the

BBO information setting. Under the NBBO information setting, fragmentation and

latency have little effect for the base agent configuration, whereas nonzero latency

increases the volume/volatility correlation for the diverse agent configuration.
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(a) base, NBBO (b) diverse, NBBO

(c) base, BBO (d) diverse, BBO

Figure C.14: Volume-volatility correlation results for the base and diverse agent configurations with
different market information settings. Results are from 1000 runs of each experiment. Latency
values included in these results are 0 and 10 µs, written in nanoseconds in the experiment key.

348


	Citations
	Dedication
	Acknowledgements
	List of Figures
	List of Tables
	Introduction
	Background
	Aggregate price dynamics
	Generative models of aggregate behavior
	Synthesis


	Revisiting Cont's Stylized Facts for Modern Stock Markets
	Abstract
	Introduction
	Background
	Cont's Stylized Facts
	The Modern U.S. Stock Market

	Methodology
	Results
	Linear Autocorrelation of Returns
	Heavy Tails and Aggregational Gaussianity
	Gain/Loss Asymmetry
	Volatility Clustering
	Intermittency
	Leverage Effect
	Volume/Volatility Correlation
	Asymmetry in Timescales

	Discussion

	Replicating an ABM of Market Fragmentation and Latency Arbitrage
	Abstract
	Introduction
	Background
	Replication of agent-based marketmodels

	The model
	Entities, state variables, and scales
	Process overview and scheduling
	Exchanges
	Security Information Processor (SIP)
	Security
	Latency arbitrageur (LA) trader
	Zero-intelligence (ZI) traders
	Model experiments
	Output metrics

	Quantitative alignment
	Methodology
	BestGuess versus WW
	Using an existing codebase: MarketSim
	Differences between MarketSim and our BestGuess implementation
	BestGuess+MarketSim

	Qualitative behavior of the model
	Surplus
	Execution time
	Spread
	Transactions
	Summary of results

	Conclusion

	How Does Market Fragmentation Affect Price Dynamics?
	Abstract
	Introduction
	Background
	Financial ABMs

	Model overview
	Information regimes

	Alignment and extension
	WW+GetReal
	WW+GetReal experiments
	Prices, returns, and volumes
	Verification of WW+GetReal integration

	Fragmentation experiment results
	Price deviation from consolidated baseline
	Fragmentation and the statistical properties of returns

	Discussion
	Limitations
	Future work


	Conclusion
	Bibliography
	Supplementary Material for Chapter 2
	Results on Raw Versus Normalized Returns
	Theoretical Versus Bootstrap Confidence Bands
	Autocorrelation of Trading Volume
	Volume/Volatility Correlation — Additional Details
	Supplementary Results
	Alternative visualizations of scaling relationships
	Asymmetry in timescales — alternative measures
	Interarrival times
	Tail fits and distributional comparisons

	Supplementary Material for Chapter 3
	Using MarketSim to replicate WWW
	Testing model implementation with order routing bug
	ODD Protocol
	Overview
	Design Concepts
	Initialization
	Input data
	Parameters
	Simulation Driver
	Scheduler
	Exchanges
	The SIP
	Security
	Zero Intelligence (ZI)
	Latency Arbitrage (LA)
	Metric calculation


	Supplementary Material for Chapter 4
	ODD Protocol
	Overview
	Design Concepts
	Initialization
	Input data
	Parameters
	Simulation Driver
	Scheduler
	Exchanges
	The SIP
	Observer
	Security
	Zero Intelligence (ZI)
	Latency Arbitrageur (LA)
	Noise agents
	Value agent
	Market Maker Agent
	Momentum Agent
	Metric calculation

	Replication and Validation of Wah and Wellman (2016)
	Wah and Wellman's 2016 model
	WW model experiments
	Verification of WW
	Validation of WW

	base and diverse fragmentation results
	RAD results



